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Preface

Nonlinear systems are generic in the mathematical representation of physical
phenomena. It is unusual for one to be able to find solutions to most nonlin-
ear equations. However, a certain physically significant subclass of problems
admits deep mathematical structure that further allows one to find classes of
exact solutions. Solitons are a particularly important subclass of such solutions.
Solitons are localized waves that, in an appropriate sense, interact elastically
with each other. They have proved to be extremely interesting to physicists and
engineers due, in part, to their localized and stable nature.
This broad field of study is sometimes called “soliton theory” or “integrable

systems.” This field has witnessed numerous important developments, which
have been studied intensively worldwide over the past 30 years. Some of the
directions that researchers have pursued include the following: direct methods
to find solutions; studies of the underlying analytic structure of the equations;
associated Painlevè-type solutions and relevant generalizations; tests to locate
integrable systems; studies of the underlying geometric structures inherent in
integrable systems; Bäcklund and Darboux transformations, which can be used
to produce new classes of solutions; and so on.
In principle, one would like to be able to solve the general initial-value prob-

lem associated with these special nonlinear soliton systems. Depending on the
boundary conditions under consideration, sometimes this is feasible. More-
over, in some cases, the mathematical representation is constructive, useful,
and indeed elegant. The case for which the Cauchy problem admits a complete
solution and the qualitative properties of the solution are well understood cor-
responds to initial data decaying sufficiently rapidly at infinity. Because of the
constructive and relatively explicit nature of the solution, this case has received
considerable attention. The method of solution is usually referred to as the
inverse scattering transform (IST). The IST applies to many interesting nonlin-
ear soliton systems, including nonlinear partial differential equations in 1 + 1

vii



viii Preface

(one space–one time) and 2 + 1 (two space–one time) dimensions, nonlin-
ear discrete (difference) evolution equations, and singular integro-differential
equations. A discussion of the IST as it applies to many of these cases can be
found in various monographs (cf. [6]).
Nevertheless, there are particular problems that, because of their wide appli-

cability, deserve special attention. It is the purpose of this book to investigate one
such important set of equations: nonlinear Schrödinger (NLS) systems. NLS
systems in continuous media have been studied heavily since the mid-1960s.
The continuous scalar NLS equation arises in the prototypical situation govern-
ing slowly varyingwaves of small amplitude (cf. [30]). In the early 1970s, it was
shown [91] that the NLS equation governs the long-distance pulse propagation
in optical fibers. In the late 1980s and 1990s, it was discovered [131], [122]
that vector NLS systems govern the propagation of polarized waves in optical
fibers. Today, these NLS equations, with suitable modifications and additional
terms, are used routinely to make predictions about the transmission of infor-
mation in fibers. Without doubt, wave transmission in optical fibers, used for
communication purposes, is an application of critical importance.
In recent years there has developed significant interest in the study of non-

linear waves in media that are governed by nonlinear semi-discrete evolution
systems (discrete in space–continuous time). Once again there is a class of
physically interesting nonlinear systems that includes the so-called discrete
NLS equations. These discrete NLS equations reduce to the continuous NLS
equation when the discretization parameter vanishes.
For certain scalar- and vector-continuous and discrete NLS systems, the IST

method can be applied in an effective and complete way. The initial-value prob-
lem, for given data decaying sufficiently rapidly at infinity, can be linearized
in terms of integral equations. Multisoliton solutions can be obtained in all
cases. This is described in detail in this book. In an appendix we also describe
the IST associated with another class of important discrete equations: the Toda
lattice [165] and the so-called nonlinear ladder network [121], [98]. While the
research literature has many (but not all) of the results obtained here, it requires
researchers to access numerous papers. Early fundamental research onNLS sys-
tems appears in the papers of Zakharov and Shabat [192], who first analyzed
the scalar-continuousNLS equation;Manakov [120], regarding the continuous-
vector NLS equation; and by Ablowitz and Ladik [11, 12], who introduced the
scalar integrable discrete NLS equation. The vector extension of the discrete
NLS system is more recent (cf. [18]). The unified description of these phys-
ically interesting integrable discrete and continuous NLS systems within the
context of the ISTmethodology does not appear anywhere else. One of our mo-
tivations in writing this book was to develop the direct and inverse scattering
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formalism based on the Riemann–Hilbert approach. From a pedagogical point
of view, readers will find that the structure follows the one laid out for the
Korteweg–de Vries equation in the monograph of Ablowitz and Clarkson [6].
Here we have also attempted to include many of the mathematical details, to
make the book suitable for students as well as researchers who wish to study
this topic.
We gratefully acknowledge support for these studies by the National Sci-

ence Foundation, the Air Force Office of Scientific Research, and the Colorado
Commission on Higher Education.





Chapter 1

Introduction

1.1 Solitons and soliton equations

Ever since the observation of the “great wave of translation” in water waves,
by J. Scott Russell in 1834 [146, 147] while he rode on horseback near a nar-
row canal in Edinburgh, localized (nonoscillatory) solitary waves have been
known to researchers studying wave dynamics. Despite Russell’s detailed ob-
servations, it was many years before mathematicians formulated the relevant
equation, now known as the Korteweg–de Vries (KdV) equation that governs
those waves (cf. [38, 39, 112]). From the period 1895–1960, the study of water
waves was essentially the only application in which solitary waves were found.
However, in the 1960s it was discovered that the KdV equation is a relevant
model in many other physical contexts, such as plasma physics, internal waves,
lattice dynamics, and others. Critically, in their study of the Fermi–Pasta–Ulam
lattice equation [75] Zabusky and Kruskal (1965) found that the KdV equation
was the governing equation (cf. [189]). Moreover, in a wholly new discovery,
Zabusky and Kruskal observed that the solitary waves of KdV are “elastic”
in their interaction. That is, the solitary waves pass through one another and
subsequently retain their characteristic form and velocity. Zabusky and Kruskal
called these elastically interacting solitarywaves solitons. Thework ofGardner,
Green, Kruskal, and Miura [82] showed how direct and inverse scattering tech-
niques could be used to linearize the initial-value problem of KdV. The soli-
tons also were shown to correspond to eigenvalues of the time-independent
Schrödinger equation. The remarkable discovery of the soliton was the first
in a chain of events that culminated in a mathematical theory of solitons in
KdV. This work opened a rich vein of research that continues today, more than
35 years later. Further discussion of both the historical background and subse-
quent development of soliton theory can be found in [21].

1
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Subsequent to the development of a mathematical theory of the solitons of
KdV, further research revealed that solitons, with their distinctive elastic in-
teractions, arise in numerous important physical systems. These systems are
governed, respectively, by a diverse collection of evolution equations that are
characterized mainly by the fact that they admit soliton solutions. For example,
soliton solutions have been found in a number of nonlinear partial differential
equations in 1 + 1 dimensions (i.e., one space and one time dimension) and
2 + 1 (i.e., two spatial dimensions and one time dimension). In addition, soli-
ton solutions have been found in semi-discrete (discrete in space, continuous
in time) and doubly discrete (discrete in space and time) nonlinear evolution
equations and in nonlinear singular integro-differential equations, among oth-
ers. A survey of some of these can be found in [6]. It should also be noted
that there is a four-dimensional system, referred to as the self-dual Yang–Mills
(SDYM) equations, that plays an important role in the study of soliton theory or
integrable systems. Indeed, the SDYM equations can be viewed as a “master”
integrable system fromwhich virtually all other systems can be obtained as spe-
cial reductions (cf. Atiyah and Ward [25]; Ward [181, 182, 183]; Belavin and
Zakharov [29]; Mason et al. [124, 125]; Chakravarty et al. [50, 51]; Maszczyk
et al. [126]; Ablowitz et al. [5]).
Researchers in physics and engineering have understood that stable localized

solitary waves, even those that do not have the special property of elastic inter-
action, have many important applications, and their study has led to substantial
research in specialized fields (e.g., nonlinear optics) all by itself. Nevertheless,
the systems in which the solitary waves interact elastically, the “true” soliton
systems, are important special cases. Moreover, there is an intrinsic richness in
the mathematical theory of these soliton systems. Accordingly, the field of re-
search associated with integrable systems has grown, developed, and expanded
in many directions. One centrally important issue is the method of solution,
sometimes referred to as the inverse scattering transform (IST), for these soli-
ton equations. For a number of physically significant equations, the IST can
be carried out in an explicit, effective, and illuminative manner. In particular,
the IST is a fruitful approach, and it is the basis for the study of the nonlinear
Schrödinger systems described in this book.
There are numerous books, review articles, and edited collections (see, for

instance, [6, 21, 47, 65, 74, 140]) that delve widely and deeply into the theory
of integrable systems. In this book, we give a detailed description of both the
IST and the soliton solutions of integrable nonlinear Schrödinger systems,
which are mathematically and physically important soliton equations. The
collection of systems examined in this book comprises both continuous and
semi-discrete systems of equations. As will be described in Section 1.4, these
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particular systems arise in the modeling of a wide array of physical wave phe-
nomena. In this book, we present most of the known results for these nonlinear
Schrödinger systems, as well as some new ones, in a comprehensive, unified
framework built with the mathematical machinery of the inverse scattering
transform.

1.2 The inverse scattering transform – Overview

The IST is a method that allows one to linearize a class of nonlinear evolution
equations. In doing so one can obtain global information about the structure of
the solution. In many respects, one can view the IST as a nonlinear version of
the Fourier transform.
The solution of the initial-value problem of a nonlinear evolution equation

by IST proceeds in three steps, as follows:

1. the forward problem – the transformation of the initial data from the original
“physical” variables to the transformed “scattering” variables;

2. time-dependence – the evolution of the transformeddata according to simple,
explicitly solvable evolution equations;

3. the inverse problem – the recovery of the evolved solution in the original
variables from the evolved solution in the transformed variables.

In fact, with the IST machinery one can do more than solve the initial-value
problem; one also can construct special solutions of the evolution equation by
positing an elementary solution in the transformed variables and then applying
the inverse transformation to obtain the corresponding solution in the original
variables. In general, the soliton and multisoliton solutions of soliton equations
can be constructed in this way. In particular, in the subsequent chapters of this
book, we explicitly construct the soliton solutions of four different nonlinear
Schrödinger (NLS) systems.Moreover, one can in principle obtain the long-time
asymptotics of solutions. In this book, we obtain formulas for the collision-
induced phase shifts of solitons in NLS systems, including the polarization
shift of solitons in the vector systems, from the asymptotics of the associated
scattering data.
An essential prerequisite of the ISTmethod is the association of the nonlinear

evolution equation with a pair of linear problems, a linear eigenvalue problem
and a second associated linear problem, such that the given evolution equation
results as the compatibility condition between them. The pair of linear operators
used to construct the associated linear problems is sometimes referred to as a
“Lax pair,” due to a formulation by Lax [115]. The solution of the nonlinear
evolution equation appears as a coefficient in the associated linear eigenvalue
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problem. For example, in the work of Gardner et al., the solution of the KdV
equation is associated with the potential in the linear Schrödinger equation. The
eigenvalues and continuous spectrum of this linear eigenvalue problem consti-
tute the transformed variables. The second associated linear problemdetermines
the evolution of the transformed variables.
The associated eigenvalue problem introduces an intermediate stage in both

the forward and inverse problems of the IST. In the forward problem, the first
step is to construct eigenfunction solutions of the associated linear problem.
These eigenfunctions depend on both the original spatial variables and the
spectral parameter (eigenvalue). Second, with these eigenfunctions, one deter-
mines scattering data that are independent of the original spatial variables. In
the inverse problem, the first step is the recovery of the eigenfunctions from the
(evolved) scattering data. Finally, one recovers the solution in the original vari-
ables from these (evolved) eigenfunctions. As noted previously, the evolution
of the scattering data is determined by the second associated linear operator
and can be computed explicitly.
The properties of the eigenfunctions are key to the formulation of the inverse

problem. In general, the solutions of the associated eigenvalue problem also
satisfy linear integral equations. For the NLS systems discussed here (as well
as other soliton equations in 1+ 1 dimensions), by using such integral equations
one can show that the eigenfunctions are sectionally analytic functions of the
spectral parameter.By taking into account the analyticity properties of the eigen-
functions, one can formulate the inverse problem (in particular, the recovery of
the eigenfunctions from the scattering data) as a generalized Riemann–Hilbert
problem. The Riemann–Hilbert problem is then transformed into a system of
linear algebraic–integral equations. Typically in the formulation of the IST, and
in particular for the nonlinear Schrödinger systems considered in this book, the
scattering data satisfy symmetry relations that are independent of the evolution.
These symmetries in the scattering data are essential and must be taken into
account in the solution of the inverse problem.
As explained previously, to apply the IST to a nonlinear evolution equation,

one must first find a pair of linear operators that can be associated with the
nonlinear equation. However, the general method of construction of the Lax
pair for a given evolution equation remains on open problem. Nevertheless, for
several equations of physical and mathematical interest, such a pair has been
found and the IST developed.
In a major step forward, following the works of Gardner et al. [82] and Lax

[115], in 1972 Zakharov and Shabat [192] showed that themethod also could be
applied to another physically significant nonlinear evolution equation, namely,
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the nonlinear Schrödinger equation (NLS). Subsequently, Manakov extended
this approach to the solution of a pair of coupled NLS equations [120]. In fact,
Manakov’s work applies equally well to a system of N coupled NLS equations,
a system that we refer to as vector NLS (VNLS). Using these ideas, Ablowitz,
Kaup, Newell, and Segur developed a method to find a rather wide class of
nonlinear evolution equations solvable by this technique [10]. In their work
they named the technique the inverse scattering transform (IST). Later, Beals
and Coifman analyzed the direct and inverse scattering associated with higher
order systems of linear operators [28].
The IST has been extended to semi-discrete nonlinear evolution equations

(discrete in space and continuous in time) as well as doubly discrete (discrete in
both space and time) systems. Flaschka adapted the IST to solve the Toda lattice
equation [79], and Manakov used a similar formulation to solve a nonlinear
ladder network [121]. Subsequently, Ablowitz and Ladik developed a method
to construct families of semi-discrete and doubly discrete nonlinear systems
along with their respective linear operator pairs, as required for the solution of
the nonlinear systems via the IST [11, 12] (see also [21]). Included in the for-
mulation of Ablowitz and Ladik are an integrable semi-discretization of NLS
(which we refer to as integrable discrete NLS, or IDNLS) as well as a doubly
discrete integrable NLS. In Chapter 5 we will further extend the IST method to
an integrable semi-discretization of the VNLS that was introduced in [18].
While the work mentioned in the preceding paragraphs consists of applica-

tions of the IST method to 1 + 1–dimensional evolution equations, since the
early 1980s significant progress has also been made in the extension of the
IST approach to 2 + 1–dimensional systems. For example, the Kadomtsev–
Petviashvili equation [100], which is a 2 + 1–dimensional generalization of
the KdV equation, and the Davey–Stewartson equation [59], which is a natural
2 + 1–dimensional integrable extension of the NLS equation, can be solved via
the IST. However, the extension of the IST to such systems is beyond the scope
of this book. A review of some developments in the application of the IST to
2 + 1–dimensional systems can be found in [6].
It should also be noted that IST for periodic and other boundary conditions

has been considered, but we will not discuss this here. Additional references
can be found in the Bibliography.

1.3 Nonlinear Schrödinger systems

The scalar nonlinear Schrödinger (NLS) equation

iqt = qxx ± 2 |q|2 q (1.3.1)
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is a physically and mathematically significant nonlinear evolution equation. It
results from the coupled pair of nonlinear evolution equations

iqt = qxx − 2rq2 (1.3.2a)

−irt = rxx − 2qr2 (1.3.2b)

if we let r = ∓q∗.
The NLS equation (1.3.1) arises in a generic situation. It describes the evolu-

tion of small amplitude, slowly varying wave packets in nonlinear media [30].
Indeed, it has been derived in such diverse fields as deep water waves [190, 31];
plasma physics [191]; nonlinear optical fibers [91, 92]; magneto-static spin
waves [194]; and so on. Mathematically, it attains broad significance because
it is integrable by the IST [192], it admits soliton solutions, it has an infinite
number of conserved quantities, and so on.
We also note that the form of the NLS equation (1.3.1) with a minus sign in

front of the nonlinear term is sometimes referred to as the “defocusing” case.The
defocusingNLS equation does not admit soliton solutions that vanish at infinity.
However, it does admit soliton solutions that have a nontrivial background
intensity (called dark solitons) [92, 193]. We will only discuss the IST for
functions decaying sufficiently rapidly at infinity.
The vector nonlinear Schrödinger equation,

iq (1)
t = q (1)

xx + 2
(|q (1)|2 + |q (2)|2) q (1) (1.3.3a)

iq (2)
t = q (2)

xx + 2
(|q (1)|2 + |q (2)|2) q (2), (1.3.3b)

arises, physically, under conditions similar to those described by the NLS when
there are two wavetrains moving with nearly the same group velocities [144,
185]. Moreover, VNLS models physical systems in which the field has more
than one component; for example, in optical fibers and waveguides, the propa-
gating electric field has two components that are transverse to the direction of
propagation. Manakov [120] first examined equation (1.3.3) as an asymptotic
model for the propagation of the electric field in a wageguide. Subsequently,
this system was derived as a key model for lightwave propagation in optical
fibers (cf. [72], [122], [131], [179]).
In the literature, the system (1.3.3) is sometimes referred to as the coupled

NLS equation. This system admits vector–soliton solutions, and the soliton col-
lision is elastic. Moreover, the dynamics of soliton interactions can be explicitly
computed [120]. (In [142] a different point of view is discussed.) Vector–soliton
collisions are analyzed in Sections 4.3 (continuous) and 5.3 (discrete). In these
sections, the elasticity of vector–soliton interactions and the order-dependence
of these interactions are described in detail.
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Both the VNLS equation (1.3.3) and its generalization,

iqt = qxx ± 2 ‖q‖2 q, (1.3.4)

whereq is anN-component vector and ‖ · ‖ is the Euclidean norm, are integrable
by the IST. In [120] only the case N = 2 is studied, but the extension to more
components is straightforward. The N-component equation can be derived,
with some additional conditions, as an asymptotic model of the interaction of
N wavetrains in a weakly nonlinear, conservative medium (cf. [144]).
In optical fibers and waveguides, depending on the physics of the particular

system, the propagation of the electromagnetic waves may be described by
variations of equation (1.3.3). Note that the VNLS equation is the ideal (exactly
integrable) case. For example, a model with physical significance is [131, 132,
150, 184, 187]

iq (1)
t = q (1)

xx + 2
(|q (1)|2 + B|q (2)|2) q (1) (1.3.5a)

iq (2)
t = q (2)

xx + 2
(
B|q (1)|2 + |q (2)|2) q (2), (1.3.5b)

which is equivalent to equation (1.3.3) when B = 1. However, based on the
properties of equations (1.3.5), apparently it is not integrable when B �= 1 (see
the discussion in [18]).
The VNLS (1.3.4) has a natural matrix generalization in the system

iQt = Qxx − 2QRQ (1.3.6a)

−iRt = Rxx − 2RQR, (1.3.6b)

whereQ andR are N × M andM × N matrices, respectively.WhenR = ∓QH

(here and in the following, the superscript H denotes the Hermitian, i.e., con-
jugate transpose), the system (1.3.6a)–(1.3.6b) reduces to the single matrix
equation

iQt = Qxx ± 2QQHQ, (1.3.7)

which we refer to as matrix NLS or MNLS. The VNLS corresponds to the
special case when Q is an N-component row vector and R is an N-component
column vector, or vice versa. In particular, we obtain the system (1.3.3) when
M = 1 and N = 2.
Both the NLS and the VNLS equations admit integrable discretizations that,

besides being used as the basis for constructing numerical schemes for the
continuous counterparts, also have physical applications as discrete systems
(see, e.g., Aceves et al. [22, 23]; Braun and Kivshar [40]; Christodoulides
and Joseph [54]; Claude et al. [55]; Darmanyan et al. [57, 58]; Davydov [60,
61, 62]; Eilbeck et al. [69]; Eisenberg et al. [70, 71]; Flach et al. [76, 77];
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Its et al. [97]; Kenkre et al. [102, 103]; Kivshar, Kivshar, and Luther-Davies
[106, 107]; Lederer et al. [116, 117];Malomed andWeinstein [118];Morandotti
et al. [136, 137, 138]; Scott and Macneil [148]; Vakhnenko et al. [173, 174]).
A natural discretization of NLS (1.3.1) is the following:

i
d

dt
qn = 1

h2
(qn+1 − 2qn + qn−1) ± ∣∣qn

∣∣2 (qn+1 + qn−1) , (1.3.8)

which is referred to here as the integrable discrete NLS (IDNLS). It is a O(h2)
finite-difference approximation of (1.3.1) that is integrable via the IST and has
soliton solutions on the infinite lattice [11], [12]. We note that, if we change
the nonlinear term in (1.3.8) to 2

∣∣qn

∣∣2 qn , the equation, which is often called
the discrete NLS (DNLS) equation, is apparently no longer integrable, and it
has been found that in certain circumstances chaotic dynamics results [19]. It
should be remarked that the (apparently nonintegrable) DNLS equation arises
in many important physical contexts (cf. [22], [23], [40], [54], [70], [71], [76],
[104], [107], [116], and [136]–[138]). See also [17], [68], [105] for additional
useful references.
Correspondingly, we will consider the discretization of the VNLS given by

the following system:

i
d

dt
qn = 1

h2
(qn+1 − 2qn + qn−1) − rn · qn (qn+1 + qn−1) (1.3.9a)

−i
d

dt
rn = 1

h2
(rn+1 − 2rn + rn−1) − rn · qn (rn+1 + rn−1) , (1.3.9b)

where qn and rn are N-component vectors and · is the inner product. Under
the symmetry reduction rn = ∓q∗

n (here and in the following ∗ indicates the
complex conjugate), the system (1.3.9a)–(1.3.9b) reduces to the single equation

i
d

dt
qn = 1

h2
(qn+1 − 2qn + qn−1) ± ‖qn‖2 (qn+1 + qn−1) , (1.3.10)

which, for qn = q(nh) in the limit h → 0, nh = x , gives the VNLS (1.3.4).
In [18] it was shown that its solitary wave solutions interact elastically and
that (1.3.10) admits multisoliton solutions. Thus the expectation was that the
discrete vector NLS system (1.3.10) is indeed integrable. We refer to (1.3.10)
as the integrable discrete vector NLS (IDVNLS).
An associated pair of linear operators (Lax pair) for the system (1.3.9a)–

(1.3.9b) was constructed in [170]. In fact, the Lax pair for the vector system
(1.3.10) is a reduction of a matrix generalization of the Lax associated with
IDNLS. The matrix analog of the vector system (1.3.9) is given by

i
d

dτ
Qn = Qn+1 − 2Qn + AQn +QnB+Qn−1 −Qn+1RnQn −QnRnQn−1

(1.3.11a)
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−i
d

dτ
Rn = Rn+1 − 2Rn + BRn + RnA+ Rn−1 − Rn+1QnRn − RnQnRn−1,

(1.3.11b)

where Qn,Rn are N × M and M × N matrices, respectively, A is an N × N
diagonal matrix, and B is an M × M diagonal matrix. A and B represent a
gauge freedom in the definition of the integrable discrete MNLS (IDMNLS)
thatwill be used in the following. In [83], [84] the IST for an eigenvalue problem
that is equivalent to the scattering problem considered in [18], [19], [167], [170]
had been formulated.
Note that the system (1.3.11a)–(1.3.11b) does not, in general, admit the

reduction

Rn = ∓QH
n . (1.3.12)

However, for N = M one can restrict Rn and Qn to be such that

RnQn = QnRn = αnIN , (1.3.13)

where IN is the identity N × N matrix and αn is a scalar, and with this res-
triction Rn = ∓QH

n is a consistent reduction of the system (1.3.11a)–(1.3.11b)
that results in the single matrix equation

i
d

dτ
Qn = Qn+1 − 2Qn + AQn +QnB+Qn−1 ∓QnQH

n (Qn+1 +Qn−1) .

(1.3.14)

Similarly, the IST for (1.3.14) follows the same lines as that for (1.3.11a)–
(1.3.11b) with additional symmetry conditions imposed. The additional sym-
metry (1.3.13) (which has no analog in the continuous case) has essential con-
sequences for the IST, which are discussed in detail in Section 5.2.2.

1.4 Physical applications

As indicated in the previous section, NLS systems have broad application in
physical problems. In this section we briefly describe how certain NLS systems
arise in nonlinear optics. We choose to discuss nonlinear optics because of its
many scientific and technological applications. Here we will only sketch the
key ideas behind the derivation of the NLS equations for some of the nonlinear
optics applications. Interested readers will be able to find additional details and
applications in the cited references. It should also be noted that this section can
be read independently from the text describing the IST analysis.
We begin with a discussion of pulse propagation in optical fibers. Among

the physical properties of optical fibers, nonlinearity and dispersion are serious
sources of signal distortion. Signal loss in fibers was also a major limitation;



10 1 Introduction

however, in the 1980s this was largely overcome due to the development of
all-optical amplifiers (cf. [24]).
Dispersion originates from the frequency dependence of the refractive index

of the fiber and leads to frequency-dependence of the group velocity; this is
usually called group velocity dispersion or simply GVD. Due to GVD, different
spectral components of an optical pulse propagate at different group velocities
and thus arrive at different times. This leads to pulse broadening, resulting in
signal distortion.
Fiber nonlinearity is due to the so-called Kerr effect, where the refractive

index depends on the intensity of the optical pulse. In the presence of GVD and
Kerr nonlinearity, the refractive index is expressed as

n(ω, E) = n0(ω) + n2|E |2, (1.4.15)

where ω and E represent the frequency and electric field of the lightwave,
respectively; n0(ω) is the frequency-dependent linear refractive index; and
the constant n2, referred to as the Kerr coefficient, has a value of approxi-
mately10−22 m2/W. Even though fiber nonlinearity is small, the nonlinear ef-
fects accumulate over long distances and can have a significant impact due to
the high intensity of the lightwave over the small fiber cross section. By itself,
the Kerr nonlinearity produces an intensity-dependent phase shift that results
in spectral broadening during propagation.
In the usual transmission process with lightwaves, the electric field is modu-

lated into a slowly varying amplitude of a carrier wave. Concretely, a modulated
electromagnetic lightwave is written as

E(z, t) = E(z, t)ei(k0z−ω0t) + c.c., (1.4.16)

where c.c. denotes complex conjugation, z the distance along the fiber, t the
time, k0 = k0(ω0) the wavenumber, ω0 the frequency, and E(z, t) the envelope
of the electromagnetic field.
Hasegawa and Tappert [91] first derived the NLS equation in the context

of fiber optics. Detailed derivations can be found in texts (cf. Hasegawa and
Kodama [90] and references therein). A simplified derivation is conveniently
obtained from the nonlinear dispersion relation:

k(ω, E) = ω

c

(
n0(ω) + n2|E |2) , (1.4.17)

where c denotes the speed of light.
A Taylor series expansion of k(ω, E) around the carrier frequency ω = ω0

yields

k − k0 = k ′(ω0)(ω − ω0) + k ′′(ω0)

2
(ω − ω0)

2 + ω0n2
c

|E |2, (1.4.18)
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where ′ represents the derivative with respect to ω and k0 = k(ω0). Replac-
ing k − k0 and ω − ω0 by their Fourier operator equivalents i∂/∂z and i∂/∂t ,
respectively, using k − k0 = ω

c n0(ω), and letting equation (1.4.18) operate on
E yields

i

(
∂E
∂z

+ k ′
0(ω0)

∂E
∂t

)
− k ′′

0 (ω0)

2

∂2E
∂t2

+ ν|E |2E = 0, (1.4.19)

where ν = ω0n2
cAeff

and Aeff is the effective cross-section area of the fiber (the factor
1/Aeff comes from a more detailed derivation that takes into account the finite
size of the fiber; the factor 1/Aeff is needed to account for the variation of field
intensity in the cross section of the fiber). We note that k ′

0(ω0) = 1/vg , where
vg represents the group velocity of the wavetrain.
In order to obtain a dimensionless equation, it is standard to introduce

a retarded time coordinate tret = t − k ′
0(ω0)z = t − z/vg and dimensionless

variables t ′ = tret/t∗, z′ = z/z∗, and q = E/√P∗, where t∗, z∗, P∗ are the char-
acteristic time, distance, and power, respectively. Substituting this coordi-
nate transformation, choosing the dimensionless variables as z∗ = 1/νP∗, t2∗ =
z∗| − k ′′(ω0)|, and dropping the prime yields the NLS equation

i
∂q

∂z
+ sgn(−k ′′

0 (ω0))

2

∂2q

∂t2
+ |q|2q = 0. (1.4.20)

There are twocases of physical interest dependingon the signof−k ′′
0 (ω0). The

so-called focusing case occurs when −k ′′
0 (ω0) < 0; this is called “anomalous”

dispersion. The defocusing case is obtained when the dispersion is “normal”:
−k ′′

0 (ω0) > 0. In the anomalous case we will see later, in Chapter 2, that
equation (1.4.20) has a special soliton solution given by

q(z, t) = 2ηe−2iξ t+2i(ξ 2−η2)(z−z0)sech2η(t − 2ξ z − t0) (1.4.21)

(see equation (2.3.88) and note the redefinition of variables and the factor of 1
2

difference between equations (1.4.20) and (2.3.88)).
Since solitons are stable localized pulses, Hasegawa and Tappert (1973) sug-

gested their use as the “bit” format for the transmission of information in
optical fiber systems. Remarkably, in 1980 scientists at Bell Laboratories ob-
served the solitons described by the NLS equations (1.4.19)–(1.4.20) in optical
fibers [135]. One of the serious difficulties however was fiber loss. Fortuitously,
in the mid-1980s scientists developed all-optical amplifiers (erbium-doped am-
plifiers: EDFAs, [127, 64]). This development allowed for the transmission of
information optically over long distances (e.g., 10,000 km, which is roughly
the distance from the United States to Japan).



12 1 Introduction

With damping and amplification included, the NLS equation (1.4.20) takes
the form

i
∂q

∂z
+ sgn(−k ′′

0 (ω0))

2

∂2q

∂t2
+ g(z)|q|2q = 0, (1.4.22)

where g(z) = a20 exp(−2�z/za), 0 < z < za and periodically extended there-
after, with� the normalized damping coefficient and a20 determined by< g >=
1
za

∫ za
0 g(z/za)dz = 1 with za = la/z∗, la being the amplifier length. Typically

za is small, approximately 0.1. Asymptotic analysis shows that, to leading or-
der, q(z, t) still satisfies the NLS equation (1.4.20). Note that since g(z) is
rapidly varying, equation (1.4.22) is satisfied with g replaced by its averaged
value < g >= 1 in the period za (cf. [90]).
The introduction of amplifiers, however, introduces small amounts of noise

to the system. This in turn causes the temporal position of the soliton to fluctu-
ate. In 1986, Gordon and Haus [88] showed that this fluctuation seriously limits
the distance signals could be reliably transmitted. Soliton control mechanisms
were introduced in the early 1990s to deal with these difficulties (cf. [108],
[129], [128], [134]). Due to these and other issues, all-optical transmission
systems in the 1990s employed a nonsoliton format referred to as “non-return-
to-zero” (NRZ). In the NRZ format a continuous wave is transmitted over the
total time slot of successive “1” bits, whereas in the RZ format, which includes
solitons, an individual pulse is transmitted for each “1” bit regardless of the se-
quence. NRZ pulses have a lower peak intensity than RZ pulses having the same
average power within a given bit slot. It should be noted, however, that the peak
intensity must be enhanced and the pulse width decreased accordingly as the
bit rate increases, since the average power within a bit slot must be maintained
at a certain level so that the signal is not buried by amplifier noise. Thus NRZ
pulses also suffer from nonlinearity, especially at high bit rates.
Importantly, the NLS equations (1.4.20) and (1.4.22) and related equations

with perturbations due to dispersion variations, higher order chromatic dis-
persion, and nonlinear effects are the central models used in fiber commu-
nications, regardless of the transmission format. It is not feasible to numeri-
cally simulate Maxwell’s equations over the distances required (thousands of
kilometers) due to the disparate scales inherent in the equations.
The development of all-optical transmission systems also took a major leap

forward in the 1990s with the advent of wavelength-division-multiplexing
(WDM) (cf. [89]). WDM is the simultaneous transmission of multiple sig-
nals in different frequency (or, equivalently, wavelength) channels. In terms
of soliton communications, this means that different solitons will travel at dif-
ferent velocities, thus causing interactions, some of which, such as frequency
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and timing shifts due to WDM collisions, can be debilitating (cf. [133], [130],
[3]). One of the central problems that arises from interactions is unwanted
resonant amplifier induced instabilities in adjacent frequency channels ([119],
[2]). This phenomenon, called four-wave mixing (FWM), was so serious that
researchers began to investigate dispersion-managed (DM) transmission sys-
tems. DM systems also reduce other unwanted effects, such as Gordon–Haus
and collision-induced timing jitters.
In a dispersion-managed transmission system the fiber is composed of alter-

nating sections of positive (normal) and negative (anomalous) dispersion fibers.
The (dimensionless) NLS equation that governs this phenomena is

i
∂q

∂z
+ d(z)

2

∂2q

∂t2
+ g(z)|q|2q = 0, (1.4.23)

where d(z) is usually taken to be a periodic, large, rapidly varying function of the
form d(z) = δa +�(z) with |�(z)| >> 1 and having zero average in the period
za (the period is usually taken to be the same as that of the amplifier). There
has been considerable research in the field of dispersion-managed transmission
systems (cf. [89] and references therein).
Researchers have shown that equation (1.4.23) admits various types of op-

tical pulses, such as DM solitons [80, 4], quasi-linear modes [9], and so on.
Importantly, both types of pulses can be described via a unified framework
[9, 8]. We shall not delve into this matter any further here, because it would
take us well outside the scope of this book.
In many applications vector NLS systems are the key governing equations.

In optical fibers with constant birefringence (i.e., constant phase and group ve-
locities as a function of distance) Menyuk [131, 132] has shown that the two
polarization components of the electromagnetic field E = (u, v)t that are or-
thogonal to the direction of propagation, z, along the fiber asymptotically satisfy
the following nondimensional equations (assuming anomalous dispersion):

i(uz + δut ) + 1
2utt + (|u|2 + α|v|2)u = 0 (1.4.24a)

i(vz − δvt ) + 1
2vt t + (α|u|2 + |v|2)u = 0, (1.4.24b)

where δ represents the group velocity “mismatch” between the u, v components
of the electromagnetic field and α is a constant that depends on the polariza-
tion properties of the fiber. In deriving equation (1.4.24) it is assumed that
the electromagnetic field is slowly varying (as in the scalar problem); certain
nonlinear (four-wave mixing) terms are neglected in the derivation of equation
(1.4.24) because the lightwave is rapidly varying due to large, but constant,
linear birefringence. In this context, birefringence means that the phase and
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group velocities of the electromagnetic wave in each polarization component
are different.
In a communications environment, due to the distances involved (hundreds

of thousands of kilometers), the polarization properties evolve rapidly and ran-
domly as the lightwave evolves along the propagation distance z. Not only does
the birefringence evolve, but it does so randomly, and on a scale much faster
than the distances required for communication transmission (birefringence po-
larization changes on a scale of 10–100 m). In this case, researchers (cf. [180],
[72], [122]) have shown that the relevant nonlinear equation is equation (1.4.24)
but with δ = 0 and α = 1. Indeed, this is the integrable vector NLS equation
first derived by Manakov (1974) and is studied in Chapter 4 of this book via
the IST method. Hence we see that both the scalar- and vector-continuous NLS
systems arise naturally in the field of nonlinear optical fiber communications.
Finally, we briefly mention some applications in discrete NLS systems. Our

prototype application is coupled nonlinear optical waveguides. In this case we
consider an optical material in which waveguides are “etched” into suitable
optical material and each waveguide is well separated from each other in, say,
the x-direction (or “n”-direction)with propagation occurring in the longitudinal,
say z, direction. (See, e.g., Figure 1.1.)
From Maxwell’s equations, we model the governing wave equation for the

electromagnetic field in the x-direction in Kerr nonlinear material to be [188]

�zz +�xx + ( f (x) + δ|�|2)� = 0, (1.4.25)

where |δ| << 1 and f(x)models the linear index of refraction.One now expands
the solution � in terms of a suitable series of functions (cf. [16]); that is, � is

n

Z d

Figure 1.1
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expressed in the form

� =
∞∑

m=−∞
Em(Z )ψm(x)e

−iλ0z, (1.4.26)

where Z = δz, ψm = ψ(x − md), d is the spacing of the waveguide array (cf.
Figure 1.1), and ψm has one boundstate eigenvalue λ0. We then substitute
equation (1.4.26) into equation (1.4.25), multiply the result by ψ∗

n exp (iλ0z),
integrate over x (x ranges from−∞ < x < ∞), and assume thatψm(x) satisfies

∂xxψm + ( fm(x) − λ20)ψm = 0, (1.4.27)

where fm(x) = f̃ (x − md) is a localized function. By carrying out these cal-
culations, we obtain

+∞∑
m=−∞

∫ ∞

−∞
dx

[
−2iδλ0ψm

∂Em

∂Z
+
(
∂2ψm

∂x2
+ ( f (x) − λ20)ψm

)
Em

+ δ

∞∑
m ′,m ′′=−∞

EmEm ′ E∗
m ′′ψmψm ′ψ∗

m ′′

]
ψ∗

n = 0. (1.4.28)

Using (1.4.27), we find that

∞∑
m=−∞

[
−2iδλ0

∂Em

∂Z

∫ ∞

−∞
ψmψ

∗
n dx Em

∫ ∞

−∞
� fmψmψ

∗
n dx

+ δ
∑
m ′,m ′′

EmEm ′ E∗
m ′′

∫ ∞

−∞
ψmψm ′ψ∗

m ′′ψ
∗
n dx

]
= 0, (1.4.29)

where � fm = f (x) − fm(x). The eigenfunctions are assumed to be localized
corresponding to waveguides that are well separated (see Figure 1.1). Maximal
balance is achieved when the relevant integrals are defined by∫

dx( f (x) − fm(x))|ψm |2 = δc0∫
dx( f (x) − fm±1(x))ψmψ

∗
m±1 = δc1∫

dx |ψm |4 = δg0,

where c0, c1, g0 are O(1) constants and higher order terms in δ are dropped.
The resulting equation turns out to be the discrete NLS (DNLS) equation in
the form

i∂Z En + c1(En+1 + En−1) + c0En + g0|En|2En = 0. (1.4.30)
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By transforming variables, one can put the equation in the form

i∂Zφn + (φn+1 + φn−1 − 2φn)/h
2 + 2|φn|2φn = 0. (1.4.31)

The DNLS equation was first derived in the context of nonlinear optics by
Christodoulides and Joseph [54]. It was studied earlier by Davydov [60] in
molecular biology and bySu, Schieffer, andHeeger in condensedmatter physics
[151]; there are numerous other applications as well (cf. [148], [149], [123]).
Various authors studied the interaction and collision processes associated with
the localized solitary wave solutions of the DNLS equation (cf. [22], [23],
[113]).
Experimentally, the solitary waves of the DNLS equation were observed

in a nonlinear optical array by Eisenberg et al. [70] and Morandotti et al.
[137]. Linear diffraction management of the optical array system was sub-
sequently studied by Eisenberg et al. [71] and nonlinear focusing and defo-
cusing by Morandotti et al. [138]. Theoretically speaking, diffraction-managed
solitons, whose width and peak amplitude vary periodically and which are
the discrete analog of dispersion-managed solitons, have been obtained [14].
More recently, DNLS equations have been proposed for Bose–Einstein con-
densation [166]. Vector extensions of the DNLS equation have also been
derived and studied (cf. [15], [16], [57]). While these DNLS equations are
not transformable to the integrable discrete systems studied in this book, the
integrable systems nevertheless provide useful insight into discrete equations
and solitary wave phenomena. For more information about DNLS equations,
related problems, and references, the reader may wish to consult the review
article [105].

1.5 Outline of the work

Chapter 2 is dedicated to the scalar NLS equation (1.3.1). Chapter 3 is con-
cerned with the IDNLS equation (1.3.8), which is the integrable discretization
of the NLS equation. Chapter 4 describes the IST for the matrix nonlinear
Schrödinger equation (MNLS) and, in particular, for the VNLS system (1.3.3),
and Chapter 5 describes the integrable discrete matrix NLS (IDMNLS), that is,
the system (1.3.11a)–(1.3.11b) with special attention to the case where the sym-
metry (1.3.12)–(1.3.13) holds, including the reduction to the integrable discrete
vector NLS equation (1.3.10).
For pedagogical reasons we study separately the scalar and the vector cases.

We believe that understanding the scalar case is helpful in the comprehension
of the vector systems. We have followed a similar outline in each chapter.
For each system, we give explicit conditions on the solution of the evolution
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equation such that the eigenfunctions are analytic, and we show how to ob-
tain the scattering data from the analytic eigenfunctions. Moreover, for each
system,we determine symmetries in the scattering data that are induced by sym-
metries in the eigenfunctions, and, in the formulation of the inverse problem,
we include these symmetries in the scattering data. For the inverse problem, we
first formulate a generalized Riemann–Hilbert problem. Then we obtain a sys-
tem of linear algebraic–integral equations from the Riemann–Hilbert problem
(see also [6], where this approach is described for the KdV equation). These
algebraic–integral equations determine the eigenfunctions in terms of the scat-
tering data, and from these equations we also show how to obtain Gel’fand–
Levitan–Marchenko (GLM) integral equations. Moreover, we prove that the
GLM equations do not have any homogeneous solutions. As a special case of
the inverse problem, the respective soliton solutions are constructed for each of
the nonlinear Schrödinger systems. The evolution of the solitons of each system
follows from the evolution of the scattering data, as determined by the associ-
ated linear time-dependence operators. Then soliton interactions are analyzed,
and, for the vector systems, the description of the soliton interactions includes a
determination of the polarization shift induced by soliton collisions. Finally, we
show how the IST machinery can be used to generate conserved quantities for
each of these systems. Beyond the basic outline, the parallel structure of these
chapters illustrates the generality of the IST approach for this class of systems.
From chapter to chapter, one can compare the IST for each of these systems.
Both discretization and extension from scalar to vector systems introduce some
additional complications in what is essentially the same IST scheme. We note
that an additional symmetry in the discrete vector system introduces a further
difficulty in the IST and in the solutions. A careful handling of this symmetry
is required for the correct formulation of the IST in this case.
In the appendices we have included, among other items, a detailed discus-

sion of the direct and inverse scattering associated with the linear discrete
Schrödinger equation. Importantly, this equation is connected to the IDNLS
equation. In fact, an appropriate linearization of the IDNLS leads to this linear
scattering problem. Moreover, the linear Schrödinger scattering problem forms
the basis of the IST for both the Toda lattice and the nonlinear ladder network.
Hence, for completeness we have included a discussion of the IST for these two
cases. Moreover, we have also briefly described the IST associated with NLS
systems with an additional potential term. Finally, we discuss the “extreme”
limit of large amplitude for these systems and show that they are integrable.



Chapter 2

Nonlinear Schrödinger equation (NLS)

2.1 Overview

In this chapter we develop the inverse scattering transform for the NLS
equation,

iqt = qxx ± 2 |q|2 q, (2.1.1)

on the infinite line. In particular, we formulate the IST procedure for the some-
what more general system (cf. [10])

iqt = qxx − 2rq2 (2.1.2a)

−irt = rxx − 2qr2 (2.1.2b)

and then consider the reductions r = ∓q∗ as a special case.
The IST can be broken into three parts: (i) The direct problem – constructing

x-independent scattering data from the “potentials” q, r (see (2.2.3)). As far
as nomenclature is concerned, the term “potential” is used in reference to the
solutionof a scatteringproblemsuch as (2.2.3). The functionsq, r, supplemented
with suitable time-dependence, as will be described later, are the solution to the
nonlinear evolution equations (2.1.2). (ii) The inverse problem – reconstructing
the potentials from the scattering data. (iii) Time evolution – determining the
evolution of the scattering data by making use of the time-dependence operator
(see (2.2.4)). The IST procedure for solving the initial-value problem proceeds
by first constructing the scattering data at t = ti from the initial data q(ti ),
r (ti ) – that is, step (i) – then computing the evolution of the scattering data from
ti to t �= ti – step (iii) – and, finally, recovering q(t), r (t) by solving the inverse
problem – step (ii).
The treatment of the direct problem given here follows [6], [21] while

the inverse problem is formulated as a Riemann–Hilbert boundary-value
problem, following [6]. The Gel’fand–Levitan–Marchenko integral equation

18
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formulation of the inverse problem follows from the Riemann–Hilbert
formulation.
As is typical for soliton equations, the soliton solutions of the NLS corre-

spond to the case in which the inverse problem reduces from a system of linear
algebraic–integral equations to a system of linear algebraic equations and can
be solved explicitly. By solving the algebraic system, we obtain an analytic
expression for a single soliton and an explicit formula for the phase shifts that
result from soliton interactions.
Finally, with the machinery of the inverse scattering transform, one can de-

rive infinitely many conserved quantities for the NLS. Among these is the
Hamiltonian of the NLS. We give an account of the formulation of the NLS as
a Hamiltonian system.

2.2 The inverse scattering transform for NLS

2.2.1 Operator pair

As noted previously, an essential prerequisite to the development of the IST for
a nonlinear evolution equation is the association of the evolution equation with
a pair of linear equations. The association of the scalar NLS equation (2.1.1)
with the linear equations

vx =
(−ik q

r ik

)
v, (2.2.3)

sometimes referred to in the literature as Zakharov–Shabat or ZS/AKNS or
AKNS spectral problem, and

vt =
(
2ik2 + iqr −2kq − iqx

−2kr + irx −2ik2 − iqr

)
v, (2.2.4)

where v is a two-component vector, v(x, t) = (v(1)(x, t), v(2)(x, t))T , is well
known (cf. [21], [140]). A straightforward calculation shows that the equality
of the mixed derivatives of v, that is, vxt = vt x , is equivalent to the statement
that q and r satisfy the evolution equations (2.1.2a)–(2.1.2b), if k, the scattering
parameter, is independent of x and t. For this reason, the evolution equations
(2.1.2a)–(2.1.2b) are sometimes referred to as the compatibility condition of
equations (2.2.3)–(2.2.4).We refer to the equationwith the xderivative, equation
(2.2.3), as the scattering problem and the equationwith the t derivative, equation
(2.2.4), as the time-dependence.
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2.2.2 Direct scattering problem

Jost functions and integral equations

We refer to solutions of the scattering problem (2.2.3) as eigenfunctions with
respect to the parameter k. When the potentials q, r → 0 rapidly as x → ±∞,
the eigenfunctions are asymptotic to the solutions of

vx =
(−ik 0

0 ik

)
v

when |x | is large. Therefore it is natural to introduce the eigenfunctions defined
by the following boundary conditions:

φ(x, k) ∼
(
1
0

)
e−ikx , φ̄(x, k) ∼

(
0
1

)
eikx as x → −∞ (2.2.5)

ψ(x, k) ∼
(
0
1

)
eikx , ψ̄(x, k) ∼

(
1
0

)
e−ikx as x → +∞. (2.2.6)

In the following analysis, it is convenient to consider functions with constant
boundary conditions. Hence, we define the Jost functions as follows:

M(x, k) = eikxφ(x, k), M̄(x, k) = e−ikx φ̄(x, k), (2.2.7a)

N (x, k) = e−ikxψ(x, k), N̄ (x, k) = eikx ψ̄(x, k). (2.2.7b)

If the scattering problem (2.2.3) is rewritten as

vx = (ikJ+Q) v, (2.2.8)

where

J =
(−1 0

0 1

)
, Q =

(
0 q
r 0

)
, (2.2.9)

and I denotes the 2 × 2 identity matrix, then the Jost functions M(x , k) and
N̄ (x, k) are solutions of the differential equation

χx (x, k) = ik(J+ I)χ (x, k) + (Qχ ) (x, k), (2.2.10)

while N (x , k) and M̄(x, k) satisfy

χ̃x (x, k) = ik(J− I)χ̃ (x, k) + (Qχ̃ ) (x, k) (2.2.11)

with the constant boundary conditions

M(x, k) →
(
1
0

)
, M̄(x, k) →

(
0
1

)
as x → −∞ (2.2.12a)

N (x, k) →
(
0
1

)
, N̄ (x, k) →

(
1
0

)
as x → +∞. (2.2.12b)
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Solutions of the differential equations (2.2.10)–(2.2.11) can be represented by
means of the following integral equations:

χ (x, k) = w +
∫ +∞

−∞
G(x − x ′, k) (Qχ) (x ′, k)dx ′

χ̃ (x, k) = w̃ +
∫ +∞

−∞
G̃(x − x ′, k) (Qχ̃ ) (x ′, k)dx ′

or, in component form, for j = 1, 2,

χ ( j)(x, k) = w( j) +
∫ +∞

−∞

2∑
�=1

G( j�)(x − x ′, k) (Qχ)(�) (x ′, k)dx ′

χ̃ ( j)(x, k) = w̃( j) +
∫ +∞

−∞

2∑
�=1

G̃( j�)(x − x ′, k) (Qχ̃)(�) (x ′, k)dx ′,

where w = (w(1), 0
)T
, w̃ = (0, w̃(2))T and the (matrix) Green’s functions

G(x, k) = (G( j�)(x, k)
)
j,�=1,2 and G̃(x, k) = (G̃( j�)(x, k)

)
j,�=1,2 satisfy the dif-

ferential equations

L0G(x, k) = δ(x)I, L̃0G̃(x, k) = δ(x)I (2.2.13)

L0 = I ∂x − ik(J+ I), L̃0 = I ∂x − ik(J− I). (2.2.14)

The Green’s functions are not unique, and, as we will show later, the choice
of the Green’s function and the choice of the inhomogeneous term together
uniquely determine the Jost function and its analytic properties.
By using the Fourier transform method, it is easy to find

G(x, k) = 1

2π i

∫
C

(
p−1 0
0 (p − 2k)−1

)
eipxdp

G̃(x, k) = 1

2π i

∫
C̃

(
(p + 2k)−1 0

0 p−1

)
eipxdp,

where C and C̃ are appropriate contours. It is natural to consider G±(x, k) and
G̃±(x, k) defined by

G±(x, k) = 1

2π i

∫
C±

(
p−1 0
0 (p − 2k)−1

)
eipxdp

G̃±(x, k) = 1

2π i

∫
C±

(
(p + 2k)−1 0

0 p−1

)
eipxdp,

where C± are the contours from −∞ to +∞ that, respectively, pass below and
above both the singularities at p = 0 and p = 2k (see Figure 2.1).
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C+

C−
p=0 p=2k

..

Figure 2.1: The contours C+ and C−

Therefore,

G±(x, k) = ±θ (±x)

(
1 0
0 e2ikx

)
, G̃±(x, k) = ∓θ (∓x)

(
e−2ikx 0
0 1

)
,

(2.2.15)

where θ (x) is the Heaviside function (θ (x) = 1 if x> 0 and θ (x) = 0 if x < 0).
The “ +” functions are analytic in the upper half-plane of k and the “ −” func-
tions are analytic in the lower half-plane. By taking into account the boundary
conditions (2.2.12a)–(2.2.12b), we obtain the following integral equations for
the Jost solutions:

M(x, k) =
(
1
0

)
+
∫ +∞

−∞
G+(x − x ′, k) (QM) (x ′, k)dx ′ (2.2.16a)

N (x, k) =
(
0
1

)
+
∫ +∞

−∞
G̃+(x − x ′, k) (QN ) (x ′, k)dx ′ (2.2.16b)

M̄(x, k) =
(
0
1

)
+
∫ +∞

−∞
G̃−(x − x ′, k)

(
QM̄

)
(x ′, k)dx ′ (2.2.16c)

N̄ (x, k) =
(
1
0

)
+
∫ +∞

−∞
G−(x − x ′, k)

(
QN̄

)
(x ′, k)dx ′. (2.2.16d)

Equations (2.2.16a)–(2.2.16d) are Volterra integral equations. We show in the
following Lemma 2.1 that if q, r ∈ L1(R), the Neumann series of the integral
equations for M and N converge absolutely and uniformly (in x and k) in the
upper k-plane, while the Neumann series of the integral equations for M̄ and N̄
converge absolutely and uniformly (in x and k) in the lower k-plane. These facts
immediately imply that the Jost functionsM(x, k) and N (x, k) are analytic func-
tions of k for Im k > 0 and continuous for Im k ≥ 0,while M̄(x, k), and N̄ (x, k)
are analytic functions of k for Im k < 0 and continuous for Im k ≤ 0.

Lemma 2.1 If q, r ∈ L1 (R), then M(x, k), N(x, k) defined by (2.2.16a)–
(2.2.16b) are analytic functions of k for Im k > 0 and continuous for Im k ≥ 0,
while M̄(x, k), N̄ (x, k) defined by (2.2.16c)–(2.2.16d) are analytic functions of
k for Im k < 0 and continuous for Im k ≤ 0. Moreover, the solutions are unique
in the space of continuous functions.
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Proof We prove the result for M(x, k). The proofs are analogous for the re-
maining eigenfunctions.
The Neumann series

M(x, k) =
∞∑
j=0

C j (x, k), (2.2.17)

where

C j+1(x, k) =
∫ +∞

−∞
G+(x − x ′, k)

(
QC j

)
(x ′, k)dx ′ (2.2.18a)

C0(x, k) =
(
1
0

)
, (2.2.18b)

is, formally, a solution of the integral equation (2.2.16a). In component form,

C (1)
j+1(x, k) =

∫ x

−∞
q(x ′)C (2)

j (x ′, k)dx ′

C (2)
j+1(x, k) =

∫ x

−∞
e2ik(x−x ′)r (x ′)C (1)

j (x ′, k)dx ′.

Because C (2)
0 = 0, we have for any integer j ≥ 0

C (1)
2 j+1 = 0, C (2)

2 j = 0.

Using the identities

1

j!

∫ x

−∞
| f (ξ )|

[∫ ξ

−∞

∣∣ f (ξ ′)
∣∣ dξ ′

] j

dξ

= 1

( j + 1)!

∫ x

−∞

d

dξ

[∫ ξ

−∞

∣∣ f (ξ ′)
∣∣ dξ ′

] j+1

dξ

= 1

( j + 1)!

[∫ x

−∞
| f (ξ )| dξ

] j+1

, (2.2.19)

where f ∈ L1(R), one can show by induction that for Im k ≥ 0

∣∣∣C (2)
2 j+1(x, k)

∣∣∣ ≤
(∫ x

−∞
∣∣q(x ′)

∣∣ dx ′) j
j!

(∫ x
−∞
∣∣r (x ′)

∣∣ dx ′) j+1

( j + 1)!∣∣∣C (1)
2 j (x, k)

∣∣∣ ≤
(∫ x

−∞
∣∣q(x ′)

∣∣ dx ′) j
j!

(∫ x
−∞
∣∣r (x ′)

∣∣ dx ′) j
j!

.

Therefore, if q, r ∈ L1(R), the series (2.2.17) is majorized in norm by a uni-
formly convergent power series. Hence, the Neumann series (2.2.17) is itself
uniformly convergent for Im k ≥ 0. It follows that M(x, k) is analytic for
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Im k > 0 because a uniformly convergent series of analytic functions converges
to an analytic function (cf. [7]). Similarly, M(x, k) is continuous for Im k ≥ 0.

A proof of the uniqueness of the solution for the integral equation (2.2.16a)
can be obtained as follows. Assume M1(x, k) and M2(x, k) both solve the inte-
gral equation (2.2.16a). Then their difference,m(x, k) = M1(x, k) − M2(x, k),
is such that

m(x, k) =
∫ +∞

−∞
G+(x − ξ, k) (Qm) (ξ, k)dξ

or, explicitly,

m(1) (x, k) =
∫ x

−∞
dξ q(ξ )

∫ ξ

−∞
dξ ′ e2ik(ξ−ξ

′)r (ξ ′)m(1)(ξ ′, k)

m(2)(x, k) =
∫ x

−∞
e2ik(x−ξ )r (ξ )m(1)(ξ, k)dξ.

The first equation yields the bound

∣∣m(1) (x, k)
∣∣ ≤ ∫ x

−∞
dξ |q(ξ )|

∫ ξ

−∞
dξ ′ ∣∣r (ξ ′)

∣∣ ∣∣m(1)(ξ ′, k)
∣∣

and iterating once

∣∣m(1) (x, k)
∣∣ ≤ ∫ x

−∞
dξ1 |q(ξ1)|

∫ ξ1

−∞
dξ ′

1

∣∣r (ξ ′
1)
∣∣

×
∫ ξ ′

1

−∞
dξ2 |q(ξ2)|

∫ ξ2

−∞
dξ ′

2

∣∣r (ξ ′
2)
∣∣ ∣∣m(1)(ξ ′

2, k)
∣∣ .

Assuming that m(1)(x, k) is bounded, that is,
∣∣m(1)(x, k)

∣∣ ≤ C , and using the
identity (2.2.19), we obtain the bound

∣∣m(1) (x, k)
∣∣ ≤ C

(∫ +∞
−∞ dξ |q(ξ )|

)2
2

(∫ +∞
−∞ dξ |r (ξ )|

)2
2

.

Iterating n times yields

∣∣m(1) (x, k)
∣∣ ≤ C

(∫ +∞
−∞ dξ |q(ξ )|

)n
n!

(∫ +∞
−∞ dξ |r (ξ )|

)n
n!

.

Since the right-hand side tends to 0 as n → ∞, m(x, k) is identically zero
and the solution of the integral equation (2.2.16a) is unique in the space of
continuous functions.

Simply requiring q, r ∈ L1(R) does not yield analyticity on the real axis;
more stringent conditions must be imposed. For instance, using the ideas in



2.2 The inverse scattering transform for NLS 25

Lemma 2.1, one can show that if

|r (x)| ≤ Ce−2K |x |, |q(x)| ≤ Ce−2K |x |,

where C and K are some positive constants, then M and N are analytic for all
k with Im k ≥ −K and M̄, N̄ are analytic for all k with Im k < K . Having
r, q vanishing faster than any exponential as |x | → ∞ implies that all four
eigenfunctions are entire functions of k. We recall that (Volterra equations on a
finite interval always have absolutely convergent Neumann series solutions.)
From the integral equations (2.2.16a)–(2.2.16d) we can compute the asymp-

totic expansion for large k of the Jost functions. Integration by parts yields

M(x, k) =
(
1 − 1

2ik

∫ x
−∞ q(x ′)r (x ′)dx ′

− 1
2ik r (x)

)
+ O(k−2) (2.2.20a)

N̄ (x, k) =
(
1 + 1

2ik

∫ +∞
x q(x ′)r (x ′)dx ′

− 1
2ik r (x)

)
+ O(k−2) (2.2.20b)

N (x, k) =
(

1
2ik q(x)

1 − 1
2ik

∫ +∞
x q(x ′)r (x ′)dx ′

)
+ O(k−2) (2.2.20c)

M̄(x, k) =
(

1
2ik q(x)

1 + 1
2ik

∫ x
−∞ q(x ′)r (x ′)dx ′

)
+ O(k−2). (2.2.20d)

Scattering data

The two eigenfunctions with fixed boundary conditions as x → −∞ are lin-
early independent, as are the two eigenfunctions with fixed boundary condi-
tions as x → +∞. Indeed, if u(x, k) = (u(1)(x, k), u(2)(x, k)

)T
and v(x, k) =

(v(1)(x, k), v(2)(x, k))T are any two solutions of (2.2.3), we have

d

dx
W (u, v) = 0, (2.2.21)

where the Wronskian of u and v, W(u, v), is given by

W (u, v) = u(1)v(2) − u(2)v(1). (2.2.22)

From the asymptotics (2.2.5)–(2.2.6) it follows that

W
(
φ, φ̄

) = lim
x→−∞ W

(
φ(x, k), φ̄(x, k)

) = 1 (2.2.23a)

W
(
ψ, ψ̄

) = lim
x→+∞ W

(
ψ(x, k), ψ̄(x, k)

) = −1, (2.2.23b)

which proves that the functionsφ and φ̄ are linearly independent, as areψ and ψ̄ .
Therefore, we can write φ(x, k) and φ̄(x, k) as linear combinations ofψ(x, k)
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and ψ̄(x, k), or vice versa. The coefficients of these linear combinations depend
on k. Hence, the relations

φ(x, k) = b(k)ψ(x, k) + a(k)ψ̄(x, k) (2.2.24a)

φ̄(x, k) = ā(k)ψ(x, k) + b̄(k)ψ̄(x, k) (2.2.24b)

hold for any k such that all four eigenfunctions exist. In particular,
(2.2.24a)–(2.2.24b) hold for Im k = 0 and define the scattering coefficients
a(k), ā(k), b(k), and b̄(k). Comparing the asymptotics ofW

(
φ, φ̄

)
as x → ±∞

with equations (2.2.24a)–(2.2.24b) shows that the scattering data satisfy the fol-
lowing characterization equation:

a(k)ā(k) − b(k)b̄(k) = 1. (2.2.25)

The scattering coefficients can be represented as Wronskians of the Jost
functions. Indeed, from equations (2.2.24a)–(2.2.24b) it follows that

a(k) = W (φ,ψ), ā(k) = −W (φ̄, ψ̄) (2.2.26a)

b(k) = −W
(
φ, ψ̄

)
, b̄(k) = W

(
φ̄, ψ

)
. (2.2.26b)

Therefore, as long as q, r ∈ L1(R), Lemma 2.1 and equations (2.2.26a) imme-
diately imply that a(k) is analytic in the upper k-plane while ā(k) is analytic
in the lower k-plane. In general, b(k) and b̄(k) cannot be extended off the real
k-axis.
Alternatively, one can derive the following integral relationships for the scat-

tering coefficients:

a(k) = 1 +
∫ +∞

−∞
q(x ′)M (2)(x ′, k)dx ′ (2.2.27a)

b(k) =
∫ +∞

−∞
e−2ikx ′

r (x ′)M (1)(x ′, k)dx ′ (2.2.27b)

ā(k) = 1 +
∫ +∞

−∞
r (x ′)M̄ (1)(x ′, k)dx ′ (2.2.27c)

b̄(k) =
∫ +∞

−∞
e2ikx

′
q(x ′)M̄ (2)(x ′, k)dx ′, (2.2.27d)

where M ( j), M̄ ( j) for j = 1, 2 denote the j-th component of vectors M and M̄ ,
respectively.
Indeed, let us introduce

�(x, k) = M(x, k) − a(k)N̄ (x, k).

Using the integral equations (2.2.16a), (2.2.16d) for M and N̄ and the relation

G+(x, k) −G−(x, k) =
(
1 0
0 e2ikx

)
,
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we can write

�(x, k) −
∫ +∞

−∞
G−(x − x ′, k) (Q�) (x ′, k)dx ′

=
(
1 − a(k)

0

)
−
∫ +∞

−∞

(
q(x ′)M (2)(x ′, k)

e2ik(x−x ′)r (x ′)M (1)(x ′, k)

)
dx ′. (2.2.28)

From the other side, the scattering equation (2.2.24a) yields

�(x, k) = b(k)e2ikx N (x, k),

and then

�(x, k) −
∫ +∞

−∞
G−(x − x ′, k) (Q�)

(
x ′, k

)
dx ′ =

(
0

b(k)e2ikx

)
, (2.2.29)

where we used the integral equation (2.2.16b) for N (x, k) as well as the identity

G−(x, k) = e2ikxG̃+(x, k).

By comparing (2.2.28) and (2.2.29)we get the integral representations (2.2.27a)
and (2.2.27b). Equations (2.2.27c) and (2.2.27d) are derived analogously, by
considering �̄(x, k) = M̄(x, k) − ā(k)N (x, k).
From the integral representations (2.2.27a) and (2.2.27c) and the asymptotics

(2.2.20a), (2.2.20d), it also follows that

a(k) = 1 − 1

2ik

∫ +∞

−∞
q(x ′)r (x ′)dx ′ + O(k−2) Im k > 0 (2.2.30a)

ā(k) = 1 + 1

2ik

∫ +∞

−∞
q(x ′)r (x ′)dx ′ + O(k−2) Im k < 0. (2.2.30b)

Note that equations (2.2.24a) and (2.2.24b) can be written as

µ(x, k) = N̄ (x, k) + ρ(k)e2ikx N (x, k) (2.2.31a)

µ̄(x, k) = N (x, k) + ρ̄(k)e−2ikx N̄ (x, k), (2.2.31b)

where we introduced

µ(x, k) = M(x, k)a−1(k), µ̄(x, k) = M̄(x, k)ā−1(k) (2.2.32)

and the reflection coefficients

ρ(k) = b(k)a−1(k), ρ̄(k) = b̄(k)ā−1(k). (2.2.33)

Proper eigenvalues and norming constants

A proper eigenvalue of the scattering problem (2.2.3) is a complex value
of k ( Im k �= 0) corresponding to a bounded solution v such that v → 0 as
x → ±∞.
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Suppose a(k j ) = 0 for some k j = ξ j + iη j , η j > 0. Then from (2.2.26a)
it follows that W (φ(x, k j ), ψ(x, k j )) = 0, and therefore φ j (x) = φ(x, k j ) and
ψ j (x) = ψ(x, k j ) are linearly dependent, that is, there exists a complex constant
c j such that

φ j (x) = c jψ j (x). (2.2.34)

Hence, by (2.2.5) and (2.2.6) it follows that

φ j (x) ∼
(
1
0

)
eη j x−iξ j x as x → −∞

φ j (x) = c jψ j (x) ∼ c j

(
0
1

)
e−η j x+iξ j x as x → +∞,

and therefore k j is a proper eigenvalue. On the other hand, if a(k) �= 0, then any
solution of the scattering problem blows up in one or both directions. Hence,
the proper eigenvalues in the region Im k > 0 are the zeros of a(k).
Similarly, the eigenvalues in the region Im k < 0 are the zeros of ā(k), and

these zeros k̄ j = ξ̄ j + i η̄ j , η̄ j < 0 for j = 1, . . . , J̄ , are such that

φ̄ j (x) = c̄ j ψ̄ j (x) (2.2.35)

for some complex constant c̄ j ,where, as before, φ̄ j (x) = φ̄(x, k̄ j ) and ψ̄ j (x) =
ψ̄(x, k̄ j ). The coefficients

{
c j
}J
j=1 and

{
c̄ j
} J̄
j=1 are called norming constants.

In terms of the eigenfunctions with fixed boundary conditions, the norming
constants are defined by

Mj (x) = e2ik j x c j N j (x), M̄ j (x) = e−2i k̄ j x c̄ j N̄ j (x). (2.2.36)

In the following we assume that all the eigenvalues are simple zeros of a(k)
and ā(k). If the eigenvalues are not simple zeros, one can study the situation by
the coalescence of simple poles (see [192]).
Note that if the potentials are rapidly decaying such that equations (2.2.24a)–

(2.2.24b) can be analytically extended off the real axis, then

c j = b(k j ), j = 1, . . . , J c̄l = b̄(k̄l), l = 1, . . . , J̄ .

Symmetry reductions

The evolution equation (2.1.1) is a special case of the system (2.1.2a)–(2.1.2b)
under the symmetry reduction

r = ∓q∗. (2.2.37)

This symmetry in the potential induces a symmetry between the Jost functions
analytic in the upper k-plane and the Jost functions analytic in the lower k-plane.
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In turn, this symmetry of the Jost functions induces a symmetry in the scatter-
ing data.
Indeed, if v(x, k) = (v(1)(x, k), v(2)(x, k))T satisfies equation (2.2.3) and sy-

mmetry (2.2.37) holds, then v̂(x, k) = (v(2)(x, k∗),∓v(1)(x, k∗))H also satisfies
equation (2.2.3). Taking into account the boundary conditions (2.2.5)–(2.2.6),
we get

ψ̄(x, k) =
(

ψ (2)(x, k∗)
∓ψ (1)(x, k∗)

)∗
, φ̄(x, k) =

(∓φ(2)(x, k∗)
φ(1)(x, k∗)

)∗
(2.2.38a)

N̄ (x, k) =
(

N (2)(x, k∗)
∓N (1)(x, k∗)

)∗
, M̄(x, k) =

(∓M (2)(x, k∗)
M (1)(x, k∗)

)∗
.

(2.2.38b)

Then, from the integral representations (2.2.27a)–(2.2.27d) for the scattering
data, it follows that

ā(k) = a∗(k∗) (2.2.39a)

b̄(k) = ∓b∗(k∗) (2.2.39b)

and consequently

ρ̄(k) = ∓ρ∗(k) Im k = 0. (2.2.40)

From (2.2.39a) it follows that k j is a zero of a(k) in the upper k-plane iff k∗
j is

a zero for ā(k) in the lower k-plane. Therefore, due to (2.2.36), J = J̄ and

k̄ j = k∗
j , c̄ j = ∓c∗

j j = 1, . . . , J. (2.2.41)

Note that when r = q∗, the operator (2.2.3) is Hermitian. In this case, the
spectrum lies on the real axis, and from the characterization equation (2.2.25)
and (2.2.39a)–(2.2.39b) it follows that

|a(ξ )|2 − |b(ξ )|2 = 1, ξ ∈ R, (2.2.42)

so that |a(ξ )| > 0. Moreover, the problem is self-adjoint; hence |a(k)| > 0 for
any k in the upper k-plane. This implies that, for q → 0 sufficiently rapidly as
|x | → ∞, there are no eigenvalues with Im k �= 0.

Trace formula

We assume that a(k) and ā(k) have the simple zeros
{
k j : Im k j > 0

}J
j=1 and{

k̄ j : Im k̄ j < 0
} J̄
j=1, respectively. Moreover, we define

α(k) =
J∏

m=1

k − k∗
m

k − km
a(k), ᾱ(k) =

J̄∏
m=1

k − k̄∗
m

k − k̄m
ā(k). (2.2.43)
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α(k) is analytic in the upper k-plane, where it has no zeros, while ᾱ(k) is
analytic in the lower k-plane, where it has no zeros; moreover, due to (2.2.30a),
α(k), ᾱ(k) → 1 as |k| → ∞ in the respective half-planes. Therefore we have

logα(k) = 1

2π i

∫ +∞

−∞

logα(ξ )

ξ − k
dξ for Im k > 0,

1

2π i

∫ +∞

−∞

log ᾱ(ξ )

ξ − k
dξ = 0 for Im k > 0,

log ᾱ(k) = − 1

2π i

∫ +∞

−∞

log ᾱ(ξ )

ξ − k
dξ for Im k < 0,

1

2π i

∫ +∞

−∞

logα(ξ )

ξ − k
dξ = 0 for Im k < 0.

Subtracting the equations from one another and using (2.2.43), we obtain

log a(k) =
J∑

m=1

log

(
k − km
k − k∗

m

)

+ 1

2π i

∫ +∞

−∞

log (α(ξ )ᾱ(ξ ))

ξ − k
dξ, Im k > 0 (2.2.44a)

log ā(k) =
J̄∑

m=1

log

(
k − k̄m
k − k̄∗

m

)

− 1

2π i

∫ +∞

−∞

log (α(ξ )ᾱ(ξ ))

ξ − k
dξ, Im k < 0. (2.2.44b)

This allows one to recover a(k), ā(k) from knowledge of
{
k j , Im k j > 0

}J
j=1 ,{

k̄ j , Im k̄ j > 0
} J̄
j=1, and a(ξ )ā(ξ ) = (1 + ρ(ξ )ρ̄(ξ ))−1. In particular, if r =

−q∗, then from (2.2.39a)–(2.2.41) it follows that α(ξ )ᾱ (ξ ) = a(ξ )a∗(ξ ), and
consequently (2.2.44a) can be written as

log a(k) =
J∑

m=1

log

(
k − km
k − k∗

m

)

− 1

2π i

∫ +∞

−∞

log
(
1 + |ρ(ξ )|2)
ξ − k

dξ, Im k > 0. (2.2.45)

Note that, by writing

log a(k) =
+∞∑
n=0

γn

(2ik)n+1 (2.2.46)
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and using the well-known expansion for log(1 − x) = −∑+∞
n=0

xn+1

n+1 , one can
obtain from (2.2.44a) and (2.2.46) the relation

γn =
J∑

m=1

[(
2ik∗

m

)n+1 − (2ikm)n+1

n + 1

]
− 1

π

∫ +∞

−∞
(2iξ )n log(α(ξ )ᾱ(ξ ))dξ,

(2.2.47)
which is usually referred to as the trace formula.

2.2.3 Inverse scattering problem

The inverse problem consists of constructing a map from the scattering data,
that is, (i) the reflection coefficients ρ(k) and ρ̄(k) on the real axis, (ii) the
eigenvalues

{
k j
}J
j=1 and

{
k̄ j
} J̄
j=1, and (iii) the norming constants

{
c j
}J
j=1 and{

c̄ j
} J̄
j=1, back to the potentials. First we use these data to recover the Jost

functions. Then we recover the potentials in terms of these Jost functions.
In the previous section, we showed that the functions N (x, k) and N̄ (x, k)

exist and are analytic in the regions Im k > 0 and Im k < 0, respectively, if
q, r ∈ L1(R). Similarly, under the same conditions on the potentials, the func-
tions µ(x, k) and µ̄(x, k) defined by (2.2.32) are meromorphic in the regions
Im k > 0 and Im k < 0, respectively. Therefore, in the inverse problem we
assume that the unknown functions are sectionally meromorphic. With this as-
sumption, equations (2.2.31a)–(2.2.31b) can be considered to be the jump con-
ditions of a Riemann–Hilbert problem. To recover the sectionally meromorphic
functions from the scattering data, we convert the Riemann–Hilbert problem to
a system of linear integral equations with the use of the Plemelej formula [7].

Case of no poles

We begin by solving the Riemann–Hilbert problem in the case where µ and µ̄
have no poles. Introducing the 2 × 2 matrices

m+(x, k) = (µ(x, k), N (x, k)) , m−(x, k) = (N̄ (x, k), µ̄(x, k)
)
,

(2.2.48)
we can write the “jump” conditions (2.2.31a)–(2.2.31b) as

m+(x, k) −m−(x, k) = m−(x, k)V(x, k), (2.2.49)

where

V(x, k) =
(

−ρ(k)ρ̄(k) −ρ̄(k)e−2ikx

ρ(k)e2ikx 0

)
(2.2.50)

and

m±(x, k) → I
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as |k| → ∞ in the proper half-plane. We consider the projection operators

P±( f )(k) = 1

2π i

∫ +∞

−∞

f (ζ )

ζ − (k ± i0)
dζ. (2.2.51)

If f±(k) is analytic in the upper/lower k-plane and f±(k) → 0 as |k| → ∞ for
Im k ≷ 0, then

P±( f∓)(k) = 0, P±( f±)(k) = ± f±(k).

Applying P− to (2.2.49) yields

m−(x, k) = I+ 1

2π i

∫ +∞

−∞

m−(x, ξ )V(x, ξ )
ξ − (k − i0)

dξ, (2.2.52)

which allows one, in principle, to find m−(x, k). Note that, as |k| → ∞,

m−(x, k) = I− 1

2π ik

∫ +∞

−∞
m−(x, ξ )V(x, ξ )dξ + O(k−2). (2.2.53)

Taking into account the asymptotics (2.2.20a)–(2.2.20d), the definitions
(2.2.49)–(2.2.50), and comparing with equation (2.2.53) we obtain the po-
tentials in terms of the scattering data, that is,

r (x) = 1

π

∫ +∞

−∞
ρ(k)e2ikx N (2)(x, k)dk (2.2.54a)

q(x) = 1

π

∫ +∞

−∞
ρ̄(k)e−2ikx N̄ (1)(x, k)dk. (2.2.54b)

Case of poles

Suppose now that the potential is such that a(k) and ā(k) have a finite number
of simple zeros in the regions Im k > 0 and Im k < 0, respectively, which we
denote as

{
k j , Im k j > 0

}J
j=1 and

{
k̄ j , Im k̄ j < 0

} J̄
j=1. We shall also assume

that a(ξ ) �= 0, ā(ξ ) �= 0 for any ξ ∈ R. As before, we apply P− to both sides
of (2.2.31a) and P+ to both sides of (2.2.31b). Taking into account the analytic
properties ofN, N̄ , µ, and µ̄ and the asymptotics (2.2.20a)–(2.2.20d) and using
(2.2.36), we obtain

N̄ (x, k) =
(
1
0

)
+

J∑
j=1

C je2ik j x N j (x)

(k − k j )

+ 1

2π i

∫ +∞

−∞

ρ(ξ )e2iξ x N (x, ξ )

ξ − (k − i0)
dξ (2.2.55a)
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N (x, k) =
(
0
1

)
+

J̄∑
j=1

C̄ j e−2i k̄ j x N̄ j (x)

(k − k̄ j )

− 1

2π i

∫ +∞

−∞

ρ̄(ξ )e−2iξ x N̄ (x, ξ )

ξ − (k + i0)
dξ, (2.2.55b)

where N j (x) = N (x, k j ), N̄ j (x) = N̄ (x, k̄ j ), and we introduced

C j = c j

a′(k j )
, C̄ j = c̄ j

ā′(k̄ j )
, (2.2.56)

with ′ denoting the derivative with respect to the spectral parameter k. Note that
the equations defining the inverse problem for N (x, k) and N̄ (x, k) now depend
on the extra terms

{
N j (x)

}J
j=1 and

{
N̄ l(x)

} J̄
l=1. In order to close the system,

we evaluate equation (2.2.55a) at k = k̄l for any l = 1, . . . , J̄ and (2.2.55b) at
k = k j for any j = 1, . . . , J , thus obtaining

N̄ l(x) =
(
1
0

)
+

J∑
j=1

C je2ik j x N j (x)

(k̄l − k j )

+ 1

2π i

∫ +∞

−∞

ρ(ξ )e2iξ x N (x, ξ )

ξ − k̄l
dξ (2.2.57a)

N j (x) =
(
0
1

)
+

J̄∑
m=1

C̄me−2i k̄m x N̄m(x)

(k j − k̄m)

− 1

2π i

∫ +∞

−∞

ρ̄(ξ )e−2iξ x N̄ (x, ξ )

ξ − km
dξ. (2.2.57b)

Equations (2.2.55a)–(2.2.55b) and (2.2.57a)–(2.2.57b) together constitute a lin-
ear algebraic–integral system of equations which, in principle, solve the inverse
problem for the eigenfunctions N(x, k) and N̄ (x, k).

By comparing the asymptotic expansions at large k of the right-hand sides of
(2.2.55a) and (2.2.55b) to the expansions (2.2.20b) and (2.2.20c), respectively,
we obtain

r (x) = −2i
J∑

j=1

e2ik j xC j N
(2)
j (x) + 1

π

∫ +∞

−∞
ρ(ξ )e2iξ x N (2)(x, ξ )dξ (2.2.58a)

q(x) = 2i
J̄∑

j=1

e−2i k̄ j x C̄ j N̄
(1)
j (x) + 1

π

∫ +∞

−∞
ρ̄(ξ )e−2iξ x N̄ (1)(x, ξ )dξ,

(2.2.58b)
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which reconstruct the potentials and thus complete the formulation of the in-
verse problem (as before, the superscript � denotes the �-th component of the
corresponding vector).
If the potentials decay rapidly enough at infinity, so that ρ(k) can be analyti-

cally continued above all poles
{
k j , Im k j > 0

}J
j=1 and ρ̄(k) can be analytically

continued below all poles
{
k̄ j , Im k̄ j < 0

} J̄
j=1, then the system of equations

(2.2.55a)–(2.2.55b) and (2.2.57a)–(2.2.57b) can be simplified as follows:

N̄ (x, k) =
(
1
0

)
+ 1

2π i

∫
C0

ρ(ξ )e2iξ x N (x, ξ )

ξ − k
dξ (2.2.59a)

N (x, k) =
(
0
1

)
− 1

2π i

∫
C̄0

ρ̄(ξ )e−2iξ x N̄ (x, ξ )

ξ − k
dξ, (2.2.59b)

where C0 is a contour from −∞ to +∞ that passes above all zeros of a(k) and
C̄0 is a contour from −∞ to +∞ that passes below all zeros of ā(k).
With the same hypothesis, equations (2.2.58a)–(2.2.58b) can be written as

r (x) = 1

π

∫
C0

ρ(ξ )e2iξ x N (2)(x, ξ )dξ (2.2.60a)

q(x) = 1

π

∫
C̄0

ρ̄(ξ )e−2iξ x N̄ (1)(x, ξ )dξ. (2.2.60b)

Gel’fand–Levitan–Marchenko equations

We can also provide a reconstruction for the potentials by developing the
Gel’fand–Levitan–Marchenko integral equations, instead of using the projec-
tion operators (cf. [21], [192]). Indeed, let us represent the eigenfunctions in
terms of triangular kernels,

N (x, k) =
(
0
1

)
+
∫ +∞

x
K (x, s)e−ik(x−s)ds

s > x, Im k > 0 (2.2.61a)

N̄ (x, k) =
(
1
0

)
+
∫ +∞

x
K̄ (x, s)eik(x−s)ds

s > x, Im k < 0. (2.2.61b)

Applying the operator 1
2π

∫ +∞
−∞ dk e−ik(x−y) for y > x to the equation (2.2.59a),

we obtain

K̄ (x, y) +
(
0
1

)
F(x + y) +

∫ +∞

x
K (x, s)F(s + y)ds = 0, (2.2.62)
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where

F(x) = 1

2π

∫
C0
ρ(ξ )eiξ xdξ = 1

2π

∫ +∞

−∞
ρ(ξ )eiξ xdξ − i

J∑
j=1

C je
ik j x .

(2.2.63)

Analogously, operating on equation (2.2.59b) with 1
2π

∫ +∞
−∞ dk eik(x−y) for y >

x gives

K (x, y) +
(
1
0

)
F̄(x + y) +

∫ +∞

x
K̄ (x, s)F̄(s + y)ds = 0, (2.2.64)

where

F̄(x) = 1

2π

∫
C̄0

ρ̄(ξ )e−iξ xdξ = 1

2π

∫ +∞

−∞
ρ̄(ξ )e−iξ xdξ + i

J̄∑
j=1

C̄ j e
−i k̄ j x .

(2.2.65)

Equations (2.2.62) and (2.2.64) constitute the Gel’fand–Levitan–Marchenko
(GLM) equations.
Inserting the representations (2.2.61a)–(2.2.61b) for the eigenfunctions into

equations (2.2.60a)–(2.2.60b), we obtain the reconstruction of the potentials in
terms of the kernels of GLM equations, that is,

q(x) = −2K (1)(x, x), r (x) = −2K̄ (2)(x, x), (2.2.66)

where, as usual, K ( j) and K̄ ( j) for j = 1, 2 denote the j-th component of the
vectors K and K̄ , respectively.
If the symmetry r = ∓q∗ holds, then, taking into account (2.2.39a)–(2.2.41),

it is easy to check that

F̄(x) = ∓F∗(x) (2.2.67)

and consequently

K̄ (x, y) =
(

K (2)(x, y)
∓K (1)(x, y)

)∗
. (2.2.68)

In this case, equations (2.2.62)–(2.2.64) solving the inverse problem reduce to

K (1)(x, y) = ±F∗(x + y) ∓
∫ +∞

x
ds
∫ +∞

x
ds ′K (1)(x, s ′)F(s + s ′)F∗(y + s),

(2.2.69)

and the potentials are reconstructed by means of the first of (2.2.66).

Existence and uniqueness of solutions

The question of existence and uniqueness of solutions of linear integral equa-
tions is usually examined by the use of the Fredholm alternative. For example,
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under suitable assumptions on the decay of the potentials, the restriction
r = ∓q∗ is sufficient to guarantee that the solutions of (2.2.62) and (2.2.64)
exist and are unique. To show this, consider the homogeneous equations
corresponding to (2.2.62) and (2.2.64) (y > x):

h1(y) +
∫ +∞

x
h2(s)F(s + y)ds = 0 (2.2.70)

h2(y) +
∫ +∞

x
h1(s)F̄(s + y)ds = 0. (2.2.71)

Suppose h(y) = (h1(y), h2(y)) is a solution of (2.2.70)–(2.2.71) that vanishes
identically for y < x . Multiply (2.2.70)–(2.2.71) by (h∗

1, h
∗
2), integrate in y, and

use ∫ ∞

x
|h j (y)|2dy =

∫ ∞

−∞
|h j (y)|2dy.

One obtains∫ ∞

−∞

{
|h1(y)|2 + |h2(y)|2 +

∫ ∞

−∞

[
h2(s)h

∗
1(y)F(s + y)

+ h1(s)h
∗
2(y)F̄(s + y)

]
ds

}
dy = 0. (2.2.72)

If r = −q∗, then the symmetry condition (2.2.67) allows the latter equation to
be written as∫ ∞

−∞

{
|h1(y)|2 + |h2(y)|2 + 2i Im

∫ ∞

−∞
h2(s)h

∗
1(y)F(s + y)ds

}
dy = 0.

The real and imaginary parts must both vanish, from which it follows that

h(y) ≡ 0.

Second, if r (x) = q∗(x), using (2.2.67), equation (2.2.72) becomes∫ ∞

−∞

{
|h1(y)|2 + |h2(y)|2 + 2Re

∫ ∞

−∞
h2(s)h

∗
1(y)F(s + y)ds

}
dy = 0.

(2.2.73)
Moreover, in this case, the scattering problem is formally self-adjoint and there
are no discrete eigenvalues; therefore

F(x) = 1

2π

∫ +∞

−∞
ρ(ξ )eiξ xdξ. (2.2.74)

The Fourier transform of h j (y) is

ĥ j (ξ ) =
∫ ∞

−∞
h j (y)e

−iξ ydy,
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which satisfies Parseval’s identity∫ ∞

−∞
|h j (y)|2dy = 1

2π

∫ ∞

−∞
|ĥ j (ξ )|2dξ. (2.2.75)

Substituting these results into (2.2.73) and reversing the order of integration
yields∫ ∞

−∞

{
|ĥ1(−ξ )|2 + |ĥ∗

2(ξ )|2 + 2Re

[
b

a
(ξ )ĥ1(−ξ )ĥ∗

2(ξ )

]}
dξ = 0. (2.2.76)

Since |(b/a)(ξ )| < 1, we have∣∣∣∣2Re
[
b

a
(ξ )ĥ1(−ξ )ĥ∗

2(ξ )

]∣∣∣∣ < 2|ĥ1(−ξ )||ĥ∗
2(ξ )| ≤ |ĥ1(−ξ )|2 + |ĥ2(ξ )|2,

and hence

h(y) ≡ 0.

We conclude that, when r = ∓q∗, the integral equations (2.2.62), (2.2.64)
admit no homogenous solutions except the trivial one. The complete study of
the inverse scattering problem is outside the scope of this book. However, we
can say that when the kernel F(x + y) is compact, as it would be when the
class of potentials is suitably restricted, then the Gel’fand–Levitan–Marchenko
equations are Fredholm. In this case, the Fredholm alternative applies, and
the latter equation implies that the solution of (2.2.62), (2.2.64) exists and is
unique.
Note that existence and uniqueness issues regarding the inverse problem have

been considered in a more general context in [27], [28].

2.2.4 Time evolution

We now show how the time evolution of solutions of the NLS can be obtained.
We do this by calculating the evolution of the scattering data. Then, by the
method of the previous section, one can reconstruct the evolution of the solution.
The operator (2.2.4) determines the evolution of the Jost functions, which

can be written as

∂tv =
(

A B
C −A

)
v, (2.2.77)

where B,C → 0 as x → ±∞ (since we have assumed that q, r → 0 as x →
±∞). Then the time-dependence must asymptotically satisfy

∂tv =
(

A∞ 0
0 −A∞

)
v as x → ±∞, (2.2.78)
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where

A∞ = lim
|x |→∞

A(x, k) = 2ik2. (2.2.79)

The system (2.2.78) has solutions that are linear combinations of

v+ =
(
eA∞t

0

)
, v− =

(
0

e−A∞t

)
.

However, such solutions are not compatible with the fixed boundary condi-
tions of the Jost functions (2.2.5)–(2.2.6). Therefore we define time-dependent
functions

�(x, t) = eA∞tφ(x, t), �̄(x, t) = e−A∞t φ̄(x, t) (2.2.80a)

�(x, t) = e−A∞tψ(x, t), �̄(x, t) = eA∞t ψ̄(x, t) (2.2.80b)

to be solutions of the time-differential equation (2.2.77). Then the evolution
equations for φ and φ̄ become

∂tφ =
(

A − A∞ B
C −A − A∞

)
φ, ∂t φ̄ =

(
A + A∞ B

C −A + A∞

)
φ̄,

(2.2.81)

so that, by taking into account equations (2.2.24a)–(2.2.24b) and evaluating
(2.2.81) as x → +∞, one obtains

∂t a(k) = 0, ∂t ā(k) = 0

∂t b(k) = −2A∞b(k), ∂t b̄(k) = 2A∞b̄(k)

or, explicitly,

a(k, t) = a(k, 0), ā(k, t) = ā(k, 0) (2.2.82a)

b(k, t) = e−4ik2t b(k, 0), b̄(k, t) = e4ik
2t b̄(k, 0). (2.2.82b)

From (2.2.82a) it is clear that the eigenvalues (i.e., the zeros of a(k) and ā(k)) are
constant as the solution evolves. Not only the number of eigenvalues, but also
their locations, are fixed. Thus, the eigenvalues are time-independent discrete
states of the evolution. In fact, this time invariance is the underlying mech-
anism of the elastic soliton interaction in the NLS (2.1.1) and in integrable
soliton equations in general. On the other hand, the evolution of the reflection
coefficients is given by

ρ(k, t) = ρ(k, 0)e−4ik2t , ρ̄(k, t) = ρ̄(k, 0)e4ik
2t , (2.2.83)

and this also gives the evolution of the norming constants:

C j (t) = C j (0)e
−4ik2j t , C̄ j (t) = C̄ j (0)e

4i k̄2j t . (2.2.84)
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The expressions for the evolution of the scattering data allow one to solve
the initial-value problem for the NLS. The procedure is the following: (i) The
scattering data are calculated from the initial time the (e.g., at t = 0) according
to the procedure illustrated in Section 2.1.1; (ii) the scattering data at later
time (say, t = t1) is determined by formulas (2.2.82a)–(2.2.84); and (iii) the
solution at t = t1 is recovered from the scattering data using, for instance, the
reconstruction formulas (2.2.55a)–(2.2.58b).

2.3 Soliton solutions

In the case where the scattering data comprise proper eigenvalues, but ρ(ξ ) =
ρ̄(ξ ) = 0 for all ξ ∈ R, the algebraic–integral system (2.2.55a)–(2.2.55b) and
(2.2.57a)–(2.2.57b) reduces to the linear algebraic system

N̄ l(x) =
(
1
0

)
+

J∑
j=1

C je2ik j x N j (x)

(k̄l − k j )
(2.3.85a)

N j (x) =
(
0
1

)
+

J̄∑
m=1

C̄me−2i k̄m x N̄m(x)

(k j − k̄m)
. (2.3.85b)

The one-soliton solution is obtained for J = J̄ = 1. In the relevant physical
case, when the symmetry r = −q∗ holds, by taking into account (2.2.38b) and
(2.2.41), we get

N (1)
1 (x) = − C∗

1

k1 − k∗
1

e−2ik∗
1 x

[
1 − |C1|2 e2i(k1−k∗

1 )x(
k1 − k∗

1

)2
]−1

N (2)
1 (x) =

[
1 − |C1|2 e2i(k1−k∗

1 )x(
k1 − k∗

1

)2
]−1

,

where, as usual, N1(x) = (N (1)
1 (x), N (2)

1 (x))T . Then from (2.2.58b) it follows
that

q(x) = −2iη
C∗
1

|C1|e
−2iξ xsech(2ηx − 2δ), (2.3.86)

where

k1 = ξ + iη, e2δ = |C1|
2η

(2.3.87)

and, taking into account the time dependence of C1 as given by (2.2.84), one
finally gets the well-known one-soliton solution of the scalar NLS equation,

q(x, t) = 2ηe−2iξ x+4i(ξ 2−η2)t−i(ψ0+π/2)sech(2ηx − 8ξηt − 2δ0) (2.3.88)
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with

e2δ0 = |C1(0)|
2η

, ψ0 = argC1(0) (2.3.89)

or, equivalently,

C1(0) = 2ηe2δ0+iψ0 . (2.3.90)

Note that the velocity of this solution is 4ξ and its amplitude is 2η. Therefore,
unlike theKdVsolitons, in theNLSequation the height and the speedof a soliton
may each be specified independently. As a consequence, it is also possible to
construct a solution having two (or more) peaks with different amplitudes each
traveling at the same speed. In this case, the peaks will oscillate periodically in
amplitude and the separation between peaks will not increase in the long-time
limit [192]. Such a solution is considered a special two-soliton solution and not
a “breather” solution because the corresponding scattering data do not consist
of a minimal set of eigenvalues (i.e., there are four eigenvalues, not two).
We now consider the solution of the NLS ( r = −q∗) corresponding to the

scattering data{
k j = ξ j + iη j , η j > 0, C j

}J
j=1 ∪ {ρ(ξ ) = 0 for ξ ∈ R} ,

which is sometimes referred to as a reflectionless state. The reflectionless state
with 2J eigenvalues is a pure J-soliton solution of NLS. In order to get the
pure J-soliton solution, one can in principle solve the linear system (2.3.85a)–
(2.3.85b).
The problem of a J-soliton collision can be investigated by looking at the

asymptotic states as t → ±∞ and proceeding in a similar way as in [192]
or [120]. If ξ j �= ξl for j �= l, then for t → ±∞ the potential breaks up into
individual solitons of the form (2.3.88), that is,

q±(x, t) ∼
J∑

j=1

q±
j (x, t) t → ±∞ (2.3.91)

with

q±
j (x, t) = 2η j e

−2iξ j x+4i(ξ 2j −η2j )t−i(ψ±
j +π/2)sech(2η j x − 8ξ jη j t − 2δ±

j ).

(2.3.92)

Let us fix the values of the soliton parameters such that ξ1 < ξ2 < · · · < ξJ .
Then, as t → −∞, the solitons are distributed along the x-axis in the order
corresponding to ξJ , ξJ−1, . . . , ξ1; the order of the soliton sequence is reversed
as t → +∞. In order to determine the result of the interaction between solitons,
we trace the passage of the eigenfunctions through the asymptotic states. We
denote the “soliton coordinates” (i.e., the center of the soliton) at the instant of
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time t by x j (t) (|t | is assumed large enough so that one can talk about individual
solitons). If t → −∞, then xJ � xJ−1 � · · · � x1. The function φ(x, k j ) has
the formφ(x, k j ) ∼ e−ik j x (1, 0)T when x � xJ . After passing through the J-th
soliton, it will be of the form φ(x, k j ) ∼ aJ (k j )e−ik j x (1, 0)T , where aJ (k) is the
transmission coefficient relative to the J-th soliton. By repeating the argument,
we find

φ(x, k j ) ∼
J∏

l= j+1

al(k j )

(
e−ik j x

0

)
x j+1 � x � x j .

Upon passing through the j-th soliton, since the corresponding state is a bound
state, we get

φ(x, k j ) ∼ Sj

J∏
l= j+1

al(k j )

(
0

eik j x

)
x j � x � x j−1. (2.3.93)

On the other hand, starting from x � x1 and proceeding in a similar way, we
find for the eigenfunction ψ the following asymptotic behavior:

ψ(x, k j ) ∼
j−1∏
l=1

al(k j )

(
0

eik j x

)
x j � x � x j−1, (2.3.94)

where we have used (2.2.24a)–(2.2.24b) and solved for ψ , ψ̄ in terms of φ, φ̄.
Then, comparing (2.3.93) and (2.3.94) and recalling (2.2.34) and (2.2.56), we
get

Sj

J∏
l= j+1

al(k j ) = a′(k j )C j

j−1∏
l=1

al(k j ). (2.3.95)

From (2.3.90) we deduce that

Sj (t) = 2η j e
−4ik2j t+2δ j+iψ j ,

where δ j and ψ j are real functions of time. Equation (2.3.95) yields

C j (t) ∼ 2η j e
−4ik2j t+2δ−

j +iψ−
j

1

a′(k j )

J∏
l= j+1

al(k j )
j−1∏
m=1

am(k j )
−1 t → −∞,

where δ−
j , ψ

−
j denote the asymptotics of the functions δ j , ψ j as t → −∞.

By proceeding in a similar fashion as t → +∞ and taking into account that
the order of solitons is reversed, we get

C j (t) ∼ 2η j e
−4ik2j t+2δ+

j +iψ+
j

1

a′(k j )

j−1∏
l=1

al(k j )
J∏

m= j+1

am(k j )
−1 t → +∞;
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therefore we conclude that

e2(δ
+
j −δ−

j )+i(ψ+
j −ψ−

j ) =
j−1∏
l=1

al(k j )
2

J∏
m= j+1

am(k j )
−2.

Using formula (2.2.45) for the pure one-soliton transmission coefficient, we
obtain

e2(δ
+
j −δ−

j )+i(ψ+
j −ψ−

j ) =
j−1∏
l=1

(
k j − kl
k j − k∗

l

)2 J∏
m= j+1

(
k j − k∗

m

k j − km

)2

. (2.3.96)

According to (2.3.89), (2.3.92), this last formula provides the phase shift of the

j-th soliton on the transition between the asymptotic states t → ±∞ due to the
interaction with the other solitons.
For instance, in the two-soliton case we obtain

δ+
1 − δ−

1 = − (δ+
2 − δ−

2

) = log

∣∣∣∣k1 − k∗
2

k1 − k2

∣∣∣∣ (2.3.97a)

ψ+
1 − ψ−

1 = arg

(
k1 − k∗

2

k1 − k2

)2

ψ+
2 − ψ−

2 = arg

(
k1 − k2
k∗
1 − k2

)2

. (2.3.97b)

2.4 Conserved quantities and Hamiltonian structure

Equation (2.2.82a) shows that a(k, t) and ā(k, t) are conserved in time. Recall-
ing (2.2.6) and (2.2.24a), we have

a(k) = lim
x→+∞φ(1)(x, k)eikx , (2.4.98)

where φ = (φ(1), φ(2)
)T

satisfies the scattering problem (2.2.3) with bound-

ary condition (2.2.5). Eliminating φ(2) from the scattering problem (2.2.3) and
substituting

φ(1)(x, k) = e−ikx+φ̂ (2.4.99)

results in a Riccati equation for γ = φ̂x :

2ikγ = γ 2 − qr + q

(
γ

q

)
x

. (2.4.100)

Because φ̂ vanishes as |k| → ∞ (Im k > 0), we may expand

γ (x, t) =
+∞∑
n=1

γn(x, t)

(2ik)n
. (2.4.101)
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Substituting this into (2.4.100) and matching the corresponding power of 2ik
yields

γ1 = −qr, γ2 = −qrx

γn+1 = q

(
γn

q

)
x

+
n−1∑
k=1

γkγn−k .

From (2.2.46) and the fact that φ̂ vanishes as x → −∞, it follows that

log a(k) =
+∞∑
n=1

�n

(2ik)n
, (2.4.102)

where

�n =
∫ +∞

−∞
γn(x)dx . (2.4.103)

But log a(k) is time-independent (for all k with Im k > 0), so �n must be time-
independent as well. Thus we get an infinite set of (global) constants of the
motion, and the first few are

�1 = −
∫

q(x)r (x)dx, �2 = −
∫

q(x)rx (x)dx, (2.4.104a)

�3 =
∫ (

qx (x)rx (x) + (q(x)r (x))2
)
dx, (2.4.104b)

and so on. With the reductions r = ∓q∗, these constants of the motion can be
written as

�1 = ±
∫

|q(x)|2 dx, �2 = ±
∫

q(x)q∗
x (x)dx, (2.4.105a)

�3 =
∫ (∓qx (x)q

∗
x (x) + |q(x)|4) dx, (2.4.105b)

and so on.
It is known that the equations solvable by the IST are completely integrable

Hamiltonian systems and IST amounts to a canonical transformation fromphys-
ical variables to (an infinite set of) action-angle variables. The phase spaceM0

is an infinite-dimensional real linear space with complex coordinates defined by
pairs of functions q(x), r (x). By analogy with finite-dimensional coordinates
labeled by a discrete parameter, the variable xmay be thought of as a coordinate
label.
On the algebra of smooth functionals on the phase spaceM0 one can define

(see, for instance, [74]) a Poisson structure by the following Poisson brackets:

{F,G} = i
∫ +∞

−∞

(
δF

δq(x)

δG

δr (x)
− δF

δr (x)

δG

δq(x)

)
dx, (2.4.106)
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where the variational derivative is defined according to

δF(q, r ) = F(q + δq, r + δr ) − F(q, r )

=
∫ +∞

−∞

(
δF

δq(x)
δq(x) + δF

δr (x)
δr (x)

)
dx .

Obviously, the bracket (2.4.106) possesses the basic properties of Poissonbrack-
ets, namely, it is (i) skew-symmetric:

{F,G} = − {G, F} , (2.4.107)

(ii) linear, that is, for any constants a, b:

{aF + bG, H} = a {F, H} + b {G, H} , (2.4.108)

and (iii) satisfies the Jacobi identity:

{F, {G, H}} + {H, {F,G}} + {G, {H, F}} = 0. (2.4.109)

The bracket (2.4.106) is the infinite-dimensional generalization of the usual
Poisson bracket in the phase space R

2n with real coordinates pk, qk for k =
1, . . . , n:

{ f, g} =
n∑

k=1

(
∂ f

∂qk

∂g

∂pk
− ∂ f

∂pk

∂g

∂qk

)
.

The coordinates q(x), r (x) themselves may be considered as functionals on
M0. Their variational derivatives are generalized functions,

δq(x)

δq(y)
= δ(x − y),

δr (x)

δq(y)
= δ(x − y) (2.4.110)

δq(x)

δr (y)
= δr (x)

δq(y)
= 0, (2.4.111)

where δ(x − y) is the Dirac δ-function. Substituting (2.4.110) into (2.4.106)
gives

{q(x), q(y)} = {r (x), r (y)} = 0

{q(x), r (y)} = iδ(x − y).

These formulas also yield

δF

δq(x)
= −i {F, r (x)} , δF

δr (x)
= −i {F, q(x)} .

A dynamical system is said to be Hamiltonian if it is possible to identify
generalized coordinates q, momenta p, and a Hamiltonian H (p, q, t) such that
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the equations of motion of the system can be written as

∂q

∂t
= {q, H} (2.4.112a)

∂p

∂t
= {p, H} , (2.4.112b)

where {, } denotes the Poisson brackets. Equations (2.4.112a)–(2.4.112b) are
called Hamilton’s equations of motion, and the variables (p, q) are called
conjugates.
The dynamical system (2.1.2a)–(2.1.2b) is Hamiltonian, as may be seen from

the identifications:

coordinates (q) : q(x, t) (2.4.113a)

momenta (p) : r (x, t) (2.4.113b)

Hamiltonian (H ) : i
∫ +∞

−∞

(
qxrx + (qr )2

)
dx (2.4.113c)

with the canonical brackets

{q(x, t), r (y, t)} = iδ(x − y) (2.4.114a)

{q(x, t), q(y, t)} = {r (x, t), r (y, t)} = 0. (2.4.114b)

Note that the Hamiltonian is given by the conserved quantity (2.4.104b).
In the case when the initial data satisfy the additional symmetry r = ∓q∗, we

identify coordinatesq(x, t),momentaq∗ (x, t). The correspondingHamiltonian
and brackets are given by

H = i
∫ +∞

−∞

(∓ |qx |2 + |q|4) dx (2.4.115)

{
q(x, t), q∗(y, t)

} = iδ(x − y) (2.4.116)

{q(x, t), q(y, t)} = {q∗(x, t), q∗(y, t)
} = 0. (2.4.117)



Chapter 3

Integrable discrete nonlinear Schrödinger
equation (IDNLS)

3.1 Overview

In general, any given discretization of an integrable PDE is most likely to be
nonintegrable. Even though the integrable PDE is the compatibility condition
of a linear operator pair, there is, in general, no pair of linear equations cor-
responding to a generic discretization. Furthermore, given a discretization that
appears to be integrable – for example, one for which numerical simulations
suggest the elastic interaction of solitons – there is no algorithmic method
to construct the associated linear pair from the discrete system. However, the
IDNLS,

i
d

dt
qn = 1

h2
(qn+1 − 2qn + qn−1) ± ∣∣qn

∣∣2 (qn+1 + qn−1) , (3.1.1)

is a straightforward discretization of the NLS (2.1.1), for which there is such an
associated operator pair (see equations (3.2.4)–(3.2.5)). With this operator pair,
the initial-value problem for the IDNLS can be solved via the inverse scattering
transform. In this chapter, we formulate the IST, on the doubly infinite lattice
(i.e., −∞ < n < +∞), for the somewhat more general system

i
d

dτ
Qn = Qn+1 − 2Qn + Qn−1 − QnRn (Qn+1 + Qn−1) (3.1.2a)

−i
d

dτ
Rn = Rn+1 − 2Rn + Rn−1 − QnRn (Rn+1 + Rn−1) (3.1.2b)

and include the IDNLS (3.1.1) as a special case.
The essential outline of the IST for the IDNLS (3.1.1) matches step-by-step

the IST for the NLS as described in Chapter 2. Moreover, the continuum lim-
its of the key equations in the IST for the IDNLS have as their continuum
(i.e., h → 0) limit the corresponding equations in the IST for the NLS. While
there are important differences in the details, the steps described in Chapter 2
provide a useful guide for this formulation of the IST for the IDNLS. By

46
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comparing the corresponding sections of Chapters 2 and 3, the reader can iden-
tify the modifications required to adapt the IST to the discrete equation.
The treatment of the direct problem given here closely mirrors that in [11]

(see also [21]). However, here we allow the potential to have infinite support on
the lattice, whereas [11] formulates the direct problem for potentials with finite
support. Indeed, we show that the direct problem is solvable if Qn and Rn are
such that ‖Qn‖1, ‖Rn‖1 < ∞, where ‖Qn‖1 =∑+∞

n=−∞ |Qn| is the (discrete)
�1-norm. This extension to potentials with infinite support is significant in
light of the fact that the soliton solutions, while decaying (exponentially) as
n → ±∞, have infinite support.
We formulate the inverse problem as a Riemann–Hilbert boundary-value

problem, in analogywith the inverse problem for the differential scattering prob-
lem associated with the NLS, as described in Chapter 2 [6]. As in the inverse
problem for the NLS, the Gel’fand–Levitan–Marchenko integral equations fol-
low from the Riemann–Hilbert problem. The Riemann–Hilbert approach was
partially developed in [41], but no solutions were explicitly calculated. Here,
we show how to obtain solutions concretely, including the soliton solutions,
from the Riemann–Hilbert approach to the inverse problem.
Just as in the IST for the NLS, the soliton solutions for the system (3.1.2a)–

(3.1.2b) and the IDNLS (3.1.1) correspond to the case in which the inverse
problem reduces to a linear–algebraic system of equations that can be solved
explicitly. Hence, we solve this system to obtain the soliton solutions. In particu-
lar, we show that nonsingular soliton solutions can exist even when Rn �= −Q∗

n

(i.e., when (3.1.2a)–(3.1.2b) does not reduce to IDNLS). Instead, we iden-
tify conditions on the scattering data that are sufficient for the existence of a
nonsingular soliton solution. Soliton solutions for which Rn �= −Q∗

n are a gen-
eralization of the usual soliton solutions of the IDNLS. Moreover, for the case
Rn = −Q∗

n , we obtain a formula for the soliton phase shifts that result from
soliton interactions.
The IDNLS has infinitely many conserved quantities and a Hamiltonian

structure. As in the case of the NLS, the conserved quantities are derived from
the IST machinery. We describe these in the final part of this chapter.
We encourage the reader to also consult someof the references (e.g.,Ablowitz

et al. [1, 13]; Black et al. [32]; Bobenko et al. [33, 34]; Boiti et al. [35–
37]; Bruschi et al. [42, 43, 45]; Case et al. [48, 49]; Chiu and Ladik [53];
Common [56]; Doliwa and Santini [66, 67]; Gerdjikov et al. [86]; Herbst and
Weideman [93]; Hirota [94–96]; Kac and van Moerbeke [98, 99]; Konotop
et al. [109, 111]; Nihoff and Capel [139]; Orfanidis [141]; Ramani et al. [143];
Suris [156–160]; Taha and Ablowitz [161–164]; Tsuchida et al. [168–172];
Vakhnenenko et al. [173]; Vekslerchik [175, 176] ; Veselov and Shabat [177]
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and references therein) for related studies involving discrete integrable systems
from various perspectives.

3.2 The inverse scattering transform for IDNLS

3.2.1 Operator pair

One approach to the construction of integrable semi-discrete nonlinear evolu-
tion equations is to compute the compatibility condition of a spatially discrete
scattering problem and a time-dependence equation. In particular, in order to
construct an integrable spatial discretization of an integrable PDE, one can first
discretize the scattering problem associated with the PDE. Then, by suitably
expanding the time-dependence matrix in powers of the scattering parameter,
one can derive compatible systems of ODEs. This method was used success-
fully in [11] to construct the integrable discretization of NLS, that is, the IDNLS
(3.1.1).
A natural discretization of the scattering problem (2.2.3) is

vn+1 − vn

h
=
(−ik qn

rn ik

)
vn + O(h2), (3.2.3)

where vn = v(nh) = (v(1)n , v(2)n

)T
, qn = q(nh), and rn = r (nh).We rewrite this

finite difference as

vn+1 =
(

z Qn

Rn z−1

)
vn, (3.2.4)

where

Qn = hqn, Rn = hrn, z = e−ikh = 1 − ikh + O(h2),

z−1 = eikh = 1 + ikh + O(h2)

and then drop terms of O(h2) and higher. The scattering problem (3.2.4) is
sometimes referred to as the Ablowitz–Ladik scattering problem. Given the
scattering problem (3.2.4) and the time-dependence equation (cf. [21])

d

dτ
vn =

(
i Qn Rn−1 − i

2 (z − z−1)2 −i(zQn − z−1Qn−1)
i(z−1Rn − zRn−1) −i RnQn−1 + i

2 (z − z−1)2

)
vn, (3.2.5)

the discrete compatibility condition d
dτ vn+1 = ( d

dτ vm
)
m=n+1

is equivalent to the
evolution equations (3.1.2a)–(3.1.2b).
In order to obtain the IDNLS (3.1.1) from the system (3.1.2a)–(3.1.2b), we

change variables as follows:

Qn → hqn, Rn → hrn, τ → h−2t. (3.2.6)
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Then the system (3.1.2a)–(3.1.2b) becomes

i
d

dt
qn = 1

h2
(qn+1 − 2qn + qn−1) − qnrn (qn+1 + qn−1) (3.2.7a)

−i
d

dt
rn = 1

h2
(rn+1 − 2rn + rn−1) − qnrn (rn+1 + rn−1) , (3.2.7b)

which corresponds to the IDNLS (3.1.1) under the reduction rn = ∓q∗
n .

In the limit h → 0, nh → x , the system (3.2.7a)–(3.2.7b) becomes (2.1.2a)–
(2.1.2b). Moreover, in this limit the time-dependence equation (3.2.5) becomes
(2.2.4), that is, the time-dependence equation for the NLS. It is noteworthy
that the usual form of the time-dependence matrix does not have a convergent
continuum limit (cf., e.g., [21]), but here we have chosen the gauge so that the
continuum limit exists. Also, the discrete scattering problem (3.2.4) becomes,
in the continuum limit, the scattering problem (2.2.3) associated with the NLS.

3.2.2 Direct scattering problem

Jost functions and summation equations

We refer to solutions of the discrete scattering problem (3.2.4) as eigenfunctions
with respect to the parameter z. When the potentials |Qn| , |Rn| → 0 as n →
±∞, the eigenfunctions are asymptotic to the solutions of

vn+1 =
(
z 0
0 z−1

)
vn.

Therefore, it is natural to introduce the eigenfunctions defined by the following
boundary conditions:

φn(z) ∼ zn
(
1
0

)
, φ̄n(z) ∼ z−n

(
0
1

)
as n → −∞ (3.2.8a)

ψn(z) ∼ z−n

(
0
1

)
, ψ̄n(z) ∼ zn

(
1
0

)
as n → +∞. (3.2.8b)

In the following analysis, it is convenient to consider functions with constant
boundary conditions. Hence, we define the Jost functions as follows:

Mn(z) = z−nφn(z), M̄n(z) = znφ̄n(z), (3.2.9a)

Nn(z) = znψn(z), N̄ n(z) = z−nψ̄n(z). (3.2.9b)

If the scattering problem (3.2.4) is rewritten as

vn+1 − Zvn = Q̃nvn,
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where

Z =
(
z 0
0 z−1

)
, Q̃n =

(
0 Qn

Rn 0

)
, (3.2.10)

then the Jost functions are solutions of the difference equations

Mn+1(z) − z−1ZMn(z) = z−1Q̃nMn(z) (3.2.11a)

M̄n+1(z) − zZM̄n(z) = zQ̃n M̄n(z) (3.2.11b)

Nn+1(z) − zZNn(z) = zQ̃nNn(z) (3.2.11c)

N̄n+1(z) − z−1ZN̄n(z) = z−1Q̃n N̄n(z) (3.2.11d)

with the constant boundary conditions

Mn(z) →
(
1
0

)
, M̄n(z) →

(
0
1

)
as n → −∞ (3.2.12a)

Nn(z) →
(
0
1

)
, N̄n(z) →

(
1
0

)
as n → +∞. (3.2.12b)

In analogy with the continuous case, we use the method of Green’s functions
to construct a set of summation equations whose solutions satisfy, respectively,
the difference equations (3.2.11a)–(3.2.11b)with the appropriate boundary con-
ditions (3.2.12a)–(3.2.12b).
The Green’s function corresponding to (3.2.11a), or, equivalently, (3.2.11d),

is a solution of the summation equation

Gn+1 − z−1ZGn = z−1δ0,nI, (3.2.13)

where

δ0,n =
{
0 n �= 0
1 n = 0.

Now, if vn satisfies the summation equation

vn = w +
+∞∑

k=−∞
Gn−kQ̃kvk, (3.2.14)

where Gn is a solution of (3.2.13) and w satisfies

w − z−1Zw = 0, (3.2.15)

then vn is a solution of the difference equation (3.2.11a) or, equivalently,
(3.2.11d). The Green’s function is not unique, and, as we will show in the
following, the choice of the Green’s function and the choice of the inhomoge-
neous termw together determine the Jost function and its analytical properties.
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To find the Green’s function explicitly, we first note that the equations for the
components of (3.2.13) are uncoupled. Hence, the off-diagonal terms can be
set to zero and

Gn =
(
g(1)n 0
0 g(2)n

)
, (3.2.16)

where, according to (3.2.13), g( j)n must satisfy

g( j)n+1 − b( j)g( j)n = z−1δ0,n j = 1, 2 (3.2.17)

with

b(1) = 1, b(2) = z−2. (3.2.18)

Next, we represent g( j)n and δ0,n as Fourier integrals,

g( j)n = 1

2π i

∮
|p|=1

pn−1ĝ( j)(p)dp, δ0,n = 1

2π i

∮
|p|=1

pn−1dp.

Substituting these integrals into the difference equations (3.2.17), we obtain

ĝ( j)(p) = z−1 1

p − b( j)

and

g( j)n = z−1 1

2π i

∮
|p|=1

1

p − b( j)
pn−1dp. (3.2.19)

The integral in (3.2.19) depends only on whether the pole b( j) is located inside
or outside the contour of integration. However, when |z| = 1 we have

∣∣b(1)∣∣ =∣∣b(2)∣∣ = 1, that is, the poles are on the contour |p| = 1. In analogy with the
approach used for the continuous scattering problem, we consider contours that
are perturbed away from |p| = 1 to avoid the singularities. LetCout be a contour
enclosing p = 0 and p = b( j), and let C in be a contour enclosing p = 0 but not
p = b( j) (see Figure 3.1).
Consequently, we get

g( j),outn = z−1 1

2π i

∮
Cout

1

p − b( j)
pn−1dp = z−1

{(
b( j)
)n−1

n ≥ 1
0 n ≤ 0

(3.2.20)

and

g( j),inn = z−1 1

2π i

∮
C in

1

p − b( j)
pn−1dp = z−1

{
0 n ≥ 1

− (b( j))n−1
n ≤ 0.

(3.2.21)
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Cin

1

1

z2

Cout

1

1

z2

Figure 3.1: The contoursCout andC in for the integrals in (3.2.19) that avoid singularities
at p = 0 and p = z−2.

By substituting one or the other of (3.2.20) or (3.2.21) into (3.2.16), with b( j)

given by (3.2.18), we obtain two Green’s functions satisfying (3.2.13), that is,

G�
n(z) = z−1θ(n − 1)

(
1 0
0 z−2(n−1)

)
(3.2.22a)

Ḡr
n(z) = −z−1θ(−n)

(
1 0
0 z−2(n−1)

)
, (3.2.22b)

where θ(n) is the discrete version of the Heaviside function, that is,

θ (n) =
n∑

k=−∞
δ0,k =

{
1 n ≥ 0
0 n < 0.

(3.2.23)

Taking into account the boundary conditions (3.2.12a)–(3.2.12b) and the
relation (3.2.15) for the inhomogeneous term in (3.2.14), if Qn, Rn → 0 as
n → ±∞, we obtain the following summation equations for Mn(z) and N̄ n(z):

Mn(z) =
(
1
0

)
+

+∞∑
k=−∞

G�
n−k(z)Q̃kMk(z) (3.2.24a)

N̄ n(z) =
(
1
0

)
+

+∞∑
k=−∞

Ḡr
n−k(z)Q̃k N̄k(z). (3.2.24b)

A similar approach yields summation equations for M̄n(z) and Nn(z):

M̄n(z) =
(
0
1

)
+

+∞∑
k=−∞

Ḡ�
n−k(z)Q̃k M̄k(z) (3.2.24c)
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Nn(z) =
(
0
1

)
+

+∞∑
k=−∞

Gr
n−k(z)Q̃k Nk(z), (3.2.24d)

where

Ḡ�
n(z) = zθ (n − 1)

(
z2(n−1) 0

0 1

)
(3.2.25a)

Gr
n(z) = −zθ(−n)

(
z2(n−1) 0

0 1

)
. (3.2.25b)

Existence and analyticity of the Jost functions

We now prove the existence and the sectional analyticity of the Jost functions.
We will make use of Lemmas A1 and A2 proved in Appendix A.

Lemma 3.1 If ‖Q‖1 =∑+∞
−∞ |Qn| < ∞ and ‖R‖1 =∑+∞

−∞ |Rn| < ∞, then
Mn(z), Nn(z) defined by (3.2.24a), (3.2.24d) are analytic functions of z for
|z| > 1 and continuous for |z| ≥ 1, and M̄n(z), N̄ n(z) defined by (3.2.24b),
(3.2.24c) are analytic functions of z for |z| < 1 and continuous for |z| ≤ 1.
Moreover, the solution of the summation equations (3.2.24a)–(3.2.24d) is
unique in the space of bounded functions.

Proof First we consider the Jost function Mn(z). The Neumann series

Mn(z) =
∞∑
j=0

C j
n (z), (3.2.26)

where

C0
n (z) =

(
1
0

)
(3.2.27)

C j+1
n (z) =

+∞∑
k=−∞

G�
n−k(z)Q̃kC

j
k (z), j ≥ 0, (3.2.28)

is, formally, a solution of the summation equation (3.2.24a). To make this
rigorous, we establish a bound on the C j

n such that the series representation
(3.2.26) converges absolutely and uniformly in n and uniformly in z in the
region |z| ≥ 1.
The componentwise summation equation for Mn(z) is

M (1)
n (z) = 1 + z−1

n−1∑
k=−∞

QkM
(2)
k (z) (3.2.29a)

M (2)
n (z) =

n−1∑
k=−∞

z−2(n−k−1)−1RkM
(1)
k (z), (3.2.29b)
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and equation (3.2.28) in component form is

C j+1,(1)
n (z) = z−1

n−1∑
k=−∞

QkC
j,(2)
k (z),

C j+1,(2)
n (z) = z−1

n−1∑
k=−∞

z−2(n−1−k)RkC
j,(1)
k (z). (3.2.30)

Since C0,(2)
n = 0, it follows also that C2 j+1,(1)

n = 0, C2 j,(2)
n = 0 for any j ≥ 0,

and we only need to find bounds for C2 j,(1)
n and C2 j+1,(2)

n . Then we prove by
induction on j that, for |z| ≥ 1,

∣∣C2 j+1,(2)
n (z)

∣∣ ≤
(∑n−1

k=−∞ |Rk |
) j+1

( j + 1)!

(∑n−1
k=−∞ |Qk |

) j

j!
(3.2.31a)

∣∣C2( j+1),(1)
n (z)

∣∣ ≤
(∑n−1

k=−∞ |Rk |
) j+1

( j + 1)!

(∑n−1
k=−∞ |Qk |

) j+1

( j + 1)!
. (3.2.31b)

The inductive step is the application of (3.2.30) twice. One iteration yields

∣∣C2 j+1,(2)
n (z)

∣∣ ≤
n−1∑

k=−∞
|Rk |

(∑k−1
�=−∞ |R�|

) j

j!

(∑k−1
�=−∞ |Q�|

) j

j!

≤
(∑n−1

k=−∞ |Qk |
) j

j!

n−1∑
k=−∞

|Rk |
(∑k−1

�=−∞ |R�|
) j

j!
;

then, applying Lemma A.2 completes the induction for (3.2.31a).
The next iteration of (3.2.30) yields for |z| ≥ 1

∣∣C2 j+2,(1)
n (z)

∣∣ ≤
n−1∑

k=−∞
|Qk |

∣∣∣C2 j+1,(2)
k

∣∣∣

≤
n−1∑

k=−∞
|Qk |

(∑k−1
�=−∞ |Q�|

) j

j!

(∑k−1
�=−∞ |R�|

) j+1

( j + 1)!

≤
(∑n−1

k=−∞ |Rk |
) j+1

( j + 1)!

n−1∑
k=−∞

|Qk |
(∑k−1

�=−∞ |Q�|
) j

j!
,

and we again use Lemma A2 to complete the induction.
The bounds (3.2.31a)–(3.2.31b) are absolutely and uniformly (in n)

summable if ‖Q‖1, ‖R‖1 < ∞, where ‖·‖1 is the �1-norm. Moreover, in this
case, the Neumann series (3.2.26) converges uniformly for all |z| ≥ 1. Hence,
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since we have a uniformly convergent series of functions analytic in |z| > 1 and
continuous in |z| ≥ 1, the function Mn(z) exists and is analytic in the region
|z| > 1 and continuous for |z| ≥ 1. Note that we originally constructed Mn(z)
for |z| = 1, but the summation equation allows us to extend Mn(z) to the region
|z| ≥ 1.
Because the Neumann series (3.2.26) converges absolutely, this yields a con-

vergent Laurent series in powers of z−1 for the solution Mn(z). Thus, the bounds
(3.2.31a)–(3.2.31b) establish that Mn(z) is analytic in the region |z| > 1 when
Qn, Rn ∈ �1.
To prove the existence and analyticity of the Jost function N̄ n(z), it is con-

venient to rewrite the difference equation (3.2.11d) as

(1 − QnRn)N̄ n − zZ−1 N̄ n+1 = −zQ̃n N̄ n+1,

with Z and Q̃n given in (3.2.10), and to define the modified Jost function as

N̂ n(z) = cn N̄ n(z), (3.2.32)

where

cn =
+∞∏
k=n

(1 − Qk Rk). (3.2.33)

Note that the product cn converges absolutely if ‖Q‖1, ‖R‖1 < ∞. The modi-
fied Jost function N̂n(z) must satisfy the difference equation

N̂n − zZ−1 N̂n+1 = −zQ̃n N̂n+1 (3.2.34)

with the boundary condition

N̂n(z) →
(
1
0

)
as n → +∞. (3.2.35)

By using the method of Green’s functions, we obtain the summation equation

N̂n =
(
1
0

)
+

+∞∑
k=−∞

Ĝr
n−kQ̃k N̂k+1, (3.2.36)

where

Ĝr
n(z) = −zθ(−n)

(
1 0
0 z−2n

)

for the solution of the difference equation (3.2.34) with the boundary condition
(3.2.35).
Now, to prove the existence of the Jost function N̄ n(z), we first prove the

existence of the modified Jost function N̂n(z). As before, we construct the
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formal Neumann series,

N̂n(z) =
+∞∑
j=0

Ĉ j
n (z), (3.2.37)

where

Ĉ0
n (z) =

(
1
0

)

Ĉ j+1
n (z) =

+∞∑
k=−∞

Ĝr
n−kQ̃kĈ

j
k+1(z), j ≥ 0. (3.2.38)

In the same way as before, one can show by induction that Ĉ2 j+1,(1)
n =

0, Ĉ2 j,(2)
n = 0 for any j ≥ 0 and that for |z| ≤ 1

∣∣Ĉ2 j+1,(2)
n (z)

∣∣ ≤
(∑∞

k=n |Rk |
) j+1

( j + 1)!

(∑∞
k=n+1 |Qk |

) j
j!

(3.2.39)

∣∣Ĉ2( j+1),(1)
n (z)

∣∣ ≤
(∑∞

k=n+1 |Rk |
) j+1

( j + 1)!

(∑∞
k=n |Qk |

) j+1

( j + 1)!
. (3.2.40)

The bounds (3.2.39)–(3.2.40) guarantee that, if ‖Q‖1, ‖R‖1 < ∞, then the
modified Jost function N̂n(z) – that is, the solution of the summation equation
(3.2.34) and the difference equation (3.2.34) – exists and is continuous in the
region |z| ≤ 1. Moreover, N̂n(z) is analytic in the region |z| < 1. Then, from
(3.2.32) it follows that

N̄ n(z) = c−1
n N̂n(z), (3.2.41)

where N̂n(z) is the solution of the summation equation (3.2.36) and cn is given
by (3.2.33), provided cn �= 0 for all n. Note that, if Rn = −Q∗

n , then RnQn ≤ 0,
and, therefore, cn > 0 for all n. Alternatively, if |RnQn| < 1 for all n, then, also,
cn > 0 for all n.
If, as we already assumed, the potentials are such that ‖Q‖1, ‖R‖1 < ∞,

then the condition cn �= 0∀ n ∈ Z is equivalent to the condition

c−∞ =
+∞∏

k=−∞
(1 − Qk Rk) �= 0 (3.2.42)

because all partial products
∏n

k=m(1 − Qk Rk) are well defined and finite. Fur-
thermore, cn �= 0 for all n if, and only if, (1 − QnRn) �= 0 for all n. Moreover,
we will show that the quantity c−∞ is time-independent when the potentials
evolve according to (3.1.2a)–(3.1.2b) (cf. [11]). We conclude that, under the
assumptions ‖Q‖1, ‖R‖1 < ∞ and (1 − QnRn) �= 0 ∀n ∈ Z, N̄ n(z) as defined
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by (3.2.41) satisfies the difference equation (3.2.11d) with the boundary con-
dition (3.2.12b) and the summation equation (3.2.24b). Finally, we note that
N̄ n(z) is continuous in the region |z| ≤ 1 and analytic in |z| < 1 since the series
is uniformly convergent and cn is independent of z.

Similar calculations show that Nn(z) exists and is continuous in the region
|z| ≥ 1, and that M̄n(z) exists and is continuous in the region |z| ≤ 1 when
‖Q‖1, ‖R‖1 < ∞. Moreover, under the same condition, Nn(z) is analytic in
the region|z| > 1 and M̄n(z) is analytic in the region |z| < 1.
We remark that, as in the IST for the continuous NLS, the sectional an-

alyticity of the Jost functions is the key property in the formulation of the
inverse problem. Finally we note that Mn, M̄n, Nn, N̄ n are unique in the space
of bounded functions. The proof of uniqueness described previously can be
applied to achieve this result (cf. Chapter 2).

Asymptotic behavior of the Jost functions in the complex z-plane

Because the Jost functions Mn(z) and Nn(z) are analytic in the region |z| >
1, they have a convergent Laurent series expansion about the point z = ∞.
Similarly, because M̄n(z) and N̄ n(z) are analytic in the region |z| < 1, they
have a convergent power series expansion about z = 0.

If we write the leading terms of the Laurent expansions of the components
of Mn(z) as

M (1)
n = M (1),0

n + z−1M (1),−1
n + O(z−2)

M (2)
n = M (2),0

n + z−1M (2),−1
n + O(z−2),

then substituting these expansions into the componentwise summation
equations (3.2.29a)–(3.2.29b) and matching the powers of z−1 yields(

M (1),0
n

M (2),0
n

)
=
(
1
0

)
, (3.2.43)

(
M (1),−1

n

M (2),−1
n

)
=
(∑n−1

k=−∞ QkM
(2),0
k

Rn−1M
(1),0
n−1

)
=
(

0
Rn−1

)
, (3.2.44)

(
M (1),−2

n

M (2),−2
n

)
=
(∑n−1

k=−∞ QkM
(2),−1
k

Rn−1M
(1),−1
n−1

)
=
(∑n−1

k=−∞ Qk Rk−1

0

)
, (3.2.45)

and so on. Moreover, one can show by induction that

M (1),−2 j−1
n = 0, M (2),−2 j

n = 0 ∀ j ≥ 0 (3.2.46)
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and that for any j ≥ 1

M (2),−2 j+1
n =

n−1∑
k=n− j

RkM
(1),−2( j+k−n)
k (3.2.47)

M (1),−2 j
n =

n−1∑
k=−∞

QkM
(2),−2 j+1
k , (3.2.48)

so that the Laurent expansion of Mn(z) as |z| → ∞ is of the form

Mn(z) =
(

1 + O(z−2, even)
z−1Rn−1 + O(z−3, odd)

)
, (3.2.49)

where “even” indicates that the higher order terms are even powers of z−1 while
“odd” indicates that the higher order terms are odd powers.
Analogously, one obtains for the coefficients of the power series expansion

of M̄n(z) about z = 0, that is,

M̄ (1)
n (z) =

+∞∑
j=0

z j M̄ (1), j
n , M̄ (2)

n (z) =
+∞∑
j=0

z j M̄ (2), j
n , (3.2.50)

the following relations:

M̄ (1),0
n = 0, M̄ (2),0

n = 1, (3.2.51)

while for any integer j ≥ 0

M̄ (1),2 j
n = 0, M̄ (2),2 j+1

n = 0

and for j ≥ 1

M̄ (1),2 j−1
n =

n−1∑
k=n− j

Qk M̄
(2),2( j−n+k)
k (3.2.52)

M̄ (2),2 j
n =

n−1∑
k=−∞

Rk M̄
(1),2 j−1
k . (3.2.53)

Therefore

M̄n(z) =
(
zQn−1 + O(z3, odd)
1 + O(z2, even)

)
z → 0. (3.2.54)

A similar procedure gives the leading terms of the power series expansion
of N̄ n(z) as well as the structure of the higher order terms. However, instead
of deriving the power series expansion of N̄ n(z) directly, we derive the power
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series expansion of the modified Jost function N̂n(z) (3.2.32). In the same
manner as before, one can show that

N̂n(z) =
(

1 + O(z2, even)
−zRn + O(z3, odd)

)

around z = 0. Recalling that N̄ n(z) = c−1
n N̂ n(z), where cn , given by (3.2.33),

is independent of z and by assumption cn �= 0, we also have

N̄ n(z) =
(

c−1
n + O(z2, even)

−zc−1
n Rn + O(z3, odd)

)
(3.2.55)

around z = 0.
Similar calculations show that

Nn(z) =
(−z−1c−1

n Qn + O(z−3, odd)
c−1
n + O(z−2, even)

)
|z| > 1. (3.2.56)

Scattering data

The twoeigenfunctionswithfixedboundary conditions asn → −∞ are linearly
independent, as are the two eigenfunctions with fixed boundary conditions as
n → +∞. We show this by calculating the Wronskian of these solutions. Let

W (v,w) = det |v,w| = v(1)w(2) − v(2)w(1)

for any two vectors v = (v(1), v(2))T and w = (w(1), w(2))T. The vector-valued
sequences vn and wn are linearly independent if W (vn, wn) �= 0 for all n.

In particular, if vn and wn are any two solutions of the scattering problem
(3.2.4), their Wronskian satisfies the recursive relation

W (vn+1, wn+1) = (1 − RnQn)W (vn, wn);

therefore, for any integer s ≥ 1,

W
(
φn(z), φ̄n(z)

) =
{

n−1∏
k=n−s

(1 − RkQk)

}
W
(
φn−s(z), φ̄n−s(z)

)

=
{

n−1∏
k=n−s

(1 − RkQk)

}
W
(
Mn−s(z), M̄n−s(z)

)
,

and in the limit as s → +∞ we get

W
(
φn(z), φ̄n(z)

) =
n−1∏

k=−∞
(1 − RkQk). (3.2.57)
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Recall that we have assumed that Qn and Rn are such that 1 − QnRn �= 0 for all
n, and therefore (3.2.57) proves that φn, φ̄n are linearly independent. Similarly,
for any integer s ≥ 1,

W
(
ψ̄n(z), ψn(z)

) =
{

n+s−1∏
k=n

(1 − RkQk)
−1

}
W
(
ψ̄n+s(z), ψn+s(z)

)

=
{

n+s−1∏
k=n

(1 − RkQk)
−1

}
W
(
N̄ n+s(z), Nn+s(z)

)
,

and the limit as s → +∞, due to the boundary conditions (3.2.12b), yields

W
(
ψ̄n(z), ψn(z)

) =
+∞∏
k=n

(1 − RkQk)
−1. (3.2.58)

The discrete scattering problem (3.2.4) is a second-order difference equation.
Therefore, there are at most two linearly independent solutions for any fixed
value of z. Any other solution can be expressed as a linear combination of the
first two. Since both the “left” eigenfunctions, φn(z) and φ̄n(z), and the “right”
eigenfunctions, ψn(z) and ψ̄n(z), are pairs of linearly independent solutions,
we can write φn(z) and φ̄n(z) as linear combinations of ψn(z) and ψ̄n(z), or
vice versa. The coefficients of these linear combinations depend on z. Hence,
the relations

φn(z) = b(z)ψn(z) + a(z)ψ̄n(z) (3.2.59a)

φ̄n(z) = ā(z)ψn(z) + b̄(z)ψ̄n(z) (3.2.59b)

hold for any z such that all four eigenfunctions φn(z), φ̄n(z), ψn(z), and ψ̄n(z)
exist. In particular, (3.2.59a)–(3.2.59b) hold on |z| = 1 and define the scattering
coefficients a(z), ā(z), b(z), and b̄(z).
Calculating W

(
φn(z), φ̄n(z)

)
using (3.2.59a)–(3.2.59b) yields

W
(
φn(z), φ̄n(z)

) = [a(z)ā(z) − b(z)b̄(z)
]
W
(
ψ̄n(z), ψn(z)

)
.

Using equations (3.2.57)–(3.2.58) to evaluate this as n → +∞, we obtain

a(z)ā(z) − b(z)b̄(z) = c−∞ (3.2.60)
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c−∞ = lim
n→−∞ cn =

+∞∏
k=−∞

(1 − RkQk). (3.2.61)

This is a significant difference with respect to the continuous problem, where
the characterization equation (2.2.25) does not depend on the potentials.
Note that we can also introduce the “right” scattering data

ψn(z) = d(z)φn(z) + c(z)φ̄n(z) (3.2.62a)

ψ̄n(z) = c̄(z)φn(z) + d̄(z)φ̄n(z), (3.2.62b)

which, according to (3.2.59a)–(3.2.59b) and (3.2.60), are related to the “left”
data through

c(z) =
+∞∏

k=−∞
(1 − RkQk)

−1a(z) c̄(z) =
+∞∏

k=−∞
(1 − RkQk)

−1ā(z)

(3.2.63a)

d(z) = −
+∞∏

k=−∞
(1 − RkQk)

−1b̄(z) d̄(z) = −
+∞∏

k=−∞
(1 − RkQk)

−1b(z).

(3.2.63b)

The scattering coefficients can be represented as Wronskians of the Jost
functions. Indeed, using (3.2.59a)–(3.2.59b), we obtain

b(z) = cnW
(
ψ̄n(z), φn(z)

) = z2ncnW
(
N̄ n(z),Mn(z)

)
(3.2.64a)

b̄(z) = cnW
(
φ̄n(z), ψn(z)

) = z−2ncnW
(
M̄n(z), Nn(z)

)
(3.2.64b)

a(z) = cnW (φn(z), ψn(z)) = cnW (Mn(z), Nn(z)) (3.2.64c)

ā(z) = cnW
(
ψ̄n(z), φ̄n(z)

) = cnW
(
N̄ n(z), M̄n(z)

)
, (3.2.64d)

where cn is given by (3.2.33). Recalling the analytic properties of the Jost
functions, the expressions (3.2.64c)–(3.2.64d) show that a(z) has an analytic
extension in the region |z| > 1 while ā(z) has an analytic extension in the
region |z| < 1. Because the Jost functions are continuous up to |z| = 1, the
functions a(z) and ā(z) are also continuous up to |z| = 1.Moreover, substituting
the z- expansions of the Jost functions (3.2.49) and (3.2.54)–(3.2.56) into
(3.2.64c)–(3.2.64d) immediately yields

a(z) = 1 + O(z−2, even) as |z| → ∞ (3.2.65a)

ā(z) = 1 + O(z2, even) as |z| → 0. (3.2.65b)
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The scattering coefficients can also be written as explicit sums of the Jost
functions. The formulas are derived as follows. First, we obtain the relation

Mn(z) − N̄ n(z)a(z)

=
(
1 − a(z)

0

)
+

+∞∑
k=−∞

{
G�

n−k(z)Q̃kMk(z) − Ḡr
n−k(z)Q̃k N̄ k(z)a(z)

}
by substituting the right-hand sides of the summation equations (3.2.24a) and
(3.2.24b) for Mn(z) and N̄ n(z), respectively. Then, we use the identity

G�
n(z) = Ḡr

n(z) + z−1

(
1 0
0 z−2(n−1)

)
to get

Mn(z) − N̄ n(z)a(z) =
(
1 − a(z)

0

)
+

+∞∑
k=−∞

Ḡ
r
n−k(z)Q̃k

{
Mk(z) − N̄ k(z)a(z)

}

+
+∞∑

k=−∞

(
z−1 0
0 z−2(n−k)+1

)
Q̃kMk(z).

Now, by the relation (3.2.59a), we can replace Mn(z) − N̄ n(z)a(z) with
z−2nNn(z)b(z) on both sides and use the identity Ḡ

r
n(z) = z−2nGr

n(z) to obtain

z−2n

{
Nn(z) −

+∞∑
k=−∞

Gr
n−k(z)Q̃k Nk(z)

}
b(z)

=
(
1 − a(z)

0

)
+

+∞∑
k=−∞

(
z−1 0
0 z−2(n−k)+1

)
Q̃kMk(z).

If we assume that the summation equation (3.2.24d) for Nn(z) has a unique
solution, the term in curly braces is (0, 1)T , and then

a(z) = 1 +
+∞∑

k=−∞
z−1QkM

(2)
k (z) (3.2.66a)

b(z) =
+∞∑

k=−∞
z2k+1RkM

(1)
k (z). (3.2.66b)

The same approach works for ā(z) and b̄(z), and the corresponding expressions
are

ā(z) = 1 +
+∞∑

k=−∞
zRk M̄

(1)
k (z) (3.2.66c)

b̄(z) =
+∞∑

k=−∞
z−2k−1Qk M̄

(2)
k (z). (3.2.66d)



3.2 The inverse scattering transform for IDNLS 63

In the formulation of the inverse problem,we replace the Jost functionsMn(z)
and M̄n(z) with the functions

µn(z) = Mn(z)

a(z)
=
(

1 + O(z−2)
z−1Rn−1 + O(z−3)

)
(3.2.67)

µ̄n(z) = M̄n(z)

ā(z)
=
(
zQn−1 + O(z3)

1 + O(z2)

)
. (3.2.68)

Observe thatµn(z) is meromorphic in the region |z| > 1 with poles correspond-
ing to the zeros of a(z), while µ̄n(z) is meromorphic in the region |z| < 1 with
poles at the zeros of ā(z). Also, we define the reflection coefficients

ρ(z) = b(z)

a(z)
, ρ̄(z) = b̄(z)

ā(z)
(3.2.69)

so that the conditions (3.2.59a)–(3.2.59b) are equivalent to

µn(z) − N̄ n(z) = z−2nρ(z)Nn(z) (3.2.70a)

µ̄n(z) − Nn(z) = z2nρ̄(z)N̄ n(z). (3.2.70b)

Note that (3.2.69), as well as the relations (3.2.70a)–(3.2.70b), are defined, in
the general case, only for |z| = 1.

Proper eigenvalues and norming constants

The discrete scattering problem (3.2.4) can possess discrete eigenvalues
(bound states). These occur whenever a(z j ) = 0 for some z j such that

∣∣z j

∣∣ > 1
or ā(z̄�) = 0 for z̄� with |z̄�| < 1. Indeed, for such values of the spectral
parameter W (φn(z j ), ψn(z j )) = 0 and W (φ̄n(z̄�), ψ̄n(z̄�)) = 0, and therefore
φn(z j ), ψn(z j ) and φ̄n(z̄�), ψ̄n(z̄�) are linearly dependent, that is,

φn(z j ) = b jψn(z j ), φ̄n(z̄�) = b̄�ψ̄n(z̄�) (3.2.71)

for some complex constants b j , b̄�. In terms of the Jost functions, (3.2.71) can
be written as

Mn(z j ) = b j z
−2n
j Nn(z j ), M̄n(z̄�) = b̄� z̄

2n
� N̄ n(z̄�), (3.2.72)

which hold if, and only if, z j and z̄� are eigenvalues. Note that the bound-
ary conditions (3.2.8a) and (3.2.8b), together with (3.2.71), imply that
φn(z j ), φ̄n(z̄�) → 0 for |n| → ∞.
We will assume that neither a(z) nor ā(z) vanishes on the unit circle. Since

the eigenvalues correspond to zeros of the sectionally analytic functions a(z)
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and ā(z), there are no accumulation points of eigenvalues in the regions of
analyticity, that is, |z| > 1 and |z| < 1, respectively.Moreover, because a(z) →
1 as |z| → ∞ and ā(z) → 1 as z → 0, there is only a finite number of eigenval-
ues in the regions |z| ≤ A−1 and |z| ≥ A for any A > 1. If there were an infinite
number of zeros of either a(z) or of ā(z) (i.e., an infinite number of eigenvalues),
these zeros would necessarily have an accumulation point on |z| = 1. Recall,
however, that a(z) and ā(z) are continuous, respectively, in the regions |z| ≥ 1
and |z| ≤ 1. Hence, the accumulation of zeros at a point on |z| = 1 implies that
there is a zero of a(z) or of ā(z) on |z| = 1, which contradicts our previous
assumption. We conclude that, under the generic assumption a(z), ā(z) �= 0 on
|z| = 1, there is a finite number of eigenvalues.
We further assume that the eigenvalues are simple zeros ofa(z) and ā(z). If the

eigenvalues are not simple zeros, one can study the situation by the coalescence
of simple poles, in analogy with the continuous case [192].
Let us assumea(z) has J simple zeros {z j : |z j | > 1}Jj=1 and ā(z) has J̄ simple

zeros at the points {z̄ j : |z̄ j | < 1} J̄j=1. Then, by equations (3.2.67)–(3.2.68) and
(3.2.72),

Res(µn; z j ) = Mn(z j )

a′(z j )
= b j

a′(z j )
z−2n
j Nn(z j ) = z−2n

j C j Nn(z j ) (3.2.73a)

Res(µ̄n; z̄�) = M̄n(z̄�)

ā′(z̄�)
= b̄�

ā′(z̄�)
z̄2n� N̄ n(z̄�) = z̄2n� C̄� N̄ n(z̄�), (3.2.73b)

where ′ denotes the derivative with respect to the spectral parameter.We refer to
C j and C̄� as the norming constants associated with the eigenvalues z j and z̄�,
respectively. If the potentials decay rapidly enough as |n| → ∞ such that b(z)
and b̄(z) can be extended off the unit circle in correspondence of the discrete
eigenvalues z j and z̄�, respectively, then the norming constants are simply

C j = b(z j )

a′(z j )
, C̄� = b̄(z�)

ā′(z̄�)
.

Symmetries and symmetry reductions

First we note that the expansions of a(z) and ā(z) in (3.2.65a)–(3.2.65b) contain
only even powers of z−1 and z, respectively. Hence, if z j is a zero of a(z),
so is −z j , and the same holds for ā(z). Therefore, the eigenvalues appear in
pairs ±z j , ±z̄�. Let us denote the norming constants associated with the paired
poles ±z j as C±

j . Similarly, we label the constants b±
j in (3.2.72) that are

associated with ±z j . Given the expansions (3.2.49) and (3.2.56), we conclude
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that b−
j = −b+

j . On the other hand, a(z) is even, so a′(z) is an odd function of z.
Thus,

C−
j = b−

j

a′(−z j )
= −b+

j

−a′(z j )
= b+

j

a′(z j )
= C+

j . (3.2.74)

Since the two norming constants associated with ±z j are equal, we will drop
the superscript ± on the norming constant and refer to both norming constants
as C j . Similarly, one can show that

C̄−
� = C̄+

� = C̄� (3.2.75)

for the norming constants C̄±
� associated with ±z̄�. Moreover, we also have

ρ(−z) = −ρ(z), ρ̄(−z) = −ρ̄(z). (3.2.76)

The eigenvalues
{±z j

}J
j=1,

{±z̄ j
} J̄
j=1 and the associated norming constants{

C j
}J
j=1 ,

{
C̄ j
} J̄
j=1, together with the reflection coefficients (3.2.69), constitute

the set of the scattering data S(z).
The evolution equation (3.1.1) is a special case of the compatibility condi-

tion (3.2.7) where rn = ∓q∗
n . This symmetry in the potentials induces a symme-

try between the Jost functions defined for |z| ≤ 1, analytic in the region |z| < 1,
and the Jost functions defined for |z| ≥ 1, analytic in the region |z| > 1. In turn,
this symmetry of the Jost functions induces a symmetry in the scattering data. In-
deed, a direct computation shows that theGreen’s functions (3.2.22a)–(3.2.22b)
and (3.2.25a)–(3.2.25b) satisfy the identities

P̂∓
(
G�

n

(
1/z∗))∗ P̂−1

∓ = Ḡ�

n(z), P̂∓
(
Gr

n

(
1/z∗))∗ P̂−1

∓ = Ḡr
n(z), (3.2.77)

where

P̂∓=
(
0 ∓1
1 0

)
.

Moreover, under the symmetry reductions Rn = ∓Q∗
n , the matrix potential Q̃n

in (3.2.10) is such that

P̂∓Q̃∗
nP̂

−1
∓ = Q̃n, (3.2.78)

and from (3.2.77)–(3.2.78) it follows that P̂∓M∗
n (1/z

∗) and P̂∓N ∗
n (1/z

∗) satisfy,
respectively, the same summation equations as M̄n(z) and ∓N̄ n(z), that is,
equations (3.2.24c) and (3.2.24b). Therefore, assuming that such equations
have unique solutions, we obtain the symmetries

M̄n(z) = P̂∓M∗
n (1/z

∗), N̄ n(z) = ∓P̂∓N ∗
n (1/z

∗) (3.2.79)
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or, equivalently,

φ̄n(z) = P̂∓φ∗
n (1/z

∗), ψ̄n(z) = ∓P̂∓ψ∗
n (1/z

∗). (3.2.80)

The symmetry of the scattering coefficients a(z), ā(z) and b(z), b̄(z) follows
from the symmetry of the Jost functions and theWronskian formulas (3.2.64a)–
(3.2.64b), that is,

ā(z) = a∗(1/z∗) (3.2.81a)

b̄(z) = ∓b∗(1/z∗) (3.2.81b)

when Rn = ∓Q∗
n . From (3.2.81a)–(3.2.81b) one obtains the symmetry between

the reflection coefficients, namely

ρ̄(z) = ∓ρ∗(1/z∗). (3.2.82)

Note that (3.2.81b) and (3.2.82) hold, in general, only for |z| = 1, that is, for
z = 1/z∗.
The symmetry (3.2.81a) implies that the eigenvalues are paired; that is, for

each eigenvalue z j such that
∣∣z j

∣∣ > 1, there is an eigenvalue z̄ j = 1/z∗
j with∣∣z̄ j

∣∣ < 1, and vice versa. Consequently, it also follows that J = J̄ (i.e., the
number of eigenvalues outside the unit circle equals that of the eigenvalues
inside).
We now compute the symmetry of the norming constants. With the pairing

of the eigenvalues, equations (3.2.72) give

b̄ j = ∓b∗
j . (3.2.83)

Moreover, from (3.2.81a) it also follows that

ā′(z̄ j ) = − (z2j a′(z j )
)∗
;

hence

C̄ j = b̄ j

ā′(z̄ j )
= ∓b∗

j

−(z2j a
′(z j ))∗

= ±(z∗
j )

−2C∗
j , (3.2.84)

when Rn = ∓Q∗
n and the zeros of a(z) and ā(z) are simple.

Note that when Rn = Q∗
n there are no discrete eigenvalues with

∣∣z j

∣∣ �= 1.
Indeed, as in the continuous case, the scattering problem with this reduc-
tion is formally self-adjoint. Moreover, from (3.2.60) and the symmetry re-
lations (3.2.81a)–(3.2.81b) it follows that, on the unit circle, |z| = 1, |a(z)|2 −
|b(z)|2 = c−∞, where, according to (3.2.61), c−∞ =∏+∞

k=−∞(1 − |Qk |)2 under
the symmetry reduction we are considering. Therefore, assuming for the po-
tential the small norm condition |Qn| < 1 for any n ∈ Z, |a(z)|2 > 0 on the
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unit circle. Since, in addition, the scattering problem is self-adjoint under this
reduction, |a(z)| > 0 for any z such that |z| ≥ 1.
To summarize, we have shown that:

Symmetry 3.1 All the eigenvalues of the scattering problem (3.2.4) appear in
pairs ±z j with

∣∣z j

∣∣ > 1, that is, outside the unit circle, or ±z̄�, with |z̄�| < 1,
and the norming constant associated with −z j (resp. −z̄�) is equal to the norm-
ing constant associated with +z j (resp. +z̄�). Correspondingly, the norming
constant associated with the pair of eigenvalues ±z j outside the unit circle
will be denoted by C j , and the norming constant associated with the pair of
eigenvalues ±z̄� inside the unit circle will be denoted by C̄�.

Symmetry 3.2 If the potentials satisfy the symmetry Rn = ∓Q∗
n , then the scat-

tering coefficients satisfy the symmetry

ā(z) = a∗(1/z∗), ρ̄(z) = ∓ρ∗(1/z∗). (3.2.85)

It follows that z̄ j = 1/z∗
j is an eigenvalue such that

∣∣z̄ j

∣∣ < 1 if, and only if,
z j is an eigenvalue such that

∣∣z j

∣∣ > 1. Therefore J = J̄ , that is, the number
of eigenvalues inside the unit circle equals the number of eigenvalues outside,
and, taking also into account Symmetry 3.1, the eigenvalues come in quartets,{±z j ,±1/z∗

j

}J
j=1

. (3.2.86)

Moreover, according to (3.2.84), the norming constants associated with these
paired eigenvalues satisfy the symmetry

C̄ j = ±(z∗
j )

−2C∗
j . (3.2.87)

Trace formula

We assume that a(z) and ā(z) have the simple zeros
{±z j :

∣∣z j

∣∣ > 1
}J
j=1 and{±z̄ j :

∣∣z̄ j

∣∣ < 1
}J̄
j=1, respectively. Moreover, we define

α(z) =
J∏

m=1

z2 − (z∗
m)

−2

z2 − z2m
a(z), ᾱ(z) =

J̄∏
m=1

z2 − (z̄∗
m)

−2

z2 − z̄2m
ā(z). (3.2.88)

According to these definitions, the function α(z) is analytic outside the unit
circle, where it has no zeros, while ᾱ(z) is analytic inside the unit circle, and
it has no zeros; moreover, due to (3.2.65a), α(z) → 1 as |z| → ∞. Therefore,
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taking into account that both a and ā are even functions of z, we have

logα(z) = − 1

2π i

∮
|w|=1

w logα(w)

w2 − z2
dw,

1

2π i

∮
|w|=1

w log ᾱ(w)

w2 − z2
dw = 0 |z| > 1

log ᾱ(z) = 1

2π i

∮
|w|=1

w log ᾱ(w)

w2 − z2
dw,

1

2π i

∮
|w|=1

w logα(w)

w2 − z2
dw = 0 |z| < 1.

Subtracting the equations from one another and using (3.2.88) yields

log a(z) =
J∑

m=1

log

(
z2 − z2m

z2 − (z∗
m)−2

)

− 1

2π i

∮
|w|=1

w log (α(w)ᾱ(w))

w2 − z2
dw, |z| > 1 (3.2.89a)

log ā(z) =
J̄∑

m=1

log

(
z2 − z̄2m

z2 − (z̄∗
m)

−2

)

+ 1

2π i

∮
|w|=1

w log (α(w)ᾱ(w))

w2 − z2
dw |z| < 1. (3.2.89b)

This allows one to recover a(z), ā(z) from knowledge of
{±z j :

∣∣z j

∣∣ > 1
}J
j=1 ,{±z̄ j :

∣∣z̄ j

∣∣ < 1
} J̄
j=1 and a(w)ā(w) = c−∞ (1 − ρ(w)ρ̄(w))−1 for |w| = 1.

Note that if Rn = −Q∗
n , then, from (3.2.81a)–(3.2.83) and (3.2.60), it follows

that α(w)ᾱ (w) = c−∞(1 + |ρ(w)|2)−1 for |w| = 1, and consequently (3.2.89a)
can be written as

log a(z) =
J∑

m=1

log

(
z2 − z2m

z2 − (z∗
m)−2

)

+ 1

2π i

∮
|w|=1

w log
(
1 + |ρ(w)|2)
w2 − z2

dw |z| > 1. (3.2.90)

3.2.3 Inverse scattering problem

The inverse problem consists of reconstructing the potentials in terms of the
scattering data {ρ(w), ρ̄(w) for |w| = 1} ∪ {±z j ,C j

}J
j=1 ∪ {±z̄ j , C̄ j

} J̄
j=1. In

the previous section, we showed that the functions Nn(z) and N̄ n(z) exist and
are analytic in the regions |z| > 1 and |z| < 1, respectively, if ‖Q‖1, ‖R‖1 < 1.
Similarly, under the same conditions on the potentials, the functions µn(z) and
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µ̄n(z) defined by (3.2.67)–(3.2.68) are meromorphic in the regions |z| > 1 and
|z| < 1, respectively. Therefore, in the inverse problem we assume these an-
alytic properties for the unknown functions. With this assumption, equations
(3.2.70a)–(3.2.70b) can be considered to be the jump conditions of a Riemann–
Hilbert problem. As in the continuous case, to recover the sectionally mero-
morphic functions from the scattering data, we convert the Riemann–Hilbert
problem to a system of linear integral equations with the use of the Plemelj
formula (cf. [7], [41]).
Because the functions µn(z) and µ̄n(z) can be meromorphic, the jump con-

ditions (3.2.70a)–(3.2.70b) are insufficient to fix the solution of the Riemann–
Hilbert problem. We also need information about the residues of the poles.
Furthermore, to fix the solution, it is also necessary to specify the boundary
conditions.

Boundary conditions and residues

The functions µn(z) and Nn(z) are meromorphic in the region |z| > 1 and have
the limits

Nn(z) →
(

1
c−1
n

)
, µn(z) →

(
1
0

)
as |z| → ∞

(cf. (3.2.49), (3.2.56), and (3.2.65a)). Here, as before, cn =∏∞
k=n(1 − Qk Rk).

The boundary condition for Nn(z) depends on Qk and Rk for all k ≥ n. However,
Qn and Rn are unknowns in the inverse problem. To remove this dependence,
we introduce the functions

N ′
n =

(
1 0
0 cn

)
Nn =

(−z−1c−1
n Qn

1

)
+ O(z−2) as |z| → ∞ (3.2.91a)

µ′
n =

(
1 0
0 cn

)
µn =

(
1

z−1cn Rn−1

)
+ O(z−2) as |z| → ∞ (3.2.91b)

N̄ ′
n =

(
1 0
0 cn

)
N̄ n =

(
c−1
n

−zRn

)
+ O(z2) as z → 0 (3.2.91c)

µ̄′
n =

(
1 0
0 cn

)
µ̄n =

(
zQn−1

cn

)
+ O(z2) as z → 0. (3.2.91d)

These modified functions also satisfy the jump conditions (3.2.70a)–(3.2.70b)
on |z| = 1, that is,

µ′
n(z) − N̄ ′

n(z) = z−2nρ(z)N ′
n(z) (3.2.92a)

µ̄′
n(z) − N ′

n(z) = z2nρ̄(z)N̄ ′
n(z). (3.2.92b)
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Moreover, the poles of µ′
n(z) and µ̄′

n(z) are the same as the poles of µn(z)
and µ̄n(z), respectively, and the residues of these poles are determined by the
relations

Res(µ′
n; z j ) = z−2n

j C j N
′
n(z j ), Res(µ̄′

n; z̄ j ) = z̄2nj C̄ j N̄
′
n(z̄ j ), (3.2.93)

which follow from (3.2.73a)–(3.2.73b).

Case of no poles

Let us consider first the case when there are no discrete eigenvalues, that is, µ′
n

and µ̄′
n have no poles. Introducing the 2 × 2 matrices

mn(z) = (µ′
n(z), N

′
n(z)
)
, m̄n(z) = (N̄ ′

n(z), µ̄
′
n(z)
)

(3.2.94)

with mn(z) analytic outside the unit circle |z| = 1 and m̄n(z) analytic inside,
we can write the jump conditions (3.2.92a)–(3.2.92b) as

mn(z) − m̄n(z) = m̄n(z)Vn(z) |z| = 1, (3.2.95)

where

Vn(z) =
(

−ρ(z)ρ̄(z) −z2nρ̄(z)

z−2nρ(z) 0

)
(3.2.96)

and

mn(z) → I as |z| → ∞. (3.2.97)

Therefore (3.2.95) can be regarded as a generalizedRiemann–Hilbert boundary-
value problem on |z| = 1 with boundary conditions given by (3.2.97).
We consider the integral operators

P̄( f )(z) = lim
ζ→z
|ζ |<1

1

2π i

∮
|w|=1

f (w)

w − ζ
dw (3.2.98a)

P( f )(z) = lim
ζ→z
|ζ |>1

1

2π i

∮
|w|=1

f (w)

w − ζ
dw (3.2.98b)

defined for |z| < 1 and |z| > 1, respectively, for any function f (w) continuous
on |w| = 1. These are the projection operators for functions analytic inside
and outside, respectively, the unit circle on the complex z-plane. They are the
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counterparts of the projection operators (2.2.51) for the upper and lower k-
planes in the IST for the continuous NLS.
Applying P̄ to both sides of equation (3.2.95) yields

m̄n(z) = I− lim
ζ→z
|ζ |<1

1

2π i

∮
|w|=1

m̄n(w)Vn(w)

w − ζ
dw, (3.2.99)

which allows one, in principle, to find m̄n(z). In component form, (3.2.99)
yields

N̄ ′
n(z) =

(
1
0

)
− lim

ζ→z
|ζ |<1

1

2π i

∮
|w|=1

w−2nρ(w)µ̄′
n(w) − ρ(w)ρ̄(w)N̄ ′

n(w)

w − ζ
dw

(3.2.100)

µ̄′
n(z) =

(
0
1

)
+ lim

ζ→z
|ζ |<1

1

2π i

∮
|w|=1

w2nρ̄(w)N̄ ′
n(w)

w − ζ
dw, (3.2.101)

which is a system of linear integral equations, on |z| = 1, for N̄ ′
n(z) and µ̄

′
n(z)

in terms of the scattering data. The solutions of these integral equations can
be analytically continued into the region |z| < 1. Equivalently, by applying the
outside projector P to both sides of equations (3.2.92a)–(3.2.92b) we get

N ′
n(z) =

(
0
1

)
+ lim

ζ→z
|ζ |>1

1

2π i

∮
|w|=1

w2nρ̄(w)N̄ ′
n(w)

w − ζ
dw

µ′
n(z) =

(
1
0

)
− lim

ζ→z
|ζ |>1

1

2π i

∮
|w|=1

w−2nρ(w)N ′
n(w)

w − ζ
dw.

To recover Qn and Rn we compute the power series expansions of the Jost
functions around z = 0. By comparing the expansions (3.2.91c) and (3.2.91d)
with the expansions about z = 0 of the right-hand sides of (3.2.100) and
(3.2.101) or, equivalently, of (3.2.99),

m̄n(z) = I− z

2π i

∮
|w|=1

w−2m̄n(w)Vn(w)dw + O(z−2),

we obtain

Qn = 1

2π i

∮
|w|=1

w2nρ̄(w)N̄ ′(1)
n+1(w)dw

Rn = 1

2π i

∮
|w|=1

(
w−2(n+1)ρ(w)µ̄′(2)

n (w) − w−2ρ(w)ρ̄(w)N̄ ′(2)
n (w)

)
dw,
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where N̄ ′
n(z) and µ̄

′
n(z) are determined by the linear system (3.2.100)–(3.2.101)

and the superscript ( j) for j = 1, 2 denotes the j-th component of the corre-
sponding vector. Hence, the formulation of the inverse problem is complete.
When Rn = Q∗

n , there are no discrete eigenvalues. Using the symmetry relation
(3.2.85) between the reflection coefficients ρ and ρ̄ (cf. Symmetry 3.2), we can
write the potential as

Qn = 1

2π i

∮
|w|=1

w2nρ∗(w)N̄ ′(1)
n+1(w)dw.

Note that we recover the potentials from the Jost functions that are defined in
the region |z| ≤ 1, namely, µ̄′

n(z) and N̄ ′
n(z), because there are no terms in the

z expansions of µ′
n(z) and N ′

n(z) that are simple functions of Qn and Rn .

Case of poles

The method of solution requires an extra step if µ′
n(z) and µ̄

′
n(z) have poles.

As before, we apply P̄ to both sides of (3.2.92a) and P to both sides of
(3.2.92b). Taking into account the analytic properties of the eigenfunctions
and of a(z), ā(z) we obtain

N̄ ′
n(z) =

(
1
0

)
+

J∑
j=1

C j z
−2n
j

[
1

z − z j
N ′

n(z j ) + 1

z + z j
N ′

n(−z j )

]
(3.2.102a)

− lim
ζ→z
|ζ |<1

1

2π i

∮
|w|=1

w−2nρ(w)N ′
n(w)

w − ζ
dw

N ′
n(z) =

(
0
1

)
+

J̄∑
j=1

C̄ j z̄
2n
j

[
1

z − z̄ j
N̄ ′

n(z̄ j ) + 1

z + z̄ j
N̄ ′

n(−z̄ j )

]
(3.2.102b)

+ lim
ζ→z
|ζ |>1

1

2π i

∮
|w|=1

w2nρ̄(w)N̄ ′
n(w)

w − ζ
dw,

where N ′
n(z j ) is N ′

n(z) evaluated at the eigenvalue z j , N ′
n(−z j ) is N ′

n(z) evaluated
at the eigenvalue −z j , and similarly for N̄ ′

n(z̄ j ) and N̄ ′
n(−z̄ j ). Here we have

included the fact that the eigenvalues arise in pairs ±z j in |z| > 1 and ±z̄� in
|z| < 1 and that the corresponding norming constants satisfy (3.2.74)–(3.2.75).
Equations (3.2.102a)–(3.2.102b) constitute a system of linear integral equations
on |z| = 1. This system depends on the vectors

{
N ′

n(z j ), N ′
n(−z j )

}J
j=1 and{

N̄ ′
n(z̄ j ), N̄

′
n(−z̄ j )

} J̄
j=1. We obtain expressions for these vectors by evaluating

(3.2.102a) at the points ±z̄ j and (3.2.102b) at the points ±z j . This results in a
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linear algebraic–integral system composed of (3.2.102a)–(3.2.102b) and

N̄ ′
n(z̄ j ) =

(
1
0

)
+

J∑
k=1

Ckz
−2n
k

[
1

z̄ j − zk
N ′

n(zk) + 1

z̄ j + zk
N ′

n(−zk)

]

− 1

2π i

∮
|w|=1

w−2nρ(w)N ′
n(w)

w − z̄ j
dw (3.2.102c)

N̄ ′
n(−z̄ j ) =

(
1
0

)
−

J∑
k=1

Ckz
−2n
k

[
1

z̄ j + zk
N ′

n(zk) + 1

z̄ j − zk
N ′

n(−zk)

]

− 1

2π i

∮
|w|=1

w−2nρ(w)N ′
n(w)

w + z̄ j
dw (3.2.102d)

N ′
n(z j ) =

(
0
1

)
+

J̄∑
k=1

C̄k z̄
2n
k

[
1

z j − z̄k
N̄ ′

n(z̄k) + 1

z j + z̄k
N̄ ′

n(−z̄k)

]

+ 1

2π i

∮
|w|=1

w2nρ̄(w)N̄ ′
n(w)

w − z j
dw (3.2.102e)

N ′
n(−z j ) =

(
0
1

)
−

J̄∑
k=1

C̄k z̄
2n
k

[
1

z j + z̄k
N̄ ′

n(z̄k) + 1

z j − z̄k
N̄ ′

n(−z̄k)

]

+ 1

2π i

∮
|w|=1

w2nρ̄(w)N̄ ′
n(w)

w + z j
dw, (3.2.102f)

where (3.2.102c)–(3.2.102d) hold for each eigenvalue
{
z̄ j
} J̄
j=1 and (3.2.102e)–

(3.2.102f) hold for each eigenvalue
{
z j
}J
j=1.

As in the case where there are no discrete eigenvalues, we can recover Rn

from the power series expansion of N̄ ′
n(z). There is, however, no easy way to

obtain the potential from N ′
n(z). Instead, we apply P̄ to both sides of (3.2.92b)

to obtain the representation

µ̄′
n(z) =

(
0
1

)
+

J̄∑
j=1

C̄ j z̄
2n
j

[
1

z − z̄ j
N̄ ′

n(z̄ j ) + 1

z + z̄ j
N̄ ′

n(−z̄ j )

]

+ 1

2π i

∮
|w|=1

w2nρ̄(w)N̄ ′
n(w)

w − z
dw. (3.2.103)

Now, by comparing the power series expansions of the right-hand sides of
(3.2.102a) and (3.2.103) to the expansions (3.2.91c) and (3.2.91d), respectively,
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we obtain

Rn = 2
J∑

j=1

C j z
−2(n+1)
j N ′(2)

n (z j )

+ 1

2π i

∮
|w|=1

w−2(n+1)ρ(w)N ′(2)
n (w)dw (3.2.104a)

Qn−1 = −2
J̄∑

j=1

C̄ j z̄
2(n−1)
j N̄ ′(1)

n (z̄ j )

+ 1

2π i

∮
|w|=1

w2(n−1)ρ̄(w)N̄ ′(1)
n (w)dw, (3.2.104b)

where we have used that for the solutions of the system (3.2.102a)–(3.2.102f)
the following relations hold:

N ′(1)
n (−z) = −N ′(1)

n (z), N ′(2)
n (−z) = N ′(2)

n (z)

N̄ ′(1)
n (−z) = N̄ ′(1)

n (z), N̄ ′(2)
n (−z) = −N̄ ′(2)

n (z).

Note that from (3.2.91d), (3.2.103) it also follows that

cn = 1 − 2
J̄∑

j=1

C̄ j z̄
2n−1
j N̄ ′(2)

n (z̄ j ) + 1

2π i

∮
|w|=1

w2n−1ρ̄(w)N̄ ′(2)
n (w)dw.

(3.2.105)

If the potentials satisfy the symmetry condition Rn = −Q∗
n , then the scattering

data satisfy the relations (3.2.85)–(3.2.87) and (3.2.104b) becomes

Qn = −2
J̄∑

j=1

(z∗
j )

−2(n+1)C∗
j N̄

′(1)
n+1(1/z

∗
j ) − 1

2π i

∮
|w|=1

w2nρ∗(w)N̄ ′(1)
n+1(w)dw.

Reflectionless potentials

In the case where the scattering data comprise proper eigenvalues but ρ(z) =
ρ̄(z) = 0 on |z| = 1, the algebraic–integral system (3.2.102c)–(3.2.102f) re-
duces to the linear algebraic system

N̄ ′
n(z̄ j ) =

(
1
0

)
+

J∑
k=1

Ckz
−2n
k

[
1

z̄ j − zk
N ′

n(zk) + 1

z̄ j + zk
N ′

n(−zk)

]

N̄ ′
n(−z̄ j ) =

(
1
0

)
−

J∑
k=1

Ckz
−2n
k

[
1

z̄ j + zk
N ′

n(zk) + 1

z̄ j − zk
N ′

n(−zk)

]

N ′
n(z j ) =

(
0
1

)
+

J̄∑
k=1

C̄k z̄
2n
k

[
1

z j − z̄k
N̄ ′

n(z̄k) + 1

z j + z̄k
N̄ ′

n(−z̄k)

]
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N ′
n(−z j ) =

(
0
1

)
−

J̄∑
k=1

C̄k z̄
2n
k

[
1

z j + z̄k
N̄ ′

n(z̄k) + 1

z j − z̄k
N̄ ′

n(−z̄k)

]
.

Moreover, the potentials are given by

Qn−1 = −2
J̄∑

j=1

C̄ j z̄
2(n−1)
j N̄ ′(1)

n (z̄ j )

Rn = 2
J∑

j=1

C j z
−2(n+1)
j N ′(2)

n (z j ).

If there is one quartet of eigenvalues {±z1,±z̄1} with |z1| > 1 and |z̄1| < 1,
then we can solve for N̄ ′

n, N
′
n , obtaining in particular

N̄ ′(1)
n (z̄1) =

[
1 + 4C1C̄1

z−2(n−1)
1 z̄2n1
(z21 − z̄21)

2

]−1

N ′(2)
n (z1) =

[
1 + 4C1C̄1

z−2n
1 z̄2(n+1)

1

(z21 − z̄21)
2

]−1

.

Then it follows that

Qn = − 2D1 z̄
2(n+1)
1

1 + 4C1D1(z21 − z̄21)
−2z−2n

1 z̄2(n+2)
1

(3.2.106a)

Rn = 2C1z
−2(n+1)
1

1 + 4C1D1(z21 − z̄21)
−2z−2n

1 z̄2(n+2)
1

, (3.2.106b)

where we introduced the modified norming constant

D1 = z̄−2
1 C̄1. (3.2.107)

Note that from (3.2.105) it also follows that

c−∞ = lim
n→−∞ cn = z21 z̄

−2
1 . (3.2.108)

In order to obtain a nonsingular potential, we impose the following
symmetry:

Symmetry 3.3 The scattering data are such that (i) the eigenvalues satisfy the
relation z̄1 = 1

z∗
1
, (ii) the product of the norming constants C1 and D1 is real,

and, moreover, (iii) C1D1 > 0.
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Then, with the substitution z1 = e(α1+iβ1), the expressions (3.2.106a)–
(3.2.106b) can be written in the form

Qn = − D1

(C1D1)1/2
sinh(2α1) e

2i(n+1)β1 sech (2α1(n + 1) − δ1) (3.2.109a)

Rn = C1

(C1D1)1/2
sinh(2α1) e

−2i(n+1)β1 sech (2α1(n + 1) − δ1), (3.2.109b)

where

δ1 = log (C1D1)
1/2 − log sinh(2α1). (3.2.110)

Recall that if Rn = −Q∗
n , then Symmetry 3.2 holds. Therefore, in particular,

if Rn = −Q∗
n and the associated scattering data consist of a single quartet of

eigenvalues (and their respective norming constants), then, as a consequence,
Symmetry 3.3 holds. However, the converse is not necessarily true. Symme-
try 3.3 in the scattering data is insufficient to ensure that (3.2.106a)–(3.2.106b)
satisfy the symmetry Rn = −Q∗

n . To obtain the symmetry Rn = −Q∗
n in

(3.2.106a)–(3.2.106b) we must impose the condition |C1| = |D1| in addition to
Symmetry 3.3. Equivalently, to obtain the symmetry Rn = −Q∗

n we must have
(i) z̄1 = 1

z∗
1
and (ii) C̄1 = z̄21C

∗
1 .

Typically, only solutionswith the symmetry Rn = −Q∗
n are considered.How-

ever, we emphasize that the sech profile of the potentials (3.2.109a)–(3.2.109b)
results from Symmetry 3.3 in the scattering data, and we do not need to
require that Rn = −Q∗

n . In the scalar evolution equation – that is IDNLS –
Symmetry 3.3 is only slightly more general than Symmetry 3.2. Nevertheless,
we have shown that the sech envelope potentials exist in a more general setting
(i.e., when Rn �= −Q∗

n).
We recall that, if the potentials are not constrained to satisfy the symmetry

Rn = −Q∗
n , then, to ensure that the IST procedure is well defined, we must

separately impose the condition (1 − RnQn) �= 0 for all n. However, we point
out that this second condition is time-invariant if ‖R‖1 , ‖Q‖1 < ∞.

Gel’fand–Levitan–Marchenko equations

Like in the continuous case, we can also provide a reconstruction for the po-
tentials by means of Gel’fand–Levitan–Marchenko integral equations. Indeed,
let us represent the eigenfunctions ψn and ψ̄n in terms of triangular kernels,

ψn(z) =
+∞∑
j=n

z− j K (n, j) |z| > 1 (3.2.111a)
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ψ̄n(z) =
+∞∑
j=n

z j K̄ (n, j) |z| < 1, (3.2.111b)

where K (n, j) = (K (1)(n, j), K (2)(n, j)
)T

and K̄ (n, j) = (K̄ (1)(n, j),

K̄ (2)(n, j)
)T
, and write equations (3.2.59a)–(3.2.59b) in the form

φn(z)a
−1(z) − ψ̄n(z) = ψn(z)ρ(z) (3.2.112a)

φ̄n(z)ā
−1(z) − ψn(z) = ψ̄n(z)ρ̄(z) (3.2.112b)

with ρ and ρ̄ given by (3.2.69).
By applying the operator 1

2π i

∮
|z|=1 dz z

−m−1 form ≥ n to equation (3.2.112a)
and taking into account the asymptotics (3.2.49), (3.2.54), and (3.2.65a)–
(3.2.65b), as well as the triangular representations (3.2.111a)–(3.2.111b), we
obtain

K̄ (n,m) +
+∞∑
j=n

K (n, j)F(m + j) =
(
1
0

)
δm,n m ≥ n, (3.2.113)

where

F(n) =
J∑

j=1

z−n−1
j C j + 1

2π i

∮
|z|=1

z−n−1ρ(z)dz. (3.2.114)

Analogously, operating on equation (3.2.112b) with 1
2π i

∮
|z|=1 dz zm−1 for m ≥

n yields

K (n,m) +
+∞∑
j=n

K̄ (n, j)F̄(m + j) =
(
0
1

)
δm,n m ≥ n, (3.2.115)

where

F̄(n) = −
J̄∑
j=1

z̄n−1
j C̄ j + 1

2π i

∮
|z|=1

zn−1ρ̄(z)dz. (3.2.116)

Equations (3.2.113) and (3.2.115) constitute the Gel’fand–Levitan–
Marchenko equations. Comparing the representations (3.2.111a)–(3.2.111b)
for the eigenfunctions with the asymptotics (3.2.55) and (3.2.56), we obtain,
recalling (3.2.9b), the reconstruction of the potentials in terms of the kernels of
the GLM equations, that is,

K (1)(n, n) = K̄ (2)(n, n) = 0, K̄ (1)(n, n) = K (2)(n, n) = c−1
n (3.2.117)

Qn = −K (1)(n, n + 1)

K (2)(n, n)
, Rn = − K̄ (2)(n, n + 1)

K̄ (1)(n, n)
, (3.2.118)
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where, as usual, K ( j) and K̄ ( j) for j = 1, 2 are the j-th component of the vectors
K and K̄ , respectively.
It ismore convenient towrite equations (3.2.113) and (3.2.115) as forced sum-

mation equations, which is accomplished if we introduce κ (n,m) and κ̄(n,m)
such that

κ(n, n) =
(
0
1

)
κ̄(n, n) =

(
1
0

)
(3.2.119a)

and for m > n

K (n,m) =
+∞∏
j=n

(
1 − R j Q j

)
κ(n,m) (3.2.119b)

K̄ (n,m) =
+∞∏
j=n

(
1 − R j Q j

)
κ̄(n,m). (3.2.119c)

Then equations (3.2.113), (3.2.115) become

κ̄(n,m) +
(
0
1

)
F(m + n) +

+∞∑
j=n+1

κ(n, j)F(m + j) = 0 m > n

(3.2.120a)

κ(n,m) +
(
1
0

)
F̄(m + n) +

+∞∑
j=n+1

κ̄(n, j)F̄(m + j) = 0 m > n

(3.2.120b)

and the potentials are obtained from

Qn = −κ (1)(n, n + 1), Rn = −κ̄ (2)(n, n + 1). (3.2.121)

Note that the sums in (3.2.114) (resp. (3.2.116)) are performed over all
the discrete eigenvalues that are outside (resp. inside) the unit circle. Since
these eigenvalues are paired and the corresponding norming constants satisfy
(3.2.74)–(3.2.75), the GLM equations can be simplified as follows:

κ̄(n,m) +
(
0
1

)
FR(m + n) +

+∞∑
j=n

j+m=odd

κ(n, j)FR(m + j) = 0 m > n

(3.2.122a)

κ(n,m) +
(
1
0

)
F̄R(m + n) +

+∞∑
j=n

j+m=odd

κ̄(n, j)F̄R(m + j) = 0 m > n,

(3.2.122b)
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where

FR(n) =
{
2
∑J

j=1 z
−n−1
j C j + 1

π i

∫
CR

z−n−1ρ(z)dz n = odd
0 n = even

(3.2.123)

F̄R(n) =
{

−2
∑ J̄

j=1 z̄
n−1
j C̄ j + 1

π i

∫
CR

zn−1ρ̄(z)dz n = odd
0 n = even

(3.2.124)

and CR denotes the right half of the unit circle.
If the symmetryRn = ∓Q∗

n holds, then, from (3.2.80)–(3.2.83) and (3.2.84),
it follows that

F̄(m) = ∓F∗(m) (3.2.125)

K̄ (n,m) =
(

K (2)(n,m)
∓K (1)(n,m)

)∗
. (3.2.126)

In this case, equations (3.2.113), (3.2.115) solving the inverse problem reduce to

K (2)(n,m) ∓
+∞∑
j ′=n

+∞∑
j ′′=n

K (2)(n, j ′′)F( j ′ + j ′′)F∗( j ′ + m) = δn,m (3.2.127)

K (1)(n,m) =
+∞∑
j ′=n

K (2) ∗(n, j ′)F∗( j ′ + m), (3.2.128)

and the potentials are reconstructed by means of the first of (3.2.118).

Existence and uniqueness of solutions

The question of existence and uniqueness of solutions of linear summation
equations can be examined by the use of the Fredholm alternative. Consider the
homogeneous equations corresponding to (3.2.120a)–(3.2.120b),

h1(m) +
+∞∑

j=n+1

h2( j)F(m + j) = 0 m > n (3.2.129a)

h2(m) +
+∞∑

j=n+1

h1( j)F̄(m + j) = 0 m > n, (3.2.129b)

and suppose h(n) = (h1(n), h2(n)) is a solution of (3.2.129a)–(3.2.129b) that
vanishes identically form ≤ n.Multiply (3.2.129a)–(3.2.129b) by (h∗

1, h
∗
2), sum

over all integers m, and use

∞∑
m=n+1

|h j (m)|2 =
∞∑

m=−∞
|h j (m)|2 j = 1, 2,
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to obtain

∞∑
m=−∞

{
|h1(m)|2 + |h2(m)|2 +

∞∑
j=−∞

[
h2(m)h∗

1( j)F(m + j)

+h1( j) h
∗
2(m)F̄(m + j)

] } = 0. (3.2.130)

If the symmetry Rn = −Q∗
n holds, then, from (3.2.80)–(3.2.83) and (3.2.84),

it follows that

∞∑
m=−∞

{
|h1(m)|2 + |h2(m)|2 + 2iIm

∞∑
j=−∞

h2( j)h
∗
1(m)F(m + j)

}
= 0.

The real and imaginary parts of the previous equation must both vanish, from
which it follows that

h(m) ≡ 0.

Second, if Rn = Q∗
n , the symmetry (3.2.84) allows equation (3.2.130) to be

written in the form
∞∑

m=−∞

{
|h1(m)|2 + |h2(m)|2 + 2Re

∞∑
j=−∞

h2( j)h
∗
1(m)F(m + j)

}
= 0.

(3.2.131)

As we pointed out previously, the scattering problem with this reduction is
formally self-adjoint and there are no discrete eigenvalues. This implies that

F(m) = 1

2π i

∮
|z|=1

z−m−1 b(z)

a(z)
dz. (3.2.132)

A function h(n) of a discrete variable n assuming integer values, and its discrete
Fourier transform ĥ(z)

ĥ(z) =
∞∑

n=−∞
h(n)zn, h(n) = 1

2π i

∮
|z|=1

ĥ(z)zn−1dz,

satisfy a discrete version of Parseval’s identity, namely,

∞∑
n=−∞

|h(n)|2 = 1

2π i

∮
|z|=1

z−1|ĥ(z)|2 ≡ 1

2π

∫ 2π

0
|ĥ(eiθ )|2dθ.

Substituting these results into (3.2.131) yields∫ 2π

0

{
|ĥ1(e

iθ )|2 + |ĥ∗
2(e

iθ )|2 + 2Re
b

a
(eiθ )ĥ1(e

−iθ )ĥ∗
2(e

iθ )

}
dθ = 0.

(3.2.133)
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Since |(b/a)| < 1, we have∣∣∣∣2Re
[
b

a
(eiθ )ĥ1(e

−iθ )ĥ∗
2(e

iθ )

]∣∣∣∣ < 2|ĥ1(e
−iθ )||ĥ∗

2(e
iθ )|

≤ |ĥ1(e
−iθ )|2 + |ĥ2(e

iθ )|2;
hence

ĥ(z) ≡ 0

and

h(n) ≡ 0.

We conclude that when Rn = ∓Q∗
n , the integral equations (3.2.120a),

(3.2.120b) admit no homogenous solutions but the trivial one. It remains to
be shown that, like in the continuous case, the discrete Gel’fand–Levitan–
Marchenko type summation equations behave like Fredholm equations.

3.2.4 Time evolution

The operator (3.2.5) determines the evolution of the Jost functions. From this
we deduce the time evolution of the scattering data. Since we have assumed that
Qn, Rn → 0 as n → ±∞, then the time-dependence (3.2.5) is asymptotically
of the form

∂τ vn =
(−iω 0

0 iω

)
vn as n → ±∞,

where

ω = 1
2

(
z − z−1

)2
. (3.2.134)

This system has solutions that are linear combinations of the solutions v+
n =(

e−iωτ , 0
)T

and v−
n = (0, eiωτ

)T
. However, such solutions are not compatible

with the fixed boundary conditions of the Jost functions (3.2.12), and therefore
we define the time-dependent functions

Mn(z, τ ) = e−iωτMn(z, τ ), M̄n(z, τ ) = eiωτM̄n(z, τ )

Nn(z, τ ) = eiωτ Nn(z, τ ), N̄ n(z, τ ) = e−iωτN̄ n(z, τ )

to be solutions of the time-dependence equation (3.2.5). These τ -dependent
functions satisfy the relations

Mn(z, τ ) = z−2ne−2iωτb(z, τ )Nn(z, τ ) + a(z, τ )N̄n(z, τ ) (3.2.135a)

M̄n(z, τ ) = z2ne2iωτ b̄(z, τ )N̄n(z, τ ) + ā(z, τ )Nn(z, τ ), (3.2.135b)

which are obtained from the equations (3.2.59a)–(3.2.59b).
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To find the expressions for the evolution of the scattering coefficients, we
first differentiate (3.2.135a)–(3.2.135b) with respect to τ to obtain

∂τMn(z, τ ) = z−2ne−2iωτ {b(z, τ )∂τNn(z, τ ) + [bτ (z, τ )

− 2iωb (z, τ )] Nn(z, τ )} + aτ (z, τ )N̄n(z, τ )

+ a(z, τ )∂τ N̄n(z, τ ) (3.2.136a)

∂τM̄n(z, τ ) = z2ne2iωτ
{
b̄(z, τ )∂τ N̄n(z, τ )+

[
b̄τ (z, τ )

+ 2iω b̄(z, τ )
] N̄n(z, τ )

}+ āτ (z, τ )Nn(z, τ )

+ ā(z, τ )∂τNn(z, τ ). (3.2.136b)

On the other hand, because the functions Mn(z, τ ), M̄n(z, τ ), Nn(z, τ ), and
N̄n(z, τ ) satisfy (3.2.5), we have

∂τMn(z, τ ) = z−2ne−2iωτb(z, τ )∂τNn(z, τ ) + a(z, τ )∂τ N̄n(z, τ ) (3.2.137a)

∂τM̄n(z, τ ) = z2ne2iωτ b̄(z, τ )∂τ N̄n(z, τ ) + ā(z, τ )∂τNn(z, τ ). (3.2.137b)

Comparing (3.2.136a)–(3.2.136b)with, respectively, (3.2.137a)–(3.2.137b) and
examining the asymptotics of these expressions as n → +∞, one gets

bτ (z, τ ) = 2iωb(z, τ ) aτ (z, τ ) = 0

āτ (z, τ ) = 0 b̄τ (z, τ ) = −2iωb̄(z, τ ),

and therefore

b(z, τ ) = b(z, 0)e2iωτ a(z, τ ) = a(z, 0) (3.2.138a)

ā(z, τ ) = ā(z, 0) b̄(z, τ ) = b̄(z, 0)e−2iωτ . (3.2.138b)

The evolution of the reflection coefficients is thus given by

ρ(z, τ ) = ρ(z, 0)e2iωτ (3.2.139a)

ρ̄(z, τ ) = ρ̄(z, 0)e−2iωτ . (3.2.139b)

From (3.2.138a) it is clear that the eigenvalues (i.e., the zeros of a(z) and ā(z))
are constant as the solution evolves.Not only the number of eigenvalues, but also
their locations, are fixed. Thus, the eigenvalues are time-independent discrete
states of the evolution.
The norming constants, however, are not fixed. Their evolution is obtained

analogously and is given by

C j (τ ) = C j (0)e
2iω j τ , C̄ j (τ ) = C̄ j (0)e

−2iω̄ j τ , (3.2.140)

where

ω j = 1

2

(
z j − z−1

j

)2
, ω̄ j = 1

2

(
z̄ j − z̄−1

j

)2
. (3.2.141)
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The expressions for the evolution of the scattering data allow one to solve
the initial-value problem for the system (3.1.2a)–(3.1.2b). The procedure is the
following: (i) The scattering data are calculated from the initial time (e.g., at
τ = 0); (ii) the scattering data at later time (say, τ = τ1) are determined by the
formulas (3.2.139a)–(3.2.139b) and (3.2.140); and (iii) the solution at τ = τ1

is constructed from the scattering data.

3.3 Soliton solutions

The soliton solutions of (3.2.7a)–(3.2.7b) are the reflectionless potentials (i.e.,
corresponding to ρ(z) = ρ̄(z) = 0 on |z| = 1) where the eigenvalues appear in
sets of four. The scattering data of a J-soliton solution are composed of:

(i) the 4J eigenvalues ±z j = ±eα j+iβ j and ±z̄ j = ± 1
z∗
j
, where

∣∣z j

∣∣ > 1 and
j = 1, . . . , J ;

(ii) the associated 2J norming constants C j (τ ), Dj (τ ), where

Dj (τ ) = z̄−2
j C̄ j (τ ) (3.3.142)

and C j (0)Dj (0) ∈ R, C j (0)Dj (0) > 0.

Note that the evolution of the norming constants given by (3.2.140) also assures
that C j (τ )Dj (τ ) ∈ R, C j (τ )Dj (τ ) > 0 for τ �= 0.
The one-soliton solution is obtained from (3.2.109a)–(3.2.109b) by taking

into account the explicit time-dependence as given by (3.2.140), that is,

Qn(τ ) = − D1(0)

(C1(0)D1(0))1/2
ei(2β1(n+1)−2wτ )

× sinh(2α1)sech (2α1(n + 1) − 2vτ − δ) (3.3.143a)

Rn(τ ) = C1(0)

(C1(0)D1(0))1/2
e−i(2β1(n+1)−2wτ )

× sinh(2α1)sech (2α1(n + 1) − 2vτ − δ) , (3.3.143b)

where

v = − sinh(2α1) sin(2β1), w = cosh(2α1) cos(2β1) − 1 (3.3.144a)

δ = log (C1(0)D1(0))
1/2 − log sinh(2α1). (3.3.144b)

Each of the (3.3.143a), (3.3.143b) represents a localized traveling wave with a
single peak that is modulated by a complex carrier phase. This is the one-soliton
solution obtained in [11].
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Recall that, in order to derive the IDNLS (3.1.2a)–(3.1.2b) and the associated
pair of linear operators (3.2.4), (3.2.5) from the NLS (2.1.1) and the associated
pair of linear operators (2.2.3)–(2.2.4), we let

Qn = hqn = hq(nh), Rn = hrn = hr (nh), τ = h−2t, (3.3.145a)

and

z1 = e−ik1h, C1(0) = ihC̃1(0), D1(0) = −ih D̃1(0). (3.3.145b)

By substituting these expressions into (3.3.143a)–(3.3.143b) we obtain

qn(t) = icAe−2i(ξhn−w̃t)−iψsech (2ηh(n + 1) − 2ṽt − d) (3.3.146a)

rn(t) = ic−1Ae2i(ξhn−w̃t)+iψsech (2ηh(n + 1) − 2ṽt − d), (3.3.146b)

where

A = sinh(2ηh)

h
, w̃ = 1 − cosh(2ηh) cos(2ξh)

h2
, ṽ = sinh(2ηh) sin(2ξh)

h2

(3.3.147a)

d = log(C̃1(0)D̃1(0))
1
2 − log

sinh(2ηh)

h
(3.3.147b)

and

k1 = ξ + iη, η = α1

h
= log |z1|

h
, ξ = −β1

h
= − arg z1

h
,

(3.3.147c)

c = |D1(0)|1/2
|C1(0)|1/2

, ψ = argC1(0) + 2ξh. (3.3.147d)

The expressions (3.3.146a)–(3.3.146b) give the one-soliton solution of the ver-
sion of the IDNLS that explicitly containsh, that is, the system (3.2.7a)–(3.2.7b).
In the limit h → 0, nh → x , (3.3.146a)–(3.3.146b) become

q(x, t) = 2ηc e−2iξ x+4i(ξ 2−η2)t−iψ0 sech (2ηx − 8ξηt − δ0) (3.3.148a)

r (x, t) = 2ηc−1e2iξ x−4i(ξ 2−η2)t+iψ0 sech (2ηx − 8ξηt − δ0) (3.3.148b)

δ0 = log(C̃1(0)D̃1(0))
1
2 − log 2η, ψ0 = argC̃1(0) − π

2
, (3.3.149)

which is the one-soliton solution of the continuous problem (2.1.2a)–(2.1.2b). A
similar result holds for themultisoliton solutions. Note that the IDNLS equation
(3.1.1) is obtained in the reduction rn = ∓q∗

n . In this case, from (3.2.87) and
(3.3.142), it follows that D1

C1
= ±C∗

1
C1
.
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We point out some differences between the discrete soliton and the soliton
solution of the PDE. Both (3.3.146a)–(3.3.146b) and (3.3.148a)–(3.3.148b) are
composed of traveling waves with a sech profile that is modulated by a complex
carrier wave. Moreover, in both the PDE and the lattice soliton, the velocity of
the traveling wave depends on the spatial frequency of the carrier. However,
this has different consequences for the lattice and the PDE:

1. On the lattice there is a maximum spatial frequency (i.e., |ξ | ≤ 2π
h ), which

leads to a maximum speed for the soliton on the lattice (i.e., |v| ≤ sinh(2ηh)
h2 ),

while there is no such upper bound on soliton velocity in the PDE.
2. In the PDE soliton, the velocity depends linearly on the spatial frequency.

In contrast, on the lattice, the velocity goes like sin(2ξh). Hence, the speed
increases with |ξ | for small |ξ | but then decreases to zero as |ξ | increases
further. As a consequence, unlike the PDE, it is possible, on the lattice, to
have two solitons with the same velocity even though they have different
spatial carrier frequencies.

Finally, we remark that in the literature the solitons of the NLS and the
IDNLS are generally considered only when r = −q∗ and rn = −q∗

n . In this
case, c = 1 and (3.3.148a)–(3.3.148b) give the NLS soliton (2.3.88). Here,
however, we have shown that one can consider the soliton in slightly more
general conditions: Even though rn �= −q∗

n , the potentials are still such that
(i) the eigenvalues appear in quartets ±z j , ± 1

z∗
j
and (ii) the products of the

associated norming constants is real and positive (see Symmetry 3.3). The
characteristic localized traveling-wave solution is a result of a symmetry in
the eigenvalues of the solution.Because these eigenvalues are time-independent,
this symmetry (or lack thereof) is a conserved characteristic of solutions in the
nonreduced system (3.3.146a)–(3.3.146b).
The problem of a multisoliton collision can be investigated by looking at

the asymptotic states as τ → ±∞, proceeding in a similar way as in the con-
tinuous case. Consider a pure J-soliton solution for Rn = −Q∗

n and assume,
without loss of generality, v1 < v2 < . . . < vJ . Then, for τ → ±∞, the poten-
tial breaks up into individual solitons of the form (3.3.143a), and as τ → −∞
the discrete solitons are distributed along then-axis in the order corresponding to
nJ , nJ−1, . . . , n1; the order of the soliton sequence is reversed as τ → +∞. To
determine the result of the interaction among solitons, we trace the passage of
the eigenfunctions through the asymptotic states. We denote the soliton coordi-
nates at the instant of time τ byn j (τ ) (|τ | is assumed large enough so that one can
talk about individual solitons). If τ → −∞, then nJ � nJ−1 � . . . � n1. The
function φn(z j ) has the form φn(z j ) ∼ znj (1 , 0)

T when n � nJ . After passing
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through the J-th soliton, it will be of the form φn(z j ) ∼ aJ (z j )znj (1, 0)
T , where

aJ (z) is the transmission coefficient relative to the J-th soliton. Repeating the
argument, we find

φn(z j ) ∼ znj

J∏
l= j+1

al(z j )

(
1
0

)
n j+1 � n � n j .

Upon passing through the j-th soliton, since the corresponding state is a bound
state, we get

φn(z j ) ∼ z−n
j S j

J∏
l= j+1

al(z j )

(
0
1

)
n j � n � n j−1. (3.3.150)

On the other hand, starting from n � n1 and proceeding in a similar way, we
find for the eigenfunction ψn the asymptotic behavior:

ψn(z j ) ∼ z−n
j

j−1∏
l=1

(
z−2
l z̄2l

)
al(z j )

(
0
1

)
n j � n � n j−1, (3.3.151)

where we have used (3.2.62a) and (3.2.63a) to get the transmission coefficient
for the right eigenfunctions, as well as the result (3.2.108). Comparing (3.3.150)
and (3.3.151) and recalling (3.2.72), we get

Sj

J∏
l= j+1

al(z j ) = b j

j−1∏
l=1

al(z j ). (3.3.152)

It is convenient to write Sj as

Sj (τ ) = ei(z j−z−1
j )2τ+2δ j+iψ j

so that (3.2.72) yields

b j (τ ) ∼ ei(z j−z−1
j )2τ+2δ−

j +iψ−
j

J∏
l= j+1

al(z j )
j−1∏
m=1

(
z−2
m z̄2m

)
am(z j )

−1 τ → −∞,

where δ−
j , ψ

−
j denote the asymptotics of the real functions δ j , ψ j as τ → −∞.

Proceeding in a similar fashion as τ → +∞ and taking into account that the
order of the soliton sequence is reversed, we get

b j (τ ) ∼ ei(z j−z−1
j )2τ+2δ+

j +iψ+
j

j−1∏
l=1

al(z j )
J∏

m= j+1

(
z−2
m z̄2m

)
am(z j )

−1 τ → +∞.

Therefore we conclude that

e2(δ
+
j −δ−

j )+i(ψ+
j −ψ−

j ) =
j−1∏
l=1

al(z j )
2

J∏
m= j+1

(
z−2
m z̄2m

)
am(z j )

−2
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or, explicitly, using the formula (3.2.90) for the pure one-soliton transmission
coefficient,

e2(δ
+
j −δ−

j )+i(ψ+
j −ψ−

j ) =
j−1∏
l=1

(
z2j − z2l

z2j − (z∗
l )

−2

)2 J∏
m= j+1

(
z−2
m z̄2m

) ( z2j − (z∗
m)

−2

z2j − z2m

)2

.

(3.3.153)

According to (3.3.144b), this last formula provides the phase shift of the j-th
soliton on the transition between the asymptotic states τ → ±∞ due to the
interaction with the other solitons.
For instance, in the two-soliton case we have

δ+
1 − δ−

1 = − (δ+
2 − δ−

2

) = log

∣∣∣∣∣
(
z21 − z̄22

) (
z22 − z̄21

)
(
z21 − z22

) (
z̄21 − z̄22

)
∣∣∣∣∣ (3.3.154a)

ψ+
1 − ψ−

1 = arg

[
z22 z̄

−2
2

(
z21 − z̄22

) (
z̄21 − z̄22

)
(
z21 − z22

) (
z̄21 − z22

)
]
. (3.3.154b)

Note that letting z1 = e−ihk1 , z2 = e−ihk2 , in the continuous limit (i.e., for
h → 0) these expressions give back (2.3.97a)–(2.3.97b).

3.4 Conserved quantities and Hamiltonian structure

We showed that the scattering coefficient a(z) is time-independent. Since a(z)
is analytic for |z| > 1, it admits a Laurent expansion whose coefficients are
constants of the motion as well. From the representation (3.2.66a) for a(z), it
follows that the quantities

+∞∑
n=−∞

QnM
(2),−2 j+1
n (3.4.155)

are conserved for any integer j ≥ 0, and the coefficients M (2),− j
n of the asymp-

totic expansion of M (2)
n (z) at large z can be calculated iteratively from (3.2.47)–

(3.2.48). For instance, the first two constants of the motion are given by

�1 =
+∞∑

n=−∞
QnRn−1, �2 =

+∞∑
n=−∞

{
QnRn−2 − 1

2
(QnRn−1)

2

}
.

(3.4.156)

Note that we subtracted �1 from the expression for �2 obtained from (3.4.155)
for j = 2.
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The scattering coefficient ā(z) is also a constant of themotion, and proceeding
exactly as before one can obtain a second set of conserved quantities given by

+∞∑
n=−∞

Rn M̄
(1),2 j−1
n (3.4.157)

for any j ≥ 1. This yields

�̄1 =
+∞∑

n=−∞
Qn−1Rn, �̄2 =

+∞∑
n=−∞

{
Qn−2Rn − 1

2
(Qn−1Rn)

2

}
.

(3.4.158)
By taking into account the τ -dependence of the scattering coefficients
(3.2.138a), we show that the determinant of the scattering matrix is a constant
of the motion, that is,

det

(
a(z, τ ) b̄(z, τ )
b(z, τ ) ā(z, τ )

)
= det

(
a(z, 0) b̄(z, 0)
b(z, 0) ā(z, 0),

)
.

Then, from (3.2.60), it follows that

c−∞(τ ) = c−∞(0) =
+∞∏

n=−∞
(1 − RnQn) . (3.4.159)

Note that when the potentials satisfy the symmetry condition Rn = ∓Q∗
n ,

the first constants of the motion in (3.4.156) and (3.4.158) become

�1 = ∓
+∞∑

n=−∞
QnQ

∗
n−1, �̄1 = �∗

1 . (3.4.160)

Moreover, from (3.4.159) follows that

c−∞ =
+∞∏

n=−∞

(
1 ± |Qn|2

)
(3.4.161)

is also a conserved quantity.
The system of equations (3.1.2a)–(3.1.2b) is a Hamiltonian system [85],

[114] with

coordinates (q) : Qn(τ ) (3.4.162a)

momenta (p) : Rn(τ ) (3.4.162b)

Hamiltonian (H ) : −
+∞∑

n=−∞
Rn (Qn+1 + Qn−1) − 2

+∞∑
n=−∞

log (1 − RnQn)

(3.4.162c)
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with the noncanonical (i.e., nonconstant) brackets

{Qm(τ ), Rn(τ )} = i (1 − Rn(τ )Qn(τ )) δn,m (3.4.163a)

{Qn(τ ), Qm(τ )} = {Qn(τ ), Rm(τ )} = 0. (3.4.163b)

Unlike the continuous case (cf. (2.4.114a)), since the bracket (3.4.163a) is not
constant, the Jacobi identity (2.4.109) does not follow trivially from its inherent
skew-symmetry but has to be checked separately. Note that the Hamiltonian is
given by the conserved quantities �1, �̄1 and c−∞ in (3.4.156), (3.4.158), and
(3.4.159).
In the case when the initial data satisfy the additional constraints Rn = ∓Q∗

n ,
we identify coordinates Qn and momenta Q∗

n. The corresponding Hamiltonian
and brackets are given by

H = ±
+∞∑

n=−∞
Q∗

n (Qn+1 + Qn−1) ± 2
+∞∑

n=−∞
log
(
1 ± |Qn|2

)
(3.4.164)

{
Qm, Q

∗
n

} = i
(
1 ± |Qn|2

)
δn,m (3.4.165)

{Qn, Qm} = {Q∗
n, Q

∗
m

} = 0. (3.4.166)



Chapter 4

Matrix nonlinear Schrödinger
equation (MNLS)

4.1 Overview

The inverse scattering transform for the two-component VNLS system

iq (1)
t = q (1)

xx + 2(|q (1)|2 + |q (2)|2)q (1)

iq (2)
t = q (2)

xx + 2(|q (1)|2 + |q (2)|2)q (2)

and the dynamics of the soliton interactions were first developed in [120]. The
IST of the somewhat more general matrix system

iQt = Qxx − 2QRQ (4.1.1a)

−iRt = Rxx − 2RQR, (4.1.1b)

where Q is an N × M matrix and R is an M × N matrix, is a straightforward
generalization of the IST for the two-component VNLS system and provides a
parallel with the IST for the integrable discrete matrix system (cf. Chapter 5).
Hence, in this chapter we develop the IST on the infinite line for the system
(4.1.1a)–(4.1.1b), including the symmetry induced by the reductionR = ∓QH

as a special case.
In its basic outline, the IST for the system (4.1.1a)–(4.1.1b) follows the same

steps as the IST for the scalar NLS (cf. Chapter 2). However, since scalars are
replaced with matrices, some extra care is needed in the calculations. Never-
theless, the individual steps of the IST for the system (4.1.1a)–(4.1.1b) can
be mapped to the steps of the IST for the NLS. In particular, the treatment
of the direct problem follows [6], [21]. The inverse problem is formulated
as a Riemann–Hilbert boundary-value problem, following [6]. The Gel’fand–
Levitan–Marchenko integral equations are derived from the RH problem. We
also show that under the reduction R = ∓QH the GLM equations have no
homogeneous solutions.

90
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While the IST is similar, the effect of the vector generalization that takes
one from the NLS to the VNLS manifests itself in the dynamics of the soliton
interactions. In addition to the phase parameters of the scalar NLS solitons
(the location of the peak and the overall complex phase), the solitons of the
VNLS have a vector polarization that has no counterpart in the scalar NLS.
In fact, a single soliton of the VNLS can be described as a scalar NLS-type
soliton multiplied by a polarization vector. Although a single VNLS soliton is,
in effect, governed by the scalar NLS, the vector nature of the solitons (i.e.,
the associated polarization vector) affects the interaction of the vector solitons
with one another.
When vector solitons interact, they shift one another’s polarization vectors.

This polarization shift distinguishes vector–soliton interactions from scalar–
soliton interactions. Like the scalar-solitons interactions governed by the NLS,
vector–soliton interactions governed by the VNLS induce shifts in the location
of the peak and the overall complex phase of the interacting solitons while
leaving the amplitude and velocity of the individual solitons invariant. However,
the polarization shift (that occurs in addition to the other phase shifts) in vector-
soliton interactions is an element that distinguishes vector solitons from scalar
solitons.
Finally, in this chapter we describe how the VNLS can be understood as a

Hamiltonian systemwith infinitelymany conserved quantities. These conserved
quantities, including the Hamiltonian of the VNLS, are derived by making use
of the IST machinery that is developed here for the VNLS.

4.2 The inverse scattering transform for MNLS

4.2.1 Operator pair

The Lax pair for the matrix nonlinear Schrödinger system (4.1.1a)–(4.1.1b) is
naturally obtained from the matrix generalization of the linear system (2.2.3)–
(2.2.4), that is,

vx =
(−ikIN Q

R ikIM

)
v (4.2.2)

and

vt =
(
2ik2IN + iQR −2kQ− iQx

−2kr+ iRx −2ik2IM − iRQ

)
v, (4.2.3)

where v is an M-component vector; Q = Q(x, t) is an N × M matrix; R =
R(x, t) is an M × N matrix; and IN , IM are the N × N and M × M identity
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matrices, respectively. Indeed, the compatibility condition (i.e., the equality of
the mixed derivatives vxt = vt x ) is equivalent to the statement that Q and R
satisfy the evolution equations (4.1.1a)–(4.1.1b) if k, the scattering parameter,
is independent of x and t. Under the reduction R = ∓QH , the system (4.1.1a)–
(4.1.1b) corresponds to the single (matrix) PDE

iQt = Qxx ± 2QQHQ, (4.2.4)

and if Q ≡ q is either a row vector (N = 1) or a column vector (M = 1), it
reduces to VNLS (1.3.4), that is,

iqt = qxx ± 2 ‖q‖2 q. (4.2.5)

Moreover, the system (4.1.1a)–(4.1.1b) reduces to (2.1.2a)–(2.1.2b) for N =
M = 1; hence the contents of Chapter 2 regarding the scalar NLS equation can
be obtained from the results of the present chapter with this prescription.
As before, we refer to the equation with the x derivative, equation (4.2.2), as

the scattering problem and the equation with the t derivative, equation (4.2.3),
as the time-dependence.

4.2.2 Direct scattering problem

Jost functions and integral equations

We refer to solutions of the scattering problem (4.2.2) as eigenfunctions with
respect to the parameter k. When the potentialsQ,R→ 0 rapidly as x → ±∞,
the eigenfunctions are asymptotic to the solutions of

vx =
(−ikIN 0

0 ikIM

)
v

as |x | → ∞. The solutions of this differential equation have the bases

φ(x, k) ∼
(
IN
0

)
e−ikx , φ̄(x, k) ∼

(
0
IM

)
eikx as x → −∞ (4.2.6a)

ψ(x, k) ∼
(
0
IM

)
eikx , ψ̄(x, k) ∼

(
IN
0

)
e−ikx as x → +∞, (4.2.6b)

where IN , IM are the N × N and M × M identity matrices, respectively, and
φ, φ̄,ψ, ψ̄ are matrix-valued functions of the following dimensions:

φ(x, k) : (N + M) × N , φ̄(x, k) : (N + M) × M

ψ(x, k) : (N + M) × M, ψ̄(x, k) : (N + M) × N .
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In the following, we will refer to φ and φ̄ as “left” eigenfunctions, since they
are given by fixing their asymptotics at x → −∞, that is, from the “left,” as
opposed to the “right” eigenfunctionsψ and ψ̄, which are fixed by their behavior
at x → +∞, that is, from the “right.”
As done earlier and in the following analysis, it is convenient to consider

functions with constant boundary conditions. Hence, we define the Jost func-
tions as follows:

M(x, k) = eikxφ(x, k), M̄(x, k) = e−ikx φ̄(x, k), (4.2.7a)

N(x, k) = e−ikxψ(x, k), N̄(x, k) = eikxψ̄(x, k). (4.2.7b)

If the scattering problem (4.2.2) is rewritten as

vx = (ikJ+ Q̃) v, (4.2.8)

where

J =
(−IN 0
0 IM

)
, Q̃ =

(
0 Q
R 0

)
, (4.2.9)

then the Jost functions M(x, k) and N̄(x, k) are solutions of the differential
equation

χx (x, k) = ik(J+ IN+M )χ (x, k) + (Q̃χ) (x, k) (4.2.10a)

while N(x, k) and M̄(x, k) satisfy

χ̃x (x, k) = ik(J− IN+M )χ̃ (x, k) + (Q̃χ̃) (x, k) (4.2.10b)

with the constant boundary conditions

M(x, k) →
(
IN
0

)
, M̄(x, k) →

(
0
IM

)
as x → −∞ (4.2.11a)

N(x, k) →
(
0
IM

)
, N̄(x, k) →

(
IN
0

)
as x → +∞. (4.2.11b)

It is convenient to introduce the following notation: An (N + M) × J
matrix A will be denoted as

A =
(
A(up)

A(dn)

)
,

where the superscripts “up” and “dn” indicate, respectively, the top N rows and
the bottom M rows of matrix A (i.e., A(up) is the N × J upper block and A(dn)

is the lower M × J block of matrix A).
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Solutions of the differential equations (4.2.10a)–(4.2.10b) can be represented
by means of the following integral equations:

χ (x, k) = w+
∫ +∞

−∞
G(x − x ′, k)

(
Q̃χ
)
(x ′, k)dx ′

χ̃ (x, k) = w̃+
∫ +∞

−∞
G̃(x − x ′, k)

(
Q̃χ̃
)
(x ′, k)dx ′

or, in component form,

χm j (x, k) = (w)m j +
∫ +∞

−∞

N+M∑
�=1

(G)m� (x − x ′, k)
(
Q̃χ
)
�j (x

′, k)dx ′

m = 1, . . . , N + M, j = 1, . . . , N

χ̃m j (x, k) = (w̃)m j +
∫ +∞

−∞

N+M∑
�=1

(G̃)
m� (x − x ′, k)

(
Q̃χ̃
)
�j (x

′, k)dx ′

m = 1, . . . , N + M, j = 1, . . . ,M,

where

w =
(
w(up)

0

)
, w̃ =

(
0
w̃(dn)

)

and the Green’s functionsG(x, k) and G̃(x, k) are (N + M) × (N + M) matri-
ces satisfying the differential equations

L0G(x, k) = δ(x)IN+M , L̃0G̃(x, k) = δ(x)IN+M ,

where

L0 = IN+M∂x − ik(J+ IN+M ), L̃0 = IN+M∂x − ik(J− IN+M ).

The Green’s functions are not unique, and, as we show in the following, the
choice of theGreen’s function and the choice of the inhomogeneous termsw and
w̃ together determine the Jost function and its analytic properties. In analogy
with the scalar case (cf. Chapter 2), we use the Fourier transform method and
find

G±(x, k) = 1

2π i

∫
C±

(
p−1IN 0
0 (p − 2k)−1IM

)
eipxdp

G̃±(x, k) = 1

2π i

∫
C±

(
(p + 2k)−1IN 0

0 p−1IM

)
eipxdp,

where C± are the contours from −∞ to +∞ that, respectively, pass be-
low and above both the singularities at p = 0 and p = 2k (see Figure 2.1).
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Therefore we have

G±(x, k) = ±θ (±x)

(
IN 0
0 e2ikxIM

)
,

G̃±(x, k) = ∓θ (∓x)

(
e−2ikxIN 0
0 IM

)
. (4.2.12)

The “+” functions are analytic in the upper half-plane of k and the “−” func-
tions are analytic in the lower half-plane. Taking into account the boundary
conditions (4.2.11a)–(4.2.11b), we get the following integral equations for the
Jost solutions:

M(x, k) =
(
IN
0

)
+
∫ +∞

−∞
G+(x − x ′, k)

(
Q̃M

)
(x ′, k)dx ′ (4.2.13a)

N(x, k) =
(
0
IM

)
+
∫ +∞

−∞
G̃+(x − x ′, k)

(
Q̃N
)
(x ′, k)dx ′ (4.2.13b)

M̄(x, k) =
(
0
IM

)
+
∫ +∞

−∞
G̃−(x − x ′, k)

(
Q̃M̄

)
(x ′, k)dx ′ (4.2.13c)

N̄(x, k) =
(
IN
0

)
+
∫ +∞

−∞
G−(x − x ′, k)

(
Q̃N̄

)
(x ′, k)dx ′. (4.2.13d)

Equations (4.2.13a)–(4.2.13d) are Volterra integral equations. The results of
Lemma 2.1 can be generalized to the matrix case to show that if Q,R ∈ L1(R)
with respect to any matrix norm, that is,

‖Q‖1 =
∫ +∞

−∞
‖Qa(x)‖ dx < +∞

‖R‖1 =
∫ +∞

−∞
‖Ra(x)‖ dx < +∞,

where ‖·‖a is anymatrix norm, then theNeumann series of the integral equations
for M and N converge absolutely and uniformly (in x and k) in the upper k-
plane, while theNeumann series of the integral equations for M̄ and N̄ converge
absolutely and uniformly (in x and k) in the lower k-plane. This fact immediately
implies that the Jost functionsM(x, k) and N(x, k) are analytic functions of k
for Im k > 0 and continuous for Im k ≥ 0 and M̄(x, k), N̄(x, k) are analytic
functions of k for Im k < 0 and continuous for Im k ≤ 0.

Lemma 4.1 If Q,R ∈ L1 (R), then M(x, k),N(x, k) defined by (4.2.13a)–
(4.2.13b) are analytic functions of k for Im k > 0 and continuous for Im k ≥ 0,
while M̄(x, k), N̄(x, k) defined by (4.2.13c)–(4.2.13d) are analytic functions
of k for Im k < 0 and continuous for Im k ≤ 0. Moreover, these solutions are
unique in the space of continuous functions.
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Proof We prove the result forM(x, k). The Neumann series

M(x, k) =
∞∑
j=0

C j (x, k), (4.2.14)

where

C0(x, k) =
(
IN
0

)

C j+1(x, k) =
∫ +∞

−∞
G+(x − x ′, k)

(
Q̃C j

)
(x ′, k)dx ′ j ≥ 0, (4.2.15)

is, formally, a solution of the integral equation (4.2.13a). In upper/lower com-
ponent form

C(up)
j+1(x, k) =

∫ x

−∞
Q(x ′)C(dn)

j (x ′, k)dx ′ (4.2.16a)

C(dn)
j+1(x, k) =

∫ x

−∞
e2ik(x−x ′)R(x ′)C(up)

j (x ′, k)dx ′. (4.2.16b)

Because C(dn)
0 = 0 we have for any j ≥ 0

C(up)
2 j+1 = 0, C(dn)

2 j = 0.

Using the identities

1

j!

∫ x

−∞
| f (ξ )|

[∫ ξ

−∞

∣∣ f (ξ ′)
∣∣ dξ ′

] j

dξ

= 1

( j + 1)!

∫ x

−∞

d

dξ

[∫ ξ

−∞

∣∣ f (ξ ′)
∣∣ dξ ′

] j+1

dξ

= 1

( j + 1)!

[∫ x

−∞
| f (ξ )| dξ

] j+1

,

where f ∈ L1(R), one can show from (4.2.16a)–(4.2.16b) by induction on j
that for Im k ≥ 0

∥∥∥C(dn)
2 j+1(x, k)

∥∥∥
a

≤
(∫ x

−∞ ‖Qa(x ′)‖dx ′) j
j!

(∫ x
−∞ ‖Ra(x ′)‖dx ′) j+1

( j + 1)!∥∥∥C(up)
2 j (x, k)

∥∥∥
a

≤
(∫ x

−∞ ‖Qa(x ′)‖dx ′) j
j!

(∫ x
−∞ ‖Ra(x ′)‖dx ′) j

j!
.

Therefore, ifQ,R ∈ L1(R), the series (4.2.14) is bounded by a uniformly con-
vergent power series, which proves that the Neumann series (4.2.14) is itself
uniformly convergent for Im k ≥ 0. ThereforeM(x, k) is analytic for Im k > 0,
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continuous for Im k ≥ 0, and unique in the space of continuous functions
(cf. Chapter 2, Lemma 2.1).

The proofs for the other eigenfunctions are similar.
From the integral equations (4.2.13a)–(4.2.13d) we can compute the asymp-

totic expansion for large k of the Jost functions. Integration by parts yields, in
the respective half-planes,

M(x, k) =
(
IN − 1

2ik

∫ x
−∞Q(x

′)R(x ′)dx ′

− 1
2ikR(x)

)
+ O(k−2) (4.2.17a)

N̄(x, k) =
(
IN + 1

2ik

∫ +∞
x Q(x ′)R(x ′)dx ′

− 1
2ikR(x)

)
+ O(k−2) (4.2.17b)

N(x, k) =
(

1
2ikQ(x)

IM − 1
2ik

∫ +∞
x R(x ′)Q(x ′)dx ′

)
+ O(k−2) (4.2.17c)

M̄(x, k) =
(

1
2ikQ(x)

IM + 1
2ik

∫ x
−∞ R(x

′)Q(x ′)dx ′

)
+ O(k−2). (4.2.17d)

Scattering data

The twomatrix eigenfunctions with fixed boundary conditions as x → −∞ are
linearly independent, as are the two matrix eigenfunctions with fixed boundary
conditions as x → +∞. For any system of differential equations

dv

dx
= Av,

whereA = (Ai j
)
i, j=1,...,n and v(x) = (v(1)(x), . . . , v(n)(x))T , theWronskian of

the set of solutions v1, . . . , vn defined as

W (v1, . . . , vn) = det


 v

(1)
1 . . . v

(n)
1

. . . . . . . . .

v(1)n . . . v(n)n


 ,

satisfies the differential equation

d

dx
W (v1, . . . , vn) = trA W (v1, . . . , vn) .

Therefore, if u(x, k) and v(x, k) are any two solutions of (4.2.2), theWronskian
of u and v is given by

W (u(x, k), v(x, k)) = det (u(x, k), v(x, k)) , (4.2.18)
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and it satisfies
d

dx
W (u, v) = ik (M − N )W (u, v). (4.2.19)

Taking into account the asymptotics (4.2.6a)–(4.2.6b), (4.2.19) yields

W
(
φ(x, k), φ̄(x, k)

) = eik(M−N )x (4.2.20a)

W
(
ψ(x, k), ψ̄(x, k)

) = −eik(M−N )x , (4.2.20b)

which proves that the functions φ, φ̄ are linearly independent, as are ψ and ψ̄.
Therefore can write φ(x, k) and φ̄(x, k) as linear combinations of ψ(x, k) and
ψ̄(x, k), or vice versa. The coefficients of these linear combinations depend on
k. Hence, we can write

φ(x, k) = ψ(x, k)b(k) + ψ̄(x, k)a(k) (4.2.21a)

φ̄(x, k) = ψ(x, k) ā(k) + ψ̄(x, k)b̄(k), (4.2.21b)

where a(k) and ā(k) are square matrices, N × N and M × M , respectively,
while b(k) is an M × N matrix and b̄(k) is an N × M matrix. The relations
(4.2.21a)–(4.2.21b) hold for any k such that all four eigenfunctions exist. In
particular, they hold for Im k = 0. Let us introduce the scattering matrix

S(ξ ) =
(
a(ξ ) b̄(ξ )
b(ξ ) ā(ξ )

)
ξ ∈ R

in terms of which (4.2.21a)–(4.2.21b) can be written as(
φ(x, ξ ), φ̄(x, ξ )

) = (ψ̄(x, ξ ),ψ(x, ξ )
)
S(ξ ).

Making use of equations (4.2.20a)–(4.2.20b) and (4.2.21a)–(4.2.21b), we con-
clude that the scattering matrix is unimodular, that is,

detS(ξ ) ≡ det

(
a(ξ ) b̄(ξ )
b(ξ ) ā(ξ )

)
= 1 ξ ∈ R. (4.2.22)

It also convenient to introduce the “right” scattering coefficients expressing ψ

and ψ̄ as linear combinations of φ and φ̄, that is,

ψ(x, k) = φ(x, k)d(k) + φ̄(x, k)c(k) (4.2.23a)

ψ̄(x, k) = φ(x, k) c̄(k) + φ̄(x, k)d̄(k). (4.2.23b)

The scattering coefficients can be related to the Wronskian of the Jost solutions
in the following way:

W (φ(x, k),ψ(x, k))

= W

((
ψ̄(x, k),ψ(x, k)

) ( a(k)
b(k)

)
,
(
ψ̄(x, k),ψ(x, k)

) ( 0
IM

))
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= W

((
ψ̄(x, k),ψ(x, k)

) ( a(k) 0
b(k) IM

))
= W (ψ̄(x, k),ψ(x, k)) det a(k) (4.2.24a)

and similarly

W (ψ̄(x, k), φ̄(x, k)) = W (ψ̄(x, k),ψ(x, k)) det ā (k). (4.2.24b)

From the other side, using the “right” data we get the relations

W (φ(x, k),ψ(x, k)) = det c(k)W (φ(x, k), φ̄(x, k)) (4.2.24c)

W (ψ̄(x, k), φ̄(x, k)) = det c̄(k)W (φ(x, k), φ̄(x, k)), (4.2.24d)

and the comparison between (4.2.24a)–(4.2.24b) and (4.2.24c)–(4.2.24d) yields

det a(k) = det c(k) (4.2.25a)

det ā(k) = det c̄(k). (4.2.25b)

One can also derive the following integral relationships for the scattering
coefficients:

a(k) = IN +
∫ +∞

−∞
Q(x)M(dn)(x, k)dx, (4.2.26a)

b(k) =
∫ +∞

−∞
e−2ikxR(x)M(up)(x, k)dx, (4.2.26b)

ā(k) = IM +
∫ +∞

−∞
R(x)M̄(up)(x, k)dx, (4.2.26c)

b̄(k) =
∫ +∞

−∞
e2ikxQ(x)M̄(dn)(x, k)dx, (4.2.26d)

and

c̄(k) = IN −
∫ +∞

−∞
Q(x)N̄(dn)(x, k)dx, (4.2.27a)

d̄(k) = −
∫ +∞

−∞
e−2ikxR(x)N̄(up)(x, k)dx, (4.2.27b)

c(k) = IM −
∫ +∞

−∞
R(x)N(up)(x, k)dx, (4.2.27c)

d(k) = −
∫ +∞

−∞
e2ikxQ(x)N(dn)(x, k)dx . (4.2.27d)

Indeed, introducing

∆(x, k) =M(x, k) − N̄(x, k)a(k)
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and using the integral equations (4.2.13a), (4.2.13d) for M and N̄, as well as
the relation

G+(x, k) −G−(x, k) =
(
IN 0
0 e2ikxIM

)
,

we can write

∆(x, k) −
∫ +∞

−∞
G−(x − x ′, k)

(
Q̃∆

)
(x ′, k)dx ′

=
(
IN − a(k)

0

)
−
∫ +∞

−∞

(
Q(x ′)M(dn)(x ′, k)

e2ik(x−x ′)R(x ′)M(up)(x ′, k)

)
dx ′. (4.2.28)

From the other side, the scattering equation (4.2.21a) yields

∆(x, k) = e2ikxN(x, k)b(k),

and then

∆(x, k) −
∫ +∞

−∞
G−(x − x ′, k)

(
Q̃∆

) (
x ′, k

)
dx ′ =

(
0
b(k)

)
e2ikx , (4.2.29)

where we used the integral equation (4.2.13b) forN(x, k) as well as the identity

G−(x, k) = e2ikxG̃+(x, k).

Comparing (4.2.28) and (4.2.29), we get the integral representations (4.2.26a)
and (4.2.26b). Equations (4.2.26c) and (4.2.26d) are derived analogously, by
considering ∆̄(x, k) = M̄(x, k) − N(x, k) ā(k). Similarly, one obtains the inte-
gral representations for the “right” data (4.2.27a)–(4.2.27d).
SinceM(x, k) and M̄(x, k) are analytic, respectively, for Im k > 0 and Im k <

0, and continuous up to Im k = 0, the integral representations (4.2.26a) and
(4.2.26c) imply that a(k) is analytic in the upper k-plane and continuous for
Im k = 0 and ā(k) is analytic in the lower k-plane and continuous for Im k = 0.
On the other hand, b(k) and b̄(k) cannot in general be continued off the real axis.
From the integral representations (4.2.26a) and (4.2.26c) and the asymptotics

(4.2.17a), (4.2.17d) it also follows that

a(k) = IN − 1

2ik

∫ +∞

−∞
Q(x)R(x)dx + O(k−2) (4.2.30a)

ā(k) = IM + 1

2ik

∫ +∞

−∞
R(x)Q(x)dx + O(k−2). (4.2.30b)

With these asymptotics, the analytic properties of a and ā that we have already
established and the additional assumptions that det a(ξ ) �= 0, det ā(ξ ) �= 0 for
all ξ ∈ R, we conclude that there must be finitely many zeros of det a(k) in the
upper k-plane and finitely many zeros of det ā(k) in the lower k-plane.
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Note that equations (4.2.21a) and (4.2.21b) can be written as

µ(x, k) = N̄(x, k) + e2ikxN(x, k)ρ(k) (4.2.31a)

µ̄(x, k) = N(x, k) + e−2ikx N̄(x, k)ρ̄(k), (4.2.31b)

where

µ(x, k) =M(x, k)a−1(k), µ̄(x, k) = M̄(x, k) ā−1(k) (4.2.32)

and the reflection coefficients are defined by

ρ(k) = b(k)a−1(k), ρ̄(k) = b̄(k) ā−1(k). (4.2.33)

Moreover, from (4.2.21a)–(4.2.21b) and (4.2.23a)–(4.2.23b) it follows that
for any ξ ∈ R

(
a(ξ ) b̄(ξ )
b(ξ ) ā(ξ )

)−1

=
(
c̄(ξ ) d(ξ )
d̄(ξ ) c(ξ )

)
,

and therefore, under the assumptions det a(ξ ) �= 0, det ā (ξ ) �= 0 for all ξ ∈ R,
the following relations between “left” and “right” scattering data hold:

(IN − ρ̄(ξ )ρ(ξ )) a(ξ ) c̄ (ξ ) = IN (4.2.34a)

(IM − ρ(ξ )ρ̄(ξ )) ā(ξ )c (ξ ) = IM . (4.2.34b)

Proper eigenvalues and norming constants

As before, we define a proper eigenvalue to be a (complex) value of k for
which the scattering problem (4.2.2) admits a bounded solution that decays as
x → ±∞.
If Im k > 0, from the asymptotics (4.2.6a)–(4.2.6b) it follows that φ(x, k)

decays as x → −∞ while ψ(x, k) decays as x → +∞. Therefore, for k j =
ξ j + iη j in the upper k-plane to be an eigenvalue, it must be that one of the
solutions is in the span of the other one, that is,

W (φ(x, k j ),ψ(x, k j )) = 0.

Similarly, k̄ j in the lower k-plane is an eigenvalue if, and only if,

W (φ̄(x, k̄ j ), ψ̄(x, k̄ j )) = 0.

From the other side, equations (4.2.24a)–(4.2.24b) show that the eigenvalues in
the upper k-plane are the points k = k j such that det a(k j ) = 0 and the eigen-
values in the lower k-plane are the zeros k̄ j of det ā(k). There are no proper
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eigenvalues on the real k-axis because none of the basis eigenfunctions vanishes
as x → ±∞ if Im k = 0, and we also assume that det a(ξ ) �= 0, det ā(ξ ) �= 0
for any ξ ∈ R.
From equations (4.2.32) it follows that µ(x, k) is a meromorphic function of

kwith poles at the zeros of det a(k) and µ̄(x, k) is a meromorphic function with
poles at the zeros of det ā(k). Let us assume that det a(k) has J simple zeros
at the points

{
k j = ξ j + iη j : η j > 0

}J
j=1 and det ā(k) has J̄ simple zeros at{

k̄� = ξ̄ � + i η̄� : η̄� < 0
} J̄

�=1. Let α(k) be the cofactor matrix of a(k) and let
us introduce the notation a(k) = det a(k). Then, from equation (4.2.31a), it
follows that

Res
(
µ; k j

) = lim
k→k j

(
k − k j

)
µ(x, k)

= e2ik j xN
(
x, k j

) 1

a′(k j )
b(k j )α(k j )

= e2ik j xN
(
x, k j

)
C j , (4.2.35)

where ′ denotes the derivative with respect to the parameter k and for any
j = 1, . . . , J

C j = 1

a′(k j )
b(k j )α(k j ) (4.2.36)

is an M × N matrix that is referred to as the norming constant associated with
the discrete eigenvalue k j . By a similar procedure, we can find the expression
for the residues of the poles of µ̄(x, k),

Res
(
µ̄; k̄�

) = e−2i k̄�x N̄
(
x, k̄�

)
C̄�, (4.2.37)

where for any � = 1, . . . , J̄

C̄� = 1

ā′(k̄�)
b̄(k̄�)ᾱ(k̄�) (4.2.38)

is an N × M matrix (as before, ā(k) = det ā(k) and ᾱ(k) is the cofactor matrix
of ā(k)).
To summarize, in the general case the eigenvalues

{
k j : Im k j > 0

}J
j=1 ∪{

k̄� : Im k̄� < 0
} J̄

�=1 and the associated norming constants
{
C j
}J
j=1 ∪ { C̄�

} J̄

�=1,
together with the reflection coefficients {ρ(ξ ), ρ̄(ξ ) : ξ ∈ R} given by (4.2.33),
constitute the scattering data.

Symmetry reductions

The M-component VNLS equation is a special case of the system (4.1.1a)–
(4.1.1b) where Q ≡ q is an M-component row vector (i.e., N = 1) and
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R ≡ r = ∓qH . More generally, we can consider the symmetry

R = ∓QH (4.2.39)

for any matrix Q.
Note that, as in the scalar case, when R = QH the scattering operator is

Hermitian, and therefore in this reduction the scattering problem (4.2.2) with
potentials decaying rapidly enough as x → ±∞ does not admit discrete eigen-
values off the real k-axis.
The symmetries (4.2.39) in the potentials induce symmetries in the scattering

data. To determine such symmetries, we consider the matrix-valued functions
defined in the upper k-plane:

f±(x, k) = [σ±φ̄(x, k∗)
]H

φ(x, k),

where

σ± =
(
IN 0
0 ±IM

)
. (4.2.40)

From the scattering problem (4.2.2) it follows that under the symmetry (4.2.39)

∂

∂x
f±(x, k) = 0,

and equating the asymptotic behavior of f± as x → +∞ and x → −∞
following from (4.2.6a)–(4.2.6b) and (4.2.21a)–(4.2.21b), we find that

āH (k∗)b(k) ± b̄H (k∗)a(k) = 0.
Consequently

ρ̄H (k∗) = ∓ρ(k) (4.2.41)

for any k ∈ R. An analogous argument yields that g±(x, k) =[
σ±φ̄(x, k∗)

]H
ψ(x, k) and h±(x, k) = [σ±ψ̄ (x, k∗)

]H
φ(x, k), defined in the

upper k-plane, are independent of x. Therefore, comparing the asymptotics
of g± and h± as |x | → ∞ following from (4.2.6a)–(4.2.6b) and (4.2.23a)–
(4.2.23b), we get

āH (k∗) = c(k) (4.2.42a)

c̄H
(
k∗) = a(k) (4.2.42b)

and, in particular,

det c(k) = (det ā(k∗)
)∗
. (4.2.43)
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Taking into account (4.2.25a)–(4.2.25b), under the reduction (4.2.39), we con-
clude that

det ā(k∗) = (det a(k))∗ , (4.2.44)

which implies that k j in the upper k-plane is an eigenvalue if, and only if,

k̄ j = k∗
j (4.2.45)

is an eigenvalue in the lower k-plane. Consequently, J = J̄ , that is, the number
of eigenvalues in the upper k-plane is equal to the number of eigenvalues in the
lower k-plane. As far as the associated norming constants are concerned, from
(4.2.36), (4.2.38) and (4.2.41), (4.2.45) it follows that

C̄ j = ∓CH
j (4.2.46)

for j = 1, . . . , J .
The comparison of the asymptotic behavior of the functions f̂±(x, k) =[

σ±φ̄ (x, k∗)
]H

φ̄(x, k) and ĝ±(x, k) = [σ±φ (x, k∗)]H φ(x, k) as x → ±∞
yields the following characterization equations for the scattering data:

aH
(
k∗) a(k) = IN ∓ bH

(
k∗)b(k) Im k = 0 (4.2.47a)

āH
(
k∗) ā(k) = IM ∓ b̄H

(
k∗) b̄(k) Im k = 0, (4.2.47b)

which can be considered as defining a matrix Riemann-Hilbert problem with
zeros (matrix factorization problem) for a(k) and ā(k) with jump given across
the real axis and boundary conditions given by (4.2.30a)–(4.2.30b).

Trace formula

We assume that a(k) = det a(k) and ā(k) = det ā(k) have the simple zeros{
k j : Im k j > 0

}J
j=1 and

{
k̄ j : Im k̄ j < 0

} J̄
j=1 , respectively, and define

α(k) =
J∏

m=1

k − k∗
m

k − km
a(k), ᾱ(k) =

J̄∏
m=1

k − k̄∗
m

k − k̄m
ā(k). (4.2.48)

α(k) is analytic in the upper k-plane, where it has no zeros, while ᾱ(k) is analytic
in the lower k-plane,where it has no zeros;moreover, due to (4.2.30a)–(4.2.30b),
α(k), ᾱ(k) → 1 as |k| → ∞ in the proper half-plane. Therefore we have

log a(k) =
J∑

m=1

log

(
k − km
k − k∗

m

)
+ 1

2π i

∫ +∞

−∞

log (α(ξ )ᾱ(ξ ))

ξ − k
dξ, Im k > 0

(4.2.49a)

log ā(k) =
J∑

m=1

log

(
k − k̄m
k − k̄∗

m

)
− 1

2π i

∫ +∞

−∞

log (α(ξ )ᾱ(ξ ))

ξ − k
dξ Im k < 0.

(4.2.49b)
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If the symmetry (4.2.39) holds, from (4.2.44) and (4.2.46) it follows that
α(ξ )ᾱ(ξ ) = a(ξ )ā(ξ ) = |a(ξ )|2, and, using (4.2.34a), |a(ξ )|2 = det(IN −
ρ̄(ξ )ρ(ξ ))−1. Hence, equation (4.2.49b) allows one to recover a(k), ā(k) for
any k in the proper half-plane from knowledge of {k j , Im k j > 0}Jj=1,{
k̄ j , Im k̄ j > 0

} J̄
j=1, and α(ξ )ᾱ(ξ ) = det

(
IN ± ρH (ξ )ρ(ξ )

)−1
for ξ ∈ R.

The problem of reconstructing the matrices a(k) and ā(k) is more compli-
cated. We do note, however, that from (4.2.26a) and (4.2.26c) and the inverse
scattering below, the (matrix) scattering coefficients a(k) and ā(k) can be recon-

structed, in principle, from the scattering data
{
k j , C j

}J
j=1 ,

{
k̄ j , C̄ j

} J̄
j=1 and

{ρ(ξ ), ρ̄(ξ ) : ξ ∈ R}. In the inverse problem we use this method to obtain a(k)
and ā(k) for the special case of a pure one-soliton potential.

4.2.3 Inverse scattering problem

The inverse problem is the construction of amap from the scattering data back to
the potentials. We start with (i) the reflection coefficientsρ(ξ ) and ρ̄(ξ ) for ξ ∈
R, (ii) the discrete eigenvalues

{
k j , Im k j > 0

}J
j=1 and

{
k̄ j , Im k̄ j < 0

} J̄
j=1,

and (iii) the corresponding norming constants
{
C j
}J
j=1 and

{
C̄ j
} J̄
j=1. First we

use these data to recover the Jost functions. Then, we recover the potentials in
terms of these Jost functions.
In the previous section,we showed that the functionsN(x, k) and N̄(x, k) exist

and are analytic in the regions Im k > 0 and Im k < 0, respectively, if Q,R ∈
L1(R). Similarly, under the same conditions on the potentials, the functions
µ(x, k) and µ̄(x, k) defined by (4.2.32) are meromorphic in the regions Im k >
0 and Im k < 0, respectively. Therefore, in the inverse problem we assume
the unknown functions are sectionally meromorphic. With this assumption,
equations (4.2.31a)–(4.2.31b) can be considered to be the jump conditions of a
Riemann–Hilbert problem. As before, to recover the sectionally meromorphic
functions from the scattering data, we convert the Riemann–Hilbert problem to
a system of linear integral equations by the use of projection operators.

Case of no poles

We begin by solving the Riemann–Hilbert problem in the case where µ and µ̄
have no poles. Introducing the (N + M) × (N + M) matrices

m+(x, k) = (µ(x, k),N(x, k)) , m−(x, k) = (N̄(x, k), µ̄(x, k)) ,
(4.2.50)

we can write the “jump” conditions (4.2.31a)–(4.2.31b) as

m+(x, k) −m−(x, k) = m−(x, k)V(x, k), (4.2.51)



106 4 Matrix nonlinear Schrödinger equation

where

V(x, k) =
(−ρ(k)ρ̄(k) −ρ̄(k)e−2ikx

ρ(k)e2ikx 0

)
(4.2.52)

and

m±(x, k) → IN+M

as |k| → ∞ in the proper half-plane. Applying the projector P− defined in
(2.2.51) to equation (4.2.51) yields

m−(x, k) = IN+M + 1

2π i

∫ +∞

−∞

m−(x, ξ )V(x, ξ )
ξ − (k − i0)

dξ, (4.2.53)

which allows one, in principle, to find m−(x, k). Note that, as |k| → ∞,

m−(x, k) = I− 1

2π ik

∫ +∞

−∞
m−(x, ξ )V(x, ξ )dξ + O(k−2). (4.2.54)

Taking into account the asymptotics (4.2.17a)–(4.2.17d) and the definitions
(4.2.50), (4.2.52), from equation (4.2.54) we obtain the reconstruction of the
potentials in terms of the scattering data, that is,

R(x) = 1

π

∫ +∞

−∞
e2ikxN(dn)(x, k)ρ(k)dk (4.2.55a)

Q(x) = 1

π

∫ +∞

−∞
e−2ikx N̄(up)(x, k)ρ̄(k)dk. (4.2.55b)

Case of poles

Suppose now that the potentials are such that a(k) = det a(k) and ā(k) =
det ā(k) have a finite number of simple zeros in the regions Im k > 0
and Im k < 0, respectively, which we denote as

{
k j , Im k j > 0

}J
j=1 and{

k̄ j , Im k̄ j < 0
} J̄
j=1. We further assume that a(ξ ) �= 0, ā(ξ ) �= 0 for any ξ ∈ R.

As before, we apply P− to both sides of (4.2.31a) and P+ to both sides of
(4.2.31b). Taking into account the analytic properties of the Jost functions and
the asymptotics (4.2.17a)–(4.2.17d), as well as (4.2.35), we obtain

N̄(x, k) =
(
IN
0

)
+

J∑
j=1

e2ik j x

(k − k j )
N j (x)C j

+ 1

2π i

∫ +∞

−∞

e2iξ x

ξ − (k − i0)
N(x, ξ )ρ(ξ )dξ (4.2.56a)
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N(x, k) =
(
0
IM

)
+

J̄∑
j=1

e−2i k̄ j x

(k − k̄ j )
N̄ j (x)C̄ j

− 1

2π i

∫ +∞

−∞

e−2iξ x

ξ − (k + i0)
N̄(x, ξ )ρ̄(ξ )dξ, (4.2.56b)

where, as before,N j (x) = N(x, k j ) and N̄ j (x) = N̄(x, k̄ j ). To close the system,
we evaluate equation (4.2.56a) at k = k̄� for any � = 1, . . . , J̄ and (4.2.56b) at
k = k j for any j = 1, . . . , J , thus getting

N̄�(x) =
(
IN
0

)
+

J∑
j=1

e2ik j x

(k̄� − k j )
N j (x)C j + 1

2π i

∫ +∞

−∞

e2iξ x

ξ − k̄�
N(x, ξ )ρ(ξ )dξ

(4.2.56c)

N j (x) =
(
0
IM

)
+

J̄∑
m=1

e−2i k̄m x

(k j − k̄m)
N̄m(x)C̄m

− 1

2π i

∫ +∞

−∞

e−2iξ x

ξ − k j
N̄(x, ξ )ρ̄(ξ )dξ. (4.2.56d)

Equations (4.2.56a)–(4.2.56c) constitute a linear algebraic–integral system
of equations that, in principle, solve the inverse problem for the eigenfunc-
tions N(x, k) and N̄(x, k).

By comparing the asymptotic expansions at large k of the right-hand sides of
(4.2.56a) and (4.2.56b) to the expansions (4.2.17b) and (4.2.17c), respectively,
we obtain

R(x) = −2i
J∑

j=1

e2ik j xN(dn)
j (x)C j + 1

π

∫ +∞

−∞
e2iξ xN(dn)(x, ξ )ρ(ξ )dξ

(4.2.57a)

Q(x) = 2i
J̄∑

j=1

e−2i k̄ j x N̄(up)
j (x)C̄ j + 1

π

∫ +∞

−∞
e−2iξ x N̄(up)(x, ξ )ρ̄(ξ )dξ,

(4.2.57b)

which reconstruct the potentials and thus complete the formulation of the inverse
problem.
If the potentials decay rapidly enough at infinity, so that ρ(k) can be analyti-

cally continued above all poles
{
k j , Im k j > 0

}J
j=1 and ρ̄(k) can be analytically

continued below all poles
{
k̄ j , Im k̄ j < 0

} J̄
j=1, then the system of equations
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(4.2.56a)–(4.2.56d) can be simplified as follows:

N̄(x, k) =
(
IN
0

)
+ 1

2π i

∫
C0

e2iξ x

ξ − k
N(x, ξ )ρ(ξ )dξ (4.2.58a)

N(x, k) =
(
0
IM

)
− 1

2π i

∫
C̄0

e−2iξ x

ξ − k
N̄(x, ξ )ρ̄(ξ )dξ, (4.2.58b)

where C0 is a contour from −∞ to +∞ that passes above all zeros of a(k) and
C̄0 is a contour from −∞ to+∞ that passes below all zeros of ā(k). Under the
same hypothesis, equations (4.2.57a)–(4.2.57b) can be written as

R(x) = 1

π

∫
C0

e2iξ xN(dn)(x, ξ )ρ(ξ )dξ (4.2.59a)

Q(x) = 1

π

∫
C̄0

e−2iξ x N̄(up)(x, ξ )ρ̄(ξ )dξ. (4.2.59b)

Gel’fand–Levitan–Marchenko equations

We can also provide a reconstruction for the potentials by developing the
Gel’fand–Levitan–Marchenko integral equations, instead of using the projec-
tion operators (cf. [21]). In analogy with the scalar case, we represent the
eigenfunctions in terms of triangular kernels,

N(x, k) =
(
0
IM

)
+
∫ +∞

x
K(x, s)e−ik(x−s)ds s > x, Im k > 0

(4.2.60a)

N̄(x, k) =
(
IN
0

)
+
∫ +∞

x
K̄(x, s)eik(x−s)ds s > x, Im k < 0,

(4.2.60b)

where K and K̄ are (N + M) × M and (N + M) × N matrices, respectively.
Applying the operator 1

2π

∫ +∞
−∞ dk e−ik(x−y) for y > x to equation (4.2.58a),

we get

K̄(x, y) +
(
0
IM

)
F(x + y) +

∫ +∞

x
K(x, s)F(s + y)ds = 0, (4.2.61a)

where

F(x) = 1

2π

∫
C0

ρ(ξ )eiξ xdξ = 1

2π

∫ +∞

−∞
ρ(ξ )eiξ xdξ − i

J∑
j=1

C j e
ik j x .

(4.2.61b)
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Analogously, operating on equation (4.2.58b) with 1
2π

∫ +∞
−∞ dk eik(x−y) for y >

x gives

K(x, y) +
(
IN
0

)
F̄(x + y) +

∫ +∞

x
K̄(x, s)F̄(s + y)ds = 0, (4.2.61c)

where

F̄(x) = 1

2π

∫
C̄0

ρ̄(ξ )e−iξ xdξ = 1

2π

∫ +∞

−∞
ρ̄(ξ )e−iξ xdξ + i

J̄∑
j=1

C̄ j e
−i k̄ j x .

(4.2.61d)

Equations (4.2.61a) and (4.2.61c) constitute the Gel’fand–Levitan–Marchenko
integral equations.
Inserting the representations (4.2.60a)–(4.2.60b) for the eigenfunctions into

equations (4.2.59a)–(4.2.59b), we obtain the reconstruction of the potentials in
terms of the kernels of the GLM equations, that is,

Q(x) = −2K(dn)(x, x), R(x) = −2K̄(up)(x, x). (4.2.62)

If the symmetry (4.2.39) between the potentials holds, then, taking into ac-
count (4.2.41)–(4.2.46), we also have the symmetry

F̄(x) = ∓FH (x). (4.2.63)

Existence and uniqueness of solution

The question of existence and uniqueness of solutions of linear integral equa-
tions is usually examined by the use of the Fredholm alternative. For exam-
ple, under suitable assumptions on the decay of the potentials, the restriction
R = ∓QH is sufficient to guarantee that the solutions of (4.2.61a) and (4.2.61c)
exist and are unique. To show this, consider the corresponding homogeneous
equations (y > x)

h1(y) +
∫ +∞

x
h2(s)F(s + y)ds = 0 (4.2.64a)

h2(y) +
∫ +∞

x
h1(s)F̄(s + y)ds = 0, (4.2.64b)

where h1 is an (N + M) × N matrix; h2 is (N + M) × M ; and F, F̄ are
M × N and N × M , respectively, given by (4.2.61b) and (4.2.61d). Suppose
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h(y) = (h1(y),h2(y)) is a solution of (4.2.64a)–(4.2.64b) that vanishes identi-
cally for y < x and write for each matrix element

h(i, j)
1 (y) +

M∑
k=1

∫ +∞

x
h(i,k)
2 (s)F (k, j)(s + y)ds = 0

i = 1, . . . , (N + M), j = 1, . . . , N (4.2.65a)

h(i, j)
2 (y) +

N∑
k=1

∫ +∞

x
h(i,k)
1 (s)F̄ (k, j)(s + y)ds = 0

i = 1, . . . , (N + M), j = 1, . . . ,M. (4.2.65b)

We multiply (4.2.65a) by (h(i, j)
1 (y))∗ and (4.2.65b) by (h(i, j)

2 (y))∗, sum over all
i, j, and integrate with respect to y to obtain

∫ ∞

−∞

{
N+M∑
i=1

N∑
j=1

|h(i, j)
1 (y)|2 +

N+M∑
i=1

M∑
j=1

|h(i, j)
2 (y)|2

+
∫ ∞

−∞

[
N+M∑
i=1

N∑
j=1

M∑
k=1

(
h(i, j)
1 (y)

)∗
h(i,k)
2 (s)F (k, j)(s + y)

+
N+M∑
i=1

M∑
j=1

N∑
k=1

(
h(i, j)
2 (y)

)∗
h(i,k)
1 (s)F̄ (k, j)(s + y)

]
ds

}
dy = 0. (4.2.66)

If R = −QH, then the symmetry condition (4.2.63) allows (4.2.66) to be
written as

0 =
∫ ∞

−∞

{
N+M∑
i=1

N∑
j=1

|h(i, j)
1 (y)|2 +

N+M∑
i=1

M∑
j=1

|h(i, j)
2 (y)|2

+ 2iIm
∫ ∞

−∞

N+M∑
i=1

N∑
j=1

M∑
k=1

(
h(i, j)
1 (y)

)∗
h(i,k)
2 (s)F (k, j)(s + y)ds

}
dy.

(4.2.67)

The real and imaginary parts of (4.2.67)must both vanish, fromwhich it follows
that

h1(y) ≡ 0, h2(y) ≡ 0.

Moreover, if

R(x) = QH (x), (4.2.68)
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using (4.2.63), equation (4.2.66) then becomes

0 =
∫ ∞

−∞

{
N+M∑
i=1

N∑
j=1

|h(i, j)
1 (y)|2 +

N+M∑
i=1

M∑
j=1

|h(i, j)
2 (y)|2

+ 2Re
∫ ∞

−∞

N+M∑
i=1

N∑
j=1

M∑
k=1

(
h(i, j)
1 (y)

)∗
h(i,k)
2 (s)F (k, j)(s + y)ds

}
dy.

(4.2.69)

Moreover, in this case the scattering problem is formally self-adjoint, and there
are no discrete eigenvalues; therefore (4.2.61b) reduces to

F(x) = 1

2π

∫ +∞

−∞
ρ(ξ )eiξ xdξ. (4.2.70)

Writing (4.2.69) in the Fourier transform space and using Parseval’s identity
(2.2.75) yields

0 =
∫ ∞

−∞

{
N+M∑
i=1

N∑
j=1

|ĥ(i, j)
1 (ξ )|2 +

N+M∑
i=1

M∑
j=1

|ĥ(i, j)
2 (ξ )|2

+ 2Re
∫ ∞

−∞

N+M∑
i=1

N∑
j=1

M∑
k=1

(
ĥ
(i, j)
1 (ξ )

)∗
ĥ
(i,k)
2 (−ξ )ρ(k, j)(ξ )

}
dξ. (4.2.71)

Under the reduction (4.2.68), from (4.2.34a) and the symmetry relations (4.2.41)
and (4.2.42b), it follows that

|det a(ξ )|2 ˙det
(
IN − ρH (ξ )ρ(ξ )

) = 1.

For the M-component VNLS equation, N = 1 and ρ is an M-component col-
umn vector; therefore the latter equation yields 1 − ||ρ||2 = |a|−2, and, conse-
quently, |ρ( j,1)(ξ )| ≡ |ρ( j)(ξ )| < 1 for any j = 1, . . . ,M . Then, for any i, k,∣∣∣2Re [ĥ(i,1)

1 (−ξ )
(
ĥ
(i,k)
2 (ξ )

)∗
ρ(k,1)(ξ )

]∣∣∣ < 2|ĥ(i,1)
1 (−ξ )||ĥ(i,k)

2 (ξ )|
≤ |ĥ(i,1)

1 (−ξ )|2 + |ĥ(i,k)
2 (ξ )|2;

and hence from (4.2.71) it follows that ĥ1(ξ ) ≡ 0, ĥ2(ξ ) ≡ 0 and therefore
h1(y) ≡ 0, h2(y) ≡ 0.

We conclude that whenR = ∓QH , for N = 1 in the defocusing (+) case the
integral equations (4.2.61a) and (4.2.61c) admit no homogenous solutions but
the trivial one. The complete study of the inverse scattering problem is outside
the scope of this work. However, we can say that when the kernel F(x + y)
is compact, as it would be when the class of potentials is suitably restricted,
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then theGel’fand–Levitan–Marchenko equations are Fredholm. In this case, the
Fredholm alternative applies and the latter equation implies that the solution of
(4.2.61a) and (4.2.61c) exists and is unique.

4.2.4 Time evolution

The operator (4.2.3) that fixes the evolution of the Jost functions can be written
as

∂tv =
(
A B
C D

)
v, (4.2.72)

where B,C→ 0 as x → ±∞ (since we have assumed that Q,R→ 0 as x →
±∞). Then the time-dependence must asymptotically satisfy

∂tv =
(

A∞IN 0
0 −A∞IM

)
v as x → ±∞, (4.2.73)

where we introduced A∞ = 2ik2 such that

lim
|x |→∞

A(x, k) = A∞IN = 2ik2IN , lim
|x |→∞

D(x, k) = −A∞IM = −2ik2IM .

The system (4.2.73) has solutions that are linear combinations of

v+ =
(
eA∞tIN
0

)
, v− =

(
0

e−A∞tIM

)
.

However, such solutions are not compatible with the fixed boundary conditions
of the Jost functions (4.2.6a)–(4.2.6b). We define time-dependent functions

Φ(x, t) = eA∞tφ(x, t), Φ̄(x, t) = e−A∞t φ̄(x, t) (4.2.74a)

Ψ(x, t) = e−A∞tψ(x, t), Ψ̄(x, t) = eA∞tψ̄(x, t) (4.2.74b)

to be solutions of the time-differential equation (4.2.72). Then the evolution
equations for φ and φ̄ become

∂tφ =
(
A− A∞IN B

C D− A∞IM

)
φ,

∂t φ̄ =
(
A+ A∞IN B

C D+ A∞IM

)
φ̄, (4.2.75)

so that, taking into account equations (4.2.21a)–(4.2.21b) and evaluating
(4.2.75) as x → +∞, one obtains

∂ta(k) = 0, ∂t ā(k) = 0

∂tb(k) = −2A∞b(k), ∂t b̄(k) = 2A∞b̄(k)
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or, explicitly,

a(k, t) = a(k, 0), ā(k, t) = ā(k, 0) (4.2.76a)

b(k, t) = e−4ik2tb(k, 0), b̄(k, t) = e4ik
2t b̄(k, 0). (4.2.76b)

From (4.2.76a) it is clear that the eigenvalues (i.e., the zeros of a(k) ≡ det a(k)
and ā(k) ≡ ā(k)) are constant as the solutions evolve. Not only the number of
eigenvalues, but also their locations, are fixed. Thus, the eigenvalues are time-
independent discrete states of the evolution. On the other hand, the evolution
of the reflection coefficients (4.2.33) is given, like in the scalar case, by

ρ(k, t) = ρ(k, 0)e−4ik2t , ρ̄(k, t) = ρ̄(k, 0)e4ik
2t , (4.2.77)

and this also gives the evolution of the norming constants,

C j (t) = C j (0)e
−4ik2j t , C̄ j (t) = C̄ j (0)e

4i k̄2j t . (4.2.78)

4.3 Soliton solutions

4.3.1 One-soliton solution

In the case where the scattering data comprise proper eigenvalues but ρ(ξ ) =
ρ̄(ξ ) = 0 for ξ ∈ R, the algebraic–integral system (4.2.56a)–(4.2.56d) reduces
to the linear algebraic system

N̄l(x) =
(
IN
0

)
+

J∑
j=1

e2ik j x

(k̄l − k j )
N j (x)C j l = 1, . . . , J̄ (4.3.79a)

N j (x) =
(
0
IM

)
+

J̄∑
m=1

e−2i k̄m x

(k j − k̄m)
N̄m(x)C̄m j = 1, . . . , J. (4.3.79b)

The one-soliton solution is obtained for J = J̄ = 1. In the relevant physical
case, when the potentials satisfy the symmetry R = −QH , taking into account
(4.2.45) and (4.2.46), we get

N̄1(x) =
[
IN + e−4ηx

4η2
CH

1 C1

]−1
(

IN
− e2ik1x

2iη C1

)
(4.3.80)

N1(x) =
(
0
IM

)
− e−2ik∗

1 x

2iη

[
IN + e−4ηx

4η2
CH

1 C1

]−1
(

CH
1

− e2ik1x

2iη C1CH
1

)
,

(4.3.81)

where k1 = ξ + iη, η > 0. The vector case is obtained for N = 1 in which case
the matrix C1 reduces to an M-component column vector, while C̄1 ≡ −CH

1 .
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From (4.2.57b) with Q = q, it then follows that

q(x) = −2iηe−2iξ xsech(2ηx − 2δ)
CH

1

‖C1‖ , (4.3.82)

where

e2δ = ‖C1‖
2η

, ‖C1‖2 = CH
1 C1. (4.3.83)

Introducing the explicit time-dependence ofC1 as given by (4.2.78), one finally
gets the one-soliton solution of the VNLS equation,

q(x, t) = p 2η e−2iξ x+4i(ξ 2−η2)t−iπ/2sech(2ηx − 8ξηt − 2δ0), (4.3.84)

where

e2δ0 = ‖C1(0)‖
2η

, p = CH
1 (0)

‖C1(0)‖ . (4.3.85)

It is evident that the one-soliton solution of the VNLS is of the form

q(x, t) = p q(x, t), (4.3.86)

where q is the one-soliton solution of the scalar NLS (cf. (2.3.88)). Thus an
individual soliton of the VNLS is fundamentally governed by the scalar NLS.
However, the vector soliton (4.3.84) is also characterized by a polarization, that
is, the vector p, and the vector nature of the solution affects the dynamics when
solitons with different polarizations interact. These interactions are described
in Section 4.3.4.

4.3.2 Transmission coefficients for the pure one-soliton potential

To obtain the transmission coefficients relative to the pure one-soliton solu-
tion corresponding to the pairs {k1,C1} and

{
k̄1, C̄1

}
of a discrete eigenvalue/

norming constant, we insert (4.2.57a)–(4.2.57b) for J = J̄ = 1 and ρ(ξ ) =
ρ̄(ξ ) = 0 for any real ξ into (4.2.27a) and (4.2.27c) and use (4.2.56a)–(4.2.56b)
to get

c̄1(k) = IN − 2i

k − k1

∫ +∞

−∞
e2i(k1−k̄1)x N̄(up)

1 (x)C̄1N
(dn)
1 (x)C1dx (4.3.87)

c1(k) = IM + 2i

k − k̄1

∫ +∞

−∞
e2i(k1−k̄1)xN(dn)

1 (x)C1 N̄
(up)
1 (x)C̄1dx . (4.3.88)

For the sake of simplicity we now restrict ourselves to the case of the M-
component VNLS equation, that is, we take N = 1, and r = −qH . Then C1

is an M-component column vector, C̄1 = −CH
1 , and therefore c̄1(k) reduces to
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a scalar, while c1(k) is an M × M matrix. Taking into account the symmetry
(4.2.45) and substituting (4.3.80)–(4.3.81), we find that

c1(k) = IM − k1 − k∗
1

k − k∗
1

1

‖C1‖2
C1CH

1 (4.3.89a)

c̄1(k) = c̄1(k) = k − k∗
1

k − k1
. (4.3.89b)

From the symmetries (4.2.42a)–(4.2.42b) it then follows that

a1(k) = a(k) = k − k1
k − k∗

1

(4.3.89c)

ā1(k) = IM + k1 − k∗
1

k − k1

1

‖C1‖2
C1CH

1 . (4.3.89d)

Note that, in terms of the unit polarization vector (4.3.85), equations (4.3.89a)
and (4.3.89d) can be written as

c1(k) = IM − k1 − k∗
1

k − k∗
1

pH
1 p1 (4.3.90a)

ā1(k) = IM + k1 − k∗
1

k − k1
pH
1 p1. (4.3.90b)

4.3.3 Vector symmetry

The vector equation (4.2.5) reduces to the NLS (2.1.1) under the reduction

q(x, t) = p q(x, t), (4.3.91)

where p = (p(1), . . . , p(M)
)
is a constant M-component vector such that

‖p‖2 = |p(1)|2 + · · · + |p(M)|2 = 1 (4.3.92)

and q is a scalar function of x and t. As a consequence, any solution of the scalar
NLS generates a family of solutions of the VNLS parametrized by the choice
of p, to which we refer as reduction solutions. The vector p is usually called
the polarization of the reduction solution.
The fact that the polarization of a reduction solution is arbitrary (up to the

restriction ‖p‖2 = 1) is a manifestation of a symmetry of the VNLS. The de-
pendent variable transformation

q̃ = qU, (4.3.93)

where U is any unitary matrix, leaves the VNLS invariant. Thus, if q is a
reduction solution of the form (4.3.91), then q̃ is also a reduction solution with
p̃ = pU and q̃ = q. The transformation (4.3.93) can be interpreted as a change
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in the basis of the vector space of the dependent variable. For any reduction
solution, the polarization depends entirely on the choice of the basis, and by
changing the basis via transformations of the form (4.3.93) one can arbitrarily
change the polarization.
We refer to the squared absolute value of a component of the polarization

as the intensity of that component. By definition, the sum of the intensities,
that is, the total intensity, is 1. However, the distribution of intensity among the
components of the vector of any given reduction solution depends on the choice
of the polarization basis.

4.3.4 Vector–soliton interactions

We consider the solution of the VNLS (r = −qH and N = 1) corresponding
to the scattering data

{
k j = ξ j + iη j , η j > 0, C j }Jj=1 ∪ {ρ(ξ ) = 0 for ξ ∈ R

}
.

To get the pure J-soliton solution, one can in principle solve the linear system
(4.3.79a)–(4.3.79b). The problem of a J-soliton collision can be investigated by
looking at the asymptotic states as t → ±∞ (cf. [120]). For a generic multiple-
soliton solution of the VNLS, with the individual solitons traveling at different
velocities, in the backward (t → −∞) and forward (t → +∞) long-time limits
such a solution asymptotically breaks up into individual solitons,

q± ∼
J∑

j=1

p±
j q±

j t → ±∞, (4.3.94)

where p±
j is a complex unit vector and q±

j is a one-soliton solution of the NLS
such that q−

j and q+
j are characterized by the same amplitude and velocity.

Let us fix the values of the soliton parameters for t → −∞, that is, for each
eigenvalue k j = ξ j + iη j we assign a vector S−

j (see (4.3.84)–(4.3.85)) that
completely determines q−

j . For t → +∞ we denote the corresponding vectors
by S+

j . For definiteness, let us assume that ξ1 < ξ2 < · · · < ξJ . Then, as t →
−∞, the solitons are distributed along the x-axis in the order corresponding to
ξJ , ξJ−1, . . . , ξ1; the order of the soliton sequence is reversed as t → +∞. To
determine the result of the interaction among solitons, that is, to calculate S+

j

given S−
j , we trace the passage of the eigenfunctions through the asymptotic

states [120].We denote the “soliton coordinates” (i.e., the center of the solitons)
at the instant of time t by x j (t) (|t | is assumed large enough so that one can
talk about individual solitons). If t → −∞, then xJ � xJ−1 � · · · � x1. The
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function φ(x, k j ) has the form

φ(x, k j ) ∼ e−ik j x

(
IN
0

)
x � xJ .

After passing through the J-th soliton it will become

φ(x, k j ) ∼ e−ik j x

(
IN
0

)
aJ (k j ),

where aJ (k) is the transmission coefficient relative to the J-th soliton. Repeating
the argument (see Appendix B for details), we find

φ(x, k j ) ∼ e−ik j x

(
IN
0

) J∏
l= j+1
right

al(k j ) x j+1 � x � x j ,

where the notation “right” indicates that the product is performed such that the
matrix with index � occurs to the right of the matrix with index �− 1, that is,

J∏
l= j+1
right

al(k j ) = a j+1(k j )a j+2(k j ) . . . aJ (k j ).

Upon passing through the j-th soliton, since the corresponding state is a bound
state, we get

φ(x, k j ) ∼ eik j x

(
0
IM

)
S−

j

J∏
l= j+1
right

al(k j ) x j � x � x j−1. (4.3.95)

On the other hand, starting from x � x1 and proceeding in a similar way, we
find for the eigenfunction ψ the following asymptotic behavior:

ψ(x, k j ) ∼ eik j x

(
0
IM

) j−1∏
l=1
left

cl(k j ,S−
l ) x j � x � x j−1, (4.3.96)

where the additional argument in cl is to take into account the dependence on
the norming constant or, equivalently, on the polarization vector (cf. (4.3.89a),
(4.3.90a)). The notation “left” indicates that the product is performed such that
the matrix with index � occurs to the left of the matrix with index �− 1, that is,

j−1∏
l=1
left

cl(k j ,S−
l ) = c j−1(k j ,S−

j−1)c j−2(k j ,S−
j−2) . . . c1(k j ,S−

1 ).

Note that we could use (4.2.23a) and the symmetry (4.2.42a) relating c(k) to
āH (k∗) to express (4.3.96) in terms of “left” scattering data.
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Since we restrict ourselves to the case N = 1, the al(k j ) are scalars and
therefore we write them simply as al(k j ); moreover, equation (4.2.35) yields

φ(x, k j ) = ψ(x, k j )C j a
′(k j ).

Comparing (4.3.95) and (4.3.96), we get

J∏
l= j+1

al(k j ) S−
j =

j−1∏
l=1
left

cl(k j ,S−
l ) C j a

′(k j ), (4.3.97)

and therefore

C j (t) a
′(k j ) ∼

J∏
l= j+1

al(k j )
j−1∏
l=1
right

(
cl(k j ,S−

l )
)−1

S−
j t → −∞. (4.3.98a)

Proceeding in a similar fashion as t → +∞ and taking into account that the
order of the soliton sequence is reversed, we get

C j (t) a
′(k j ) ∼

j−1∏
l=1

al(k j )
J∏

l= j+1
left

(
cl(k j ,S+

l )
)−1

S+
j t → +∞. (4.3.98b)

Taking into account (4.2.78), from these two representations (4.3.98a)–
(4.3.98b) for C j (t) we obtain

S+
J =

J−1∏
l=1

1

al(kJ )

J−1∏
l=1
right

(
cl(kJ ,S−

l )
)−1
S−

J (4.3.99a)

S+
j =

j−1∏
l=1

1

al(k j )

J∏
l= j+1

al(k j )
J∏

l= j+1
right

cl(k j ,S+
l )

j+1∏
l=1
right

(
cl(k j ,S−

l )
)−1
S−

j

j = 1, . . . , J − 1. (4.3.99b)

The relations (4.3.99a) and (4.3.99b) solve the problem of a J–soliton collision.
Indeed, given S−

l for l = 1, . . . , J , (4.3.99a) allows one to find S+
J , and since

the expression (4.3.99b) for S+
j with j < J depends, through the c’s, on S+

l for
l > j , one can find iteratively S+

j for any j.

Two-soliton interaction

Let us consider the interaction of two solitons in more detail. In this case, from
(4.3.99a)–(4.3.99b) it follows that

S+
2 = 1

a1(k2)

(
c1(k2,S−

1 )
)−1
S−
2 (4.3.100a)

S+
1 = a2(k1) c2(k1,S+

2 ) S
−
1 . (4.3.100b)
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Note that the formulas (4.3.100a)–(4.3.100b) are not symmetric with respect
to the exchange of the subscripts 1 and 2. However, such a notation expresses
the invariance of the system under the substitution t → −t, q→ q∗ (here a
“fast” soliton becomes a “slow” soliton, and vice versa). Taking into account
the explicit expressions for a j and c j in the pure soliton case, given by (4.3.89c)
and (4.3.98a), one can solve (4.3.100a) for S+

2 and then substitute it into the
right-hand side of (4.3.100b) to get S+

1 . Indeed, let us introduce, according to
(4.3.85) and (4.3.94),

p±
j =

(
S±

j

)H

∥∥∥S±
j

∥∥∥ j = 1, 2. (4.3.101)

Then, using (4.3.89c), (4.3.90a), we obtain

a j (k) = k − k j

k − k∗
j

(4.3.102a)

c j (k,p j ) = IM − k j − k∗
j

k − k∗
j

pH
j p j (4.3.102b)

c−1
j (k,p j ) = IM + k j − k∗

j

k − k j
pH

j p j . (4.3.102c)

It is convenient to define

χ2 =
∥∥S+

2

∥∥2∥∥S−
2

∥∥2 ≡ 1∥∥S−
2

∥∥2
(
S+
2

)H
S+
2 , (4.3.103)

which, according to (4.3.100a), is given by

χ2 = |a1(k2)|−2 p−
2

(
c−1
1 (k1,p−

1 )
)H
c−1
1 (k1,p−

1 )p
− H
2 . (4.3.104)

Inserting (4.3.102a) and (4.3.102c), we obtain

χ2 =
∣∣∣∣k1 − k∗

2

k1 − k2

∣∣∣∣
2
[
1 +

(
k∗
1 − k1

) (
k2 − k∗

2

)
|k1 − k2|2

∣∣p− ∗
1 · p−

2

∣∣2] , (4.3.105)

and one can check that also

χ2 =
∥∥S−

1

∥∥2∥∥S+
1

∥∥2 .
From (4.3.100a)–(4.3.100b) it then follows that

p+
2 = 1

χ

1

a∗
1 (k2)

p−
2

(
c−1
1 (k2,p−

1 )
)H

(4.3.106a)

p+
1 = χ a∗

2 (k1)p
−
1

(
c2(k1,p+

2 )
)H

; (4.3.106b)
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and, according to the explicit expressions (4.3.102a)–(4.3.102c) for the trans-
mission coefficients, the unit polarization vectors after the interaction, p+

j ,
j = 1, 2, can be expressed in terms of the parameters characterizing the collid-
ing solitons as follows:

p+
2 = 1

χ

k1 − k∗
2

k∗
1 − k∗

2

[
p−
2 + k∗

1 − k1
k∗
2 − k∗

1

(
p− ∗
1 · p−

2

)
p−
1

]
(4.3.107a)

p+
1 = 1

χ

k1 − k∗
2

k1 − k2

[
p−
1 + k∗

2 − k2
k2 − k1

(
p− ∗
2 · p−

1

)
p−
2

]
, (4.3.107b)

with χ given by (4.3.105).
Note that, as in the scalar case, the centers of the solitons shift during the

collision process. However, in contrast to the scalar soliton interaction, these
shifts depend both on k1, k2 and on the polarization vectors p−

1 , p
−
2 . Indeed, if

we denote by δ±
1 , δ

±
2 the centers of the two solitons before/after the interaction,

from (4.3.100a)–(4.3.100b) it follows that

e2δ
±
1 =

∥∥S±
1

∥∥
2η1

e2δ
±
2 =

∥∥S±
2

∥∥
2η2

;

hence

e2(δ
+
2 −δ−

2 ) =
∥∥S+

2

∥∥∥∥S−
2

∥∥ ≡ χ e2(δ
+
1 −δ−

1 ) =
∥∥S+

1

∥∥∥∥S−
1

∥∥ ≡ 1

χ
.

As a consequence, the relative separation x±
1,2 between the soliton centers also

varies during the collision. Precisely,

x−
1,2 = δ−

2

η2
− δ−

1

η1
≡ 2δ−

2

i
(
k2 − k∗

2

) − 2δ−
1

i
(
k1 − k∗

1

)
x+
1,2 = δ+

2

η2
− δ+

1

η1
≡ 2δ+

2

i
(
k2 − k∗

2

) − 2δ+
1

i
(
k1 − k∗

1

)
and

�x = x+
1,2 − x−

1,2 = 2
(
δ+
2 − δ−

2

)
i
(
k2 − k∗

2

) − 2
(
δ+
1 − δ−

1

)
i
(
k1 − k∗

1

) = η1 + η2

2η1η2
logχ,

with χ given by (4.3.105) and k j = ξ j + iη j for j = 1, 2.
In general, when the solitons interact the intensity distributions of the in-

dividual solitons change. Only in the case when p−
2 = eiθp−

1 and in the case
when p−∗

1 · p−
2 = 0, that is, when the soliton polarizations are either parallel

or orthogonal, is the amplitude of each individual component of the solitons
conserved.
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Indeed, without loss of generality, one can parametrize the polarization vec-
tors of the solitons as

p−
1 = (1, 0) , p−

2 =
(
ρeiϕ,

√
1 − ρ2

)
(4.3.108)

with 0 ≤ ρ ≤ 1 and 0 ≤ ϕ ≤ 2π . Then, from (4.3.107a)–(4.3.107b), the polar-
ization vectors after the interaction are such that, for instance,

∣∣∣p+ (1)
1

∣∣∣2 = 1

χ2

∣∣∣∣k1 − k∗
2

k1 − k2

∣∣∣∣
2 ∣∣∣∣1 + k∗

2 − k2
k2 − k1

ρ2

∣∣∣∣
2

(4.3.109a)

∣∣∣p+ (1)
2

∣∣∣2 = 1

χ2

∣∣∣∣k1 − k∗
2

k1 − k2

∣∣∣∣
4

ρ2 (4.3.109b)

χ2 =
∣∣∣∣k1 − k∗

2

k1 − k2

∣∣∣∣
2
[
1 +

(
k∗
1 − k1

) (
k2 − k∗

2

)
|k1 − k2|2

ρ2

]
, (4.3.109c)

where, as usual, p+ ( j)
1 for j = 1, 2 denotes the j-th component of the corre-

sponding polarization vector.
In the polarization basis (4.3.108), we always have |p− (1)

1 |2 = 1; thus the
quantity |p+ (1)

1 |2 measures the shift in the intensity of soliton 1 that results from
the interaction of the solitons. Specifically, 0 ≤ |p+ (1)

1 |2 ≤ 1, where |p+ (1)
1 |2 =

1 indicates no change in the intensity distribution of soliton 1 and |p+ (1)
1 |2 = 0

indicates that all the intensity of soliton 1 is shifted to an orthogonal polarization
by the soliton interaction. In Figure 4.1we plot |p+ (1)

j |2 for j = 1, 2 as functions
of ρ2 for a specific choice of the eigenvalues.

Multisoliton interactions

Take J = 3 solitons and assume

v1 < v2 < v3, (4.3.110)

so that the solitons are distributed along the x-axis according to 3 − 2 − 1
as t → −∞ and 1 − 2 − 3 as t → ∞. The formulas for a three-soliton interac-
tion, under the assumption (4.3.110) for the velocities, are given by (4.3.99a)–
(4.3.99b):

S+
3 = (a1(k3)a2(k3))

−1
(
c1(k3,S−

1 )
)−1 (

c2(k3,S−
2 )
)−1

S−
3 (4.3.111a)

S+
2 = a3(k2)

a1(k2)
c3(k2,S+

3 )
(
c1(k2,S−

1 )
)−1
S−
2 (4.3.111b)
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Figure 4.1: Intensity shift induced by two-soliton interaction of the two-component
VNLS. The soliton parameters are k j = −b j + ia j with a1 = 1, a2 = 2, b1 = �b,
b2 = −�b and �b = 1 (dashed), �b = 0.5 (dotted), �b = 0.1 (solid). The initial po-
larizations are given by (4.3.108).

S+
1 = a2(k1)a3(k1) c2(k1,S+

2 ) c3(k1,S
+
3 ) S

−
1 . (4.3.111c)

According to equations (4.3.100a)–(4.3.100b) for a pairwise interaction,
(4.3.111a)–(4.3.111c) can be looked at in terms of compositions of pairwise
interactions, namely: (4.3.111a) corresponds to 3 interacting first with 2 and
then with 1 (eventually 2 will interact with 1, but this is not relevant as far as S+

3

is concerned); (4.3.111b) corresponds to 2 interacting first with 1 and then with
3 (but since in c3 we have S+

3 , this means, as it should be from a physical point
of view, that before 2 ↔ 3, the interaction 3 ↔ 1 has to take place); (4.3.111b)
corresponds to 3 interacting with 2 (because again in c3 we have S+

3 ), then 1
interacting with 3, and finally 1 interacting with 2.
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To clarify these statements, let us denote by S{ j,�} the polarization of soli-
ton j after the interaction with soliton �. Note that, according to (4.3.100a)–
(4.3.100b), S{ j,�} �= S{�, j}. Adopting this notation, and dropping the super-
script − for the polarization of the incoming solitons, that is, taking S−

j → S j ,
the expression (4.3.111a) for the polarization of soliton 3 corresponds to

S+
3 = (c1(k3,S1))−1 S{3,2} (a1(k3))

−1 ≡ S{{3,2},1}, (4.3.112)

that is, to the composition of pairwise interactions 3 ↔ 2, 3 ↔ 1 (eventually,
2 ↔ 1 will follow). On the other hand, depending on the initial positions and
relative velocities of the solitons, one could have first 2 interacting with 1,
giving S{2,1} for soliton 2 and S{1,2} for soliton 1; then 3 interacting with 1,
giving S{3,{1,2}} and S{{1,2},3}; and, finally, 3 interacting with 2. In this case, the
final polarization of soliton 3 is denoted

S+
3 = S{{3,{1,2}},{2,1}}.

However, one can show that the final result is independent of the order of
interaction, that is,

S{{3,2},1} = S{{3,{1,2}},{2,1}}. (4.3.113)

Because

S{3,{1,2}} = (c1(k3,S{1,2})
)−1

S3 (a1(k3))
−1 (4.3.114)

and

S{{3,{1,2}},{2,1}} = (c2(k3,S{2,1})
)−1

S{3,{1,2}} (a2(k3))
−1 , (4.3.115)

the condition (4.3.113) corresponds to

c2(k3,S1)c1(k3,S2) = c1(k3,S{1,2})c2(k3,S{2,1}) (4.3.116)

or, equivalently,

c2(k3,p1)c1(k3,p2) = c1(k3,p{1,2})c2(k3,p{2,1}). (4.3.117)

Taking, without loss of generality,

S1 =
(
1
0

)
, S2 =

(
ρe−iϕ√
1 − ρ2

)
, (4.3.118)

that is,

p1 = (1, 0) , p2 =
(
ρeiϕ,

√
1 − ρ2

)
,
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we obtain from (4.3.100a)–(4.3.100b)

pH
{2,1} = S{2,1}

||S{2,1}|| = 1

χ

k∗
1 − k2
k1 − k2

( k∗
1−k2
k1−k2

ρe−iϕ√
1 − ρ2

)
(4.3.119a)

pH
{1,2} = S{1,2}

||S{1,2}|| = 1

χ

k∗
1 − k2

k∗
1 − k∗

2


 1 + k2−k∗

2
k∗
2−k∗

1
ρ2

k2−k∗
2

k∗
2−k∗

1
ρ
√
1 − ρ2eiϕ


 (4.3.119b)

χ2 =
(
k1 − k∗

2

) (
k∗
1 − k2

)
(k1 − k2)

(
k∗
1 − k∗

2

) χ̃2 χ̃2 = 1 +
(
k∗
1 − k1

) (
k2 − k∗

2

)
(k1 − k2)

(
k∗
1 − k∗

2

) ρ2.

(4.3.119c)

Then, using (4.3.102b) for c j and (4.3.118) for S1 and S2, the left-hand side of
(4.3.117) is given by

c2(k3,p1)c1(k3,p2) = I− k1 − k∗
1

k3 − k∗
1

pH
1 p1 − k2 − k∗

2

k3 − k∗
2

pH
2 p2

+ (k1 − k∗
1 )(k2 − k∗

2 )

(k3 − k∗
1 )(k3 − k∗

2 )
(p∗

2 · p1)pH
1 p2

= I−

 k1−k∗

1
k3−k∗

1
+ k3−k1

k3−k∗
1

k2−k∗
2

k3−k∗
2
ρ2 k2−k∗

2
k3−k∗

2
ρ
√
1 − ρ2e−iϕ

k2−k∗
2

k3−k∗
2

k3−k1
k3−k∗

1
ρ
√
1 − ρ2eiϕ k2−k∗

2
k3−k∗

2

(
1 − ρ2

)

 .

(4.3.120)

On the other hand,

c1
(
k3,p{1,2}

) = I− k1 − k∗
1

k3 − k∗
1

pH
{1,2}p{1,2},

c2(k3,p{2,1}) = I− k2 − k∗
2

k3 − k∗
2

pH
{2,1}p{2,1};

therefore

c1
(
k3,p{1,2}

)
c2(k3,p{2,1}) = I− k1 − k∗

1

k3 − k∗
1

pH
{1,2}p{1,2} − k2 − k∗

2

k3 − k∗
2

pH
{2,1}p{2,1}

+ (k1 − k∗
1 )(k2 − k∗

2 )

(k3 − k∗
1 )(k3 − k∗

2 )
(p∗

{2,1} · p{1,2})pH
{1,2}p{2,1}.

(4.3.121)

By using (4.3.119a)–(4.3.119b) for p{1,2} and p{2,1}, one can show that indeed
(4.3.121) coincides with (4.3.120). Hence, (4.3.117) implies that, as far as
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soliton 3 is concerned, the polarization shift is obtained via pairwise interactions
and the result is independent of the order in which such interactions occur. In
the same way one can check that the same result also holds for solitons 2
and 1.
The shift of the center of solition 3 due to the interaction with the other

solitons is given by

χ3 = e2(δ
+
3 −δ−

3 ) =
∥∥S+

3

∥∥∥∥S−
3

∥∥ .
Once can verify that this shift of the center of soliton 3 is the result of two consec-
utive pairwise interactions. Indeed, using the expression (4.3.106a)–(4.3.106b)
for the pairwise collisions, one can verify that

χ3 = χ{3,2}χ{{3,2},1},

where we are using the notation {i, j} to denote the interaction between the
i-th and j-th solitons and {{i, j}, l} the interaction between the i-th solition
as it emerges from the collision with the j-th and the l-th soliton. Therefore
χ{i, j} is given by (4.3.105a) with 1 → i , 2 → j and i < j . The same also
can be shown for the shifts of centers of the other solitons.
Using these results, it follows by induction on equations (4.3.99a)–(4.3.99b),

that a J-soliton collision is equivalent to the composition of J (J − 1)/2 pairwise
interactions taking place in an arbitrary order (compatiblewith the choice for the
soliton velocities). This is in agreement with the fact that the two-soliton polar-
ization shift given by (4.3.107a)–(4.3.107b), is independent of the initial soliton
“centers”δ0, j in (4.3.84)–(4.3.85), which depend on the magnitude of ‖C j (0)‖.
Indeed, the fact that phase/polarization shifts in the three-soliton interaction
are independent of the order of the pairwise soliton interactions implies that
the phase/polarization shifts in the J-soliton case are similarly independent of
the order of the pairwise soliton interactions. To see this from another perspec-
tive, we first consider the four-soliton case and then generalize.
We denote the slowest soliton as 1, the next slowest soliton as 2, et cetera.

In the case of four solitons, the fastest soliton is denoted as 4, and, in the limit
t → −∞, the solitons are arranged in the order 4321 from left to right. As time
evolves, faster solitons overtake the slower solitons and shift their order through
several intermediate steps (transpositions). In the limit t → +∞, the solitons
are arranged in the order 1234. Prior to achieving this ultimate arrangement,
the solitons can be in one of three possible arrangements, namely, 1243, 2134,
or 1324. By pairwise comparison of these three arrangements, we show that the
phase/polarization shifts of the solitons in limit t → +∞ (i.e., the solitons in
the arrangement 1234) are independent of the penultimate order.
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In both the arrangements 2134 and 1324, the fastest soliton is the rightmost
soliton. Thus, in the evolution to the limit as t → +∞, this fastest soliton does
not interact with the other three. We therefore can consider the arrangements
2134 and 1324 to be penultimate intermediate steps in the evolution of the
solitons from the arrangement 3214 to the arrangement 1234 in the long-time
limit. The only way for the solitons to evolve to the arrangement 3214 from
the arrangement 4321 (the order in the limit as t → −∞) is the following:
4321 → 3421 → 3241 → 3214. Hence, the phase/polarization shifts of the
solitons in the arrangement 3214 are unique. In the evolution of the solitons
from the order 3214 to 1234, soliton 4 (the fastest soliton) is always the right-
most. In effect, the evolution from the arrangement 3214 to the long-time limit
1234 is a three-soliton interaction. In particular, this three-soliton interaction
includes the evolution of both the arrangement 2134 and the arrangement 1324
to the long-time limit 1234. As was shown previously, for any three-soliton
interaction, the shifts in the limit t → ∞ are independent of the order of the
transpositions. Therefore, the phase/polarization shifts in the long-time limit
are the same whether the solitons evolve through the penultimate arrangement
2134 or 1324.
The arrangements 1243 and 2134 are both obtained from the arrangement

2143 by a single transposition: In the evolution 2143 → 1243, the two left-
most solitons interact; In the evolution 2143 → 2134, the two rightmost soli-
tons interact. Similarly, both of these arrangements evolve to the arrangement
1234 as a result of a single transposition. Thus, the arrangements 1243 and
2134 are both intermediate steps in the evolution of the solitons from the
arrangement 2143 to the arrangement 1234. The key fact is that the evolu-
tion from 2143 to 1234 is the result of two isolated transpositions: (i) the
interchange of the two leftmost solitons and (ii) the interchange of the two
rightmost solitons. Due to this isolation, the temporal order of these two in-
terchanges must be irrelevant to the phase/polarization shifts of the solitons
in the long-time limit. To see that the shifts of the solitons are unique when
they are in the order 2143, we repeat the preceding argument. The evolution
of the solitons from the arrangement 4321 (in the limit as t → −∞) to the
order 2143 proceeds as follows: 4321 → 4231 → 4213 → 2413 → 2143 or
4321 → 4231 → 2431 → 2413 → 2143. Again, the solitons evolve from the
arrangement 4231 to the arrangement 2413 by a pair of isolated two-soliton
interactions. Hence, in the arrangement 2413 and in the uniquely following
arrangement 2143, the phase/polarization shifts of the individual solitons are
uniquely determined. This implies that the evolution from the penultimate ar-
rangements 1243 and 2134 to the long-time limit 1234 result in the same



4.3 Soliton solutions 127

ultimate phase shifts. Having shown that evolution from the penultimate ar-
rangements 2134 and 1324 results in the same phase/polarization shifts in the
limit as t → ∞, we conclude that all three penultimate arrangements 1243,
2134, and 1324 result in the same phase/polarization shifts in the evolution of
the solitons to the arrangement 1234 in the limit as t → +∞.
To generalize to the J-soliton case, we observe that the previous examples

in fact include all possible cases. Consider any two arrangements of J solitons,
denoted as B1 and B2, respectively, such that, for each of these arrangements, a
single transposition of solitons (i.e., a faster soliton overtakes a slower soliton)
results in a common arrangement, denoted as C. There are two possibilities:
The respective transpositions by which arrangements B1 and B2 evolve to ar-
rangement C involve either (i) two distinct pairs of solitons or (ii) two pairs
that include a common soliton. Case (i) corresponds to the second case above.
In this case, the soliton interactions consist of two distinct transpositions that
occur in an isolated manner and are therefore insensitive to the temporal order
in which they occur. Case (ii) is essentially a three-soliton interaction in which
B1 and B2 are the two possible penultimate arrangements in the evolution to
the arrangement C. As was shown previously, the phase/polarization shifts in
this three-soliton interaction are independent of the order of interaction. In par-
ticular, the phase/polarization shifts in arrangement C are the same whether the
penultimate arrangement is B1 or B2.

In general, for J solitons there can be up to J − 1 arrangements of solitons
that evolve, each via the transposition of a single pair of solitons, to a common
arrangement, C. However, when compared pairwise, these reduce to the two
cases given above. Hence, each pair of arrangements can be seen as the penul-
timate step in the evolution from a common preceding arrangement, denoted as
A, to the arrangementC. Therefore, in particular, the phases/polarizations of the
soliton in arrangementC are independent of whether the immediately preceding
arrangement was B1 or B2. Because this holds for all pairwise comparisons, we
conclude that the phases/polarizations of the solitons in arrangement C are in-
dependent of the immediately preceding arrangement, regardless of the number
of such possible arrangements. To see that phase/polarization shifts of the soli-
ton induced by the evolution of the system from the arrangement in the limit as
t → −∞ to the arrangement A are independent of the order of interactions, one
uses the immediately preceding argument recursively, through a finite number
of transpositions, to the arrangement in which the solitons are ordered from the
fastest to the slowest (which is achieved as t → −∞). We conclude that, in the
J-soliton case, the phase shifts between the limits as t → ±∞ and the shifts in
polarization are independent of the order in which the solitons interact.
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4.4 Conserved quantities and Hamiltonian structure

Weshowed that the scattering coefficient a(k) is time-independent. Since a(k) −
IN is analytic in the upper k-plane and a(k) − IN → 0 as |k| → ∞, it admits
a Laurent expansion whose coefficients are constants of the motion, as well.
From the integral representation (4.2.26a) for a(k), it follows that the quantities

Γ j =
∫ +∞

−∞
Q(x)M(dn),− j (x)dx (4.4.122)

are conserved for any integer j ≥ 0 and the coefficients M(dn),− j (x) of the
asymptotic expansion ofM(dn)(x, k) can be calculated iteratively from (4.2.13a).
For instance, M(dn),−1(x) is given by (4.2.17a); inserting the asymptotics
(4.2.17a) into (4.2.13a), one finds

M(dn),−2(x) = R(x)
∫ x

−∞
Q(ξ )R(ξ )dξ − Rx (x)

and so on. Therefore the first constants of the motion are given by

Γ1 = −
∫ +∞

−∞
Q(x)R(x)dx (4.4.123a)

Γ2 =
∫ +∞

−∞
dξ1Q(ξ1)R(ξ1)

[∫ ξ1

−∞
Q(ξ2)R(ξ2)dξ2

]

−
∫ +∞

−∞
Q(x)Rx (x)dx, (4.4.123b)

Γ3 =
∫ +∞

−∞
Q(ξ1)

{
−R(ξ1)

∫ ξ1

−∞
Q(ξ2)R(ξ2)

[∫ ξ2

−∞
Q(ξ3)R(ξ3)dξ3

]
dξ2

+ d

dξ1

[
R(ξ1)

∫ ξ1

−∞
Q(ξ2)R(ξ2)dξ2

]
− d2

dξ 21
R(ξ1)

}
dξ1, (4.4.123c)

and so on.
The scattering coefficient ā(k) is also a constant of the motion, and, proceed-

ing exactly as before, one can obtain a second set of conserved quantities given
by

Γ̄ j =
∫ +∞

−∞
r(x)M̄(up),− j (x)dx

for any j ≥ 1, yielding

Γ̄1 =
∫ +∞

−∞
R(x)Q(x)dx, (4.4.124a)
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Γ̄2 =
∫ +∞

−∞
dξ1R(ξ1)Q(ξ1)

[∫ ξ1

−∞
R(ξ2)Q(ξ2)dξ2

]

−
∫ +∞

−∞
R(x)Qx (x)dx, (4.4.124b)

and so on.
Under the reductions Q = q, where q, is an M × 1 row vector and R = r =

∓qH , q(x)r(x) is a scalar and the constants of motion (4.4.123) reduce to

Γ1 = ±
∫

‖q(x)‖2 dx (4.4.125a)

Γ2 = ±
∫
q(x)qH

x (x)dx (4.4.125b)

Γ3 =
∫ (∓ ‖qx (x)‖2 + ‖q(x)‖4) dx . (4.4.125c)

The dynamical system (4.2.4) is Hamiltonian, with:

coordinates (q) : q ( j)(x, t) (4.4.126a)

momenta (p) : q ( j)(x, t)∗ (4.4.126b)

Hamiltonian (H ) : i
∫ +∞

−∞

(∓ ‖qx (x)‖2 + ‖q(x)‖4) dx (4.4.126c)

and the canonical brackets{
q ( j)(x, t), q (k)(y, t)∗

} = iδ(x − y)δ j,k (4.4.127a){
q ( j)(x, t), q (k)(y, t)

} = 0. (4.4.127b)

Note that the Hamiltonian is given by the conserved quantity (4.4.125c).



Chapter 5

Integrable discrete matrix NLS
equation (IDMNLS)

5.1 Overview

The integrable discrete matrix NLS system

i
d

dτ
Qn = Qn+1 − 2Qn + AQn +QnB+Qn−1 − Qn+1RnQn −QnRnQn−1

(5.1.1a)

− i
d

dτ
Rn = Rn+1 − 2Rn + BRn + RnA+ Rn−1 − Rn+1QnRn − RnQnRn−1,

(5.1.1b)

where Qn and Rn are, respectively, N × M and M × N matrices, results from
the compatibility condition of the following linear equations [18], [167], [170]:

vn+1 =
(
zIN Qn

Rn z−1IM

)
vn (5.1.2a)

d

dτ
vn =

(
iQnRn−1 − i

2

(
z − z−1

)2
IN − iA −i zQn + i z−1Qn−1

i z−1Rn − i zRn−1 −iRnQn−1 + i
2

(
z − z−1

)2
IM + iB

)
vn,

(5.1.2b)

where, as usual, IN is the N × N identity matrix and IM is the M × M identity
matrix.
In [83], [84] the IST for an eigenvalue problem that is equivalent to (5.1.2a)

was formulated. In particular, the completeness relation for the squared solu-
tions was proved and the inverse problem was reduced to a Riemann–Hilbert
problem with canonical normalization.
We observe that equation (5.1.2b) reduces to the scalar equation (3.2.5) when

N = M = 1 andA = B = 0. Further, note that the matricesA andB in (5.1.2b)

130
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and in the system (5.1.1a)–(5.1.1b) can be absorbed by the gauge transformation

Q̂n = eiτAQne
iτB, R̂n = e−iτBRne

−iτA, v̂n =
(
eiτA 0
0 e−iτB

)
vn.

(5.1.3)

That is, (5.1.2a)–(5.1.2b) are satisfied under the substitutions

Qn → Q̂n, Rn → R̂n, vn → v̂n, A,B→ 0.

The system (5.1.1a)–(5.1.1b) does not, in general, admit the reduction
Rn = ∓QH

n , and the asymmetry depends on the noncommutativity of matrix
multiplication. However, if one takes M = N and restricts Rn and Qn to be
such that

RnQn = QnRn = αnIN (5.1.4)

and αn is real when Rn = ∓QH
n , then this symmetry is a consistent reduction

of (5.1.1a)–(5.1.1b), which reduces to the single (matrix) equation

i
d

dτ
Qn = Qn+1 − 2Qn + AQn +QnB+Qn−1 − αn (Qn+1 +Qn−1) .

(5.1.5)
In the case N = 2, the matrices

Qn =
(

Q(1)
n Q(2)

n

(−1)n R(2)
n (−1)n+1R(1)

n

)
, Rn =

(
R(1)
n (−1)nQ(2)

n

R(2)
n (−1)n+1Q(1)

n

)
(5.1.6)

satisfy the condition (5.1.4) with

RnQn = QnRn = αnI = (R(1)
n Q(1)

n + R(2)
n Q(2)

n

)
I,

where, as usual, I denotes the 2 × 2 identity matrix. Note that (5.1.6) is equiv-
alent to

Rn = (−1)nPQT
n P, (5.1.7)

where

P =
(

0 1
−1 0

)
(5.1.8)

and the superscript T denotes matrix transposition.
When A = B = 0, equations (5.1.1a)–(5.1.1b) with the symmetry condition

(5.1.7) imply that the vectors qn = h−1
(
Q(1)

n , Q(2)
n

)T
, rn = h−1

(
R(1)
n , R(2)

n

)T
satisfy

i
d

dt
qn = qn+1 + qn−1 − 2qn

h2
− (rn · qn) (qn+1 + qn−1) (5.1.9a)

− i
d

dt
rn = rn+1 + rn−1 − 2rn

h2
− (rn · qn) (rn+1 + rn−1) (5.1.9b)
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with t = h2τ . If, in addition, Rn = ∓QH
n , that is, rn = ∓q∗

n , then

i
d

dt
qn = qn+1 + qn−1 − 2qn

h2
± ‖qn‖2 (qn+1 + qn−1) . (5.1.10)

Thus the vector extension of the IDNLS is amongst the class of equations solved
by the IST associated with (5.1.2a)–(5.1.2b). Equation (5.1.10) is referred to
here as the integrable discrete vector NLS (IDVNLS).
We also note that the symmetry (5.1.4) between Qn and Rn imposes restric-

tions on the choice of the gauge matrices A and B. Indeed, if the symmetry
condition (5.1.7) is imposed at the initial time, say τ = 0,

Rn(0) = (−1)nPQT
n (0)P, (5.1.11)

it is preserved by the time evolution if, and only if,

d

dτ

[
Rn(τ ) − (−1)nPQT

n (τ )P
]∣∣∣∣
τ=0

= 0, (5.1.12)

that is, according to (5.1.1a)–(5.1.1b), for A and B satisfying

B = 2I+ PBTP, A = 2I+ PATP. (5.1.13)

The condition (5.1.13) is satisfied, for instance, if A = B = I.
To obtain solutions of the system (5.1.9a)–(5.1.9b) one first determines the

evolution of the potentials Q̂n and R̂n such that

Q̂n (0) = Qn (0) , R̂n (0) = Rn (0) ,

which solve the system (5.1.1a)–(5.1.1b) with gauge A = B = I, that is,

i
d

dτ
Q̂n = Q̂n+1 + Q̂n−1 − Q̂n+1R̂nQ̂n − Q̂nR̂nQ̂n−1 (5.1.14a)

−i
d

dτ
R̂n = R̂n+1 + R̂n−1 − R̂n+1Q̂nR̂n − R̂nQ̂nR̂n−1, (5.1.14b)

and then uses the transformations

Qn (τ ) = eiτAQ̂n (τ ) e
iτB = e2iτ Q̂n(τ ) (5.1.15a)

Rn (τ ) = e−iτBR̂n (τ ) e
−iτA = e−2iτ R̂n(τ ) (5.1.15b)

to obtain the solution of (5.1.1a)–(5.1.1b) with gauge A = B = 0.
The symmetry (5.1.4) has no counterpart in the IST for the scalar IDNLS.

The symmetry between the potentials induces the additional symmetry in the
scattering data associated with the block-matrix scattering problem (see the
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discussion on symmetries in Section 5.2.1). This additional symmetry must be
included in the formulation of the block-matrix inverse scattering problem in
order to obtain a solution of the system (5.1.5) and the important special case
(5.1.10) via the IST.

5.2 The inverse scattering transform for IDMNLS

5.2.1 Direct scattering problem

Eigenfunctions

The scattering problem (5.1.2a) associated with the integrable discrete matrix
NLS can be written compactly as

vn+1 = Snvn, (5.2.16)

where

Sn =
(
zIN Qn

Rn z−1IM

)
. (5.2.17)

For decaying potentials this difference equation admits the asymptotic solutions

φn(z) ∼ zn
(
IN
0

)
, φ̄n(z) ∼ z−n

(
0
IM

)
as n → −∞ (5.2.18a)

and

ψn(z) ∼ z−n

(
0
IM

)
, ψ̄n(z) ∼ zn

(
IN
0

)
as n → +∞, (5.2.18b)

which are determined by the boundary condition as n → ±∞, respectively.
These solutions are matrix-valued functions with the following dimensions:

φn(z) : (N + M) × N , φ̄n(z) : (N + M) × M

ψn(z) : (N + M) × M, ψ̄n(z) : (N + M) × N .

We prove in the following (see the section on scattering data) that both
φ, φ̄ and ψ, ψ̄ form a basis of solutions.
As in the IST for the 2 × 2 scattering problem we dealt with in Chapter 3, we

introduce eigenfunctions with constant (i.e., independent of n and z) boundary
conditions as n → ±∞ via the following transformations:

Mn(z) = z−nφn(z), M̄n(z) = znφ̄n(z), (5.2.19a)

Nn(z) = znψn(z), N̄n(z) = z−nψ̄n(z). (5.2.19b)

These modified eigenfunctions satisfy the constant boundary conditions:

Mn(z) ∼
(
IN
0

)
, M̄n(z) ∼

(
0
IM

)
as n → −∞ (5.2.20a)
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and

Nn(z) ∼
(
0
IM

)
, N̄n(z) ∼

(
IN
0

)
as n → +∞ (5.2.20b)

and the difference equations:

Mn+1(z) − z−1ZMn(z) = z−1Q̃nMn(z) (5.2.21a)

M̄n+1(z) − zZM̄n(z) = zQ̃nM̄n(z) (5.2.21b)

Nn+1(z) − zZNn(z) = zQ̃nNn(z) (5.2.21c)

N̄n+1(z) − z−1ZN̄n(z) = z−1Q̃nN̄n(z), (5.2.21d)

where

Z =
(
zIN 0
0 z−1IM

)
, Q̃n =

(
0 Qn

Rn 0

)
.

The difference equations (5.2.21a)–(5.2.21d), along with their respective
boundary conditions (5.2.20a)–(5.2.20b), can be converted to summation equa-
tions by the method of Green’s functions. The derivation of the Green’s func-
tions is essentially the same as for the 2 × 2 scattering problem. The Green’s
function corresponding to (5.2.21a) or, equivalently, (5.2.21d) is a solution of
the difference equation

Gn+1 − z−1ZGn = z−1δ0,nIN+M . (5.2.22)

If vn satisfies the summation equation

vn = w+
+∞∑

k=−∞
Gn−kQ̃kvk, (5.2.23)

where Gn is a solution of (5.2.22) and w satisfies

w− z−1Zw = 0, (5.2.24)

then vn is a solution of the difference equation (5.2.21a) or, equivalently,
(5.2.21d). The Green’s function is not unique, and, as we show below, the
choice of the Green’s function and the choice of the inhomogeneous term w
together determine the eigenfunction and its analytical properties.
To find the Green’s function explicitly, we first note that one can set the

off-diagonal blocks of Gn to zero and write

Gn =
(
g(1)n IN 0
0 g(2)n IM

)
, (5.2.25)

where, according to (5.2.22), g( j)n must satisfy

g( j)n+1 − b( j)g( j)n = z−1δ0,n j = 1, 2 (5.2.26)
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with

b(1) = 1, b(2) = z−2. (5.2.27)

Next, we represent g( j)n and δ0,n as Fourier integrals

g( j)n = 1

2π i

∮
|p|=1

pn−1ĝ( j)(p)dp, δ0,n = 1

2π i

∮
|p|=1

pn−1dp.

Substituting these integrals into the difference equations (5.2.26) yields

ĝ( j)(p) = z−1 1

p − b( j)

and

g( j)n = z−1 1

2π i

∮
|p|=1

1

p − b( j)
pn−1dp. (5.2.28)

The integral in (5.2.28) depends only on whether the pole b( j) is located inside
or outside the contour of integration. However, when |z| = 1 we have

∣∣b(1)∣∣ =∣∣b(2)∣∣ = 1, that is, the poles are on the contour |p| = 1. As usual, we consider
contours that are perturbed away from |p| = 1 to avoid the singularities. LetCout

be a contour enclosing p = 0 and p = b( j) and let C in be a contour enclosing
p = 0 but not p = b( j) (see Figure 3.1). Consequently, we get

g( j),outn = z−1 1

2π i

∮
Cout

1

p − b( j)
pn−1dp = z−1

{(
b( j)
)n−1

n ≥ 1
0 n ≤ 0

(5.2.29)

and

g( j),inn = z−1 1

2π i

∮
C in

1

p − b( j)
pn−1dp = z−1

{
0 n ≥ 1

− (b( j))n−1
n ≤ 0.

(5.2.30)

By substituting one or the other of (5.2.29) or (5.2.30) into (5.2.25), with b( j)

given by (5.2.27), we obtain two Green’s functions satisfying (5.2.26), that is,

G�
n(z) = z−1θ (n − 1)

(
IN 0
0 z−2(n−1)IM

)
(5.2.31a)

Ḡr
n(z) = −z−1θ (−n)

(
IN 0
0 z−2(n−1)IM

)
, (5.2.31b)
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where θ (n) is the discrete version of the step function introduced in (3.2.23),
that is,

θ(n) =
n∑

k=−∞
δ0,k =

{
1 n ≥ 0
0 n < 0.

Taking into account the boundary conditions (5.2.20a)–(5.2.20b) and the
relation (5.2.24) for the inhomogeneous term in (5.2.23), if Qn,Rn → 0 as
n → ±∞, we get the following summation equations forMn and N̄n:

Mn =
(
IN
0

)
+

+∞∑
k=−∞

G�
n−kQ̃kMk (5.2.32a)

N̄n =
(
IN
0

)
+

+∞∑
k=−∞

Ḡr
n−kQ̃kN̄k . (5.2.32b)

A similar approach yields the summation equations for M̄n(z) and Nn(z):

M̄n =
(
0
IM

)
+

+∞∑
k=−∞

Ḡ�
n−kQ̃kM̄k (5.2.32c)

Nn =
(
0
IM

)
+

+∞∑
k=−∞

Gr
n−kQ̃kNk, (5.2.32d)

where

Ḡ�
n(z) = zθ(n − 1)

(
z2(n−1)IN 0
0 IM

)
(5.2.33a)

Gr
n(z) = −zθ(−n)

(
z2(n−1)IN 0
0 IM

)
. (5.2.33b)

Existence and analyticity of the eigenfunctions

The existence of the eigenfunctions can be proved by iteration (i.e., Neumann
series) as long as‖Q‖1,‖R‖1 < ∞.Here‖Q‖1 =∑+∞

n=−∞ ‖Qn‖a ,where‖Qn‖a

is any matrix norm. We also note that, if the potentials Qn and Rn have finite
support (Qn , Rn = 0 if n < nmin and n > nmax), each of the eigenfunctions
can be generated by a finite number of applications of the appropriate differ-
ence equation (5.2.21a)–(5.2.21d) with the proper choice of boundary condi-
tion. To prove the existence and the sectional analyticity of the eigenfunctions
in a more general case, we will make use of Lemmas A1 and A2 proved in
Appendix A.

Lemma 5.1 If ‖Q‖1, ‖R‖1 are bounded, then Mn(z),Nn(z) defined by
(5.2.32a), (5.2.32d) are analytic functions of z for |z| > 1 and continuous for
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|z| ≥ 1, and N̄n(z), M̄n(z) defined by (5.2.32b), (5.2.32c) are analytic functions
of z for |z| < 1 and continuous for |z| ≤ 1. Moreover, these eigenfunctions are
unique in the space of continuous functions.

Proof Consider the eigenfunctionMn(z). The Neumann series

Mn(z) =
∞∑
j=0

C j
n(z), (5.2.34)

where

C0
n(z) =

(
IN
0

)
(5.2.35a)

C j+1
n (z) =

+∞∑
k=−∞

G�
n−k(z)Q̃kC

j
k (z), j ≥ 0 (5.2.35b)

is, formally, a solution of the summation equation (5.2.32a). To make this
rigorous, we establish a bound on the C j

n such that the series representation
(5.2.34) converges absolutely and uniformly in n and absolutely and uniformly
in z in the region |z| ≥ 1.
The summation equation forMn(z) can be written as

M(up)
n (z) = IN + z−1

n−1∑
k=−∞

QkM
(dn)
k (z) (5.2.36a)

M(dn)
n (z) =

n−1∑
k=−∞

z−2(n−k−1)−1RkM
(up)
k (z), (5.2.36b)

and equation (5.2.35b) in upper/lower component form is

C j+1,(up)
n (z) = z−1

n−1∑
k=−∞

QkC
j,(dn)
k (z),

C j+1,(dn)
n (z) = z−1

n−1∑
k=−∞

z−2(n−1−k)RkC
j,(up)
k (z). (5.2.37)

Then, since C0,(dn)
n = 0, it follows that also C2 j+1,(up)

n = 0, C2 j,(dn)
n = 0 for

any j ∈ N, and we only need to find bounds for C2 j,(up)
n and C2 j+1,(dn)

n .
We prove by induction on j that for |z| ≥ 1

∥∥C2 j+1,(dn)
n (z)

∥∥
a

≤
(∑n−1

k=−∞ ‖Rk‖a

) j+1

( j + 1)!

(∑n−1
k=−∞ ‖Qk‖a

) j

j!
(5.2.38a)

∥∥C2( j+1),(up)
n (z)

∥∥
a

≤
(∑n−1

k=−∞ ‖Rk‖a

) j+1

( j + 1)!

(∑n−1
k=−∞ ‖Qk‖a

) j+1

( j + 1)!
. (5.2.38b)
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The proof follows from the inductive step through the application of (5.2.37)
twice. Indeed, one iteration yields

∥∥C2 j+1,(dn)
n (z)

∥∥
a

≤
n−1∑

k=−∞
‖Rk‖a

(∑k−1
�=−∞ ‖R�‖a

) j

j!

(∑k−1
�=−∞ ‖Q�‖a

) j

j!

≤
(∑n−1

k=−∞ ‖Qk‖a

) j

j!

n−1∑
k=−∞

‖Rk‖a

(∑k−1
�=−∞ ‖R�‖a

) j

j!
.

Then, applying Lemma A.2 completes the induction for (5.2.38a).
The next iteration of (5.2.37) yields∥∥C2 j+2,(up)

n (z)
∥∥
a

≤ |z|−1
n−1∑

k=−∞
‖Qk‖a

∥∥∥C2 j+1,(dn)
k (z)

∥∥∥
a
,

and for |z| ≥ 1

∥∥C2 j+2,(up)
n (z)

∥∥
a ≤

n−1∑
k=−∞

‖Qk‖a

(∑k−1
�=−∞ ‖Q�‖a

) j

j!

(∑k−1
�=−∞ ‖R�‖a

) j+1

( j + 1)!

≤
(∑n−1

k=−∞ ‖Rk‖a

) j+1

( j + 1)!

n−1∑
k=−∞

‖Qk‖a

(∑k−1
�=−∞ ‖Q�‖a

) j

j!
.

Then we again use Lemma A2 to complete the induction.
The bounds (5.2.38a)–(5.2.38b) are absolutely and uniformly (in n)

summable if ‖Q‖1, ‖R‖1 < ∞, where ‖·‖1 is the �1-norm. Moreover, in this
case, the Neumann series (5.2.34) converges uniformly for all |z| ≥ 1. Hence,
the eigenfunction Mn(z) exists and is continuous in the region |z| ≥ 1. Note
that we originally constructedMn(z) for |z| = 1, but the summation equation
allows us to extendMn(z) to the region |z| ≥ 1.
Because the Neumann series (5.2.34) converges absolutely, this yields a con-

vergent Laurent series in powers of z−1 for the solutionMn(z). Thus, the bounds
(5.2.38a)–(5.2.38b) establish thatMn(z) is analytic in the region |z| > 1 when
Qn,Rn ∈ �1. In an analogous manner, one can prove existence, continuity, and
analyticity of the remaining eigenfunctions Nn(z), M̄n(z), N̄n(z).

Uniqueness of solution of the discrete integral equations (5.2.21a)–(5.2.21d)
in the space of continuous functions can be proved in the same manner as in
the scalar case.

Note that, to generate Nn(z) and N̄n(z), the maps

Nn(z) = z−1S−1
n (z)Nn+1(z)

N̄n(z) = zS−1
n (z)N̄n+1(z),
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where Sn(z) is given by (5.2.17), must be well defined because these eigenfunc-
tions are determined by a boundary condition in the limit n → +∞. That is,
the matrix Sn(z) must be invertible. Equivalently, it must be that

detSn = zN−M det (IM − RnQn) = zN−M det (IN −QnRn) �= 0, (5.2.39)

where we used the Schur identities to compute the determinant of the block-
partioned matrix Sn (see [81]). Specifically, for a matrix ∆ partitioned in four
blocks

∆ =
(
A B
C D

)
, (5.2.40)

where A and D are square matrices, we have

det∆ = detA det
(
D− CA−1B

)
if detA �= 0 (5.2.41a)

det∆ = detD det
(
A− BD−1C

)
if detD �= 0. (5.2.41b)

Note that (5.2.39) is reminiscent of the condition 1 − RnQn �= 0 that was re-
quired in the 2 × 2 scattering problem. This condition holds if, for example,
Qn and Rn are sufficiently small (in any matrix norm) or if all the eigenvalues
of the productRnQn are negative. From here on, we assume thatQn,Rn satisfy
(5.2.39).

Properties of the eigenfunctions in the complex z-plane

When the potentials have finite support, Mn(z) and Nn(z) are polynomials in
z−1 while M̄n(z) and N̄n(z) are polynomials in z for each finite n. Therefore,
all of the eigenfunctions are analytic everywhere in z, except possibly at z = 0
and z = ∞. Moreover, we showed that if the potentials have a finite �1-norm,
the eigenfunctions Mn,Nn are analytic in the region |z| > 1 while M̄n, N̄n

are in the region |z| < 1. Therefore Nn(z) and Mn(z) have Laurent series ex-
pansions in z−1 that converge in the region of analyticity. Similarly, N̄n(z)
and M̄n(z) have power series expansions in z that converge in the region of
analyticity.
Let us write the Laurent series expansion forMn(z) as

M(up)
n (z) =

+∞∑
j=0

z− jM(up),− j
n (5.2.42a)

M(dn)
n (z) =

+∞∑
j=0

z− jM(dn),− j
n (5.2.42b)
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and the summation equation (5.2.32a) forMn(z) in the form

M(up)
n (z) = IN +

n−1∑
k=−∞

z−1QkM
(dn)
k (z) (5.2.43a)

M(dn)
n (z) =

n−1∑
k=−∞

z−2(n−k)+1RkM
(up)
k (z). (5.2.43b)

If we substitute the expansions (5.2.42a)–(5.2.42b) into (5.2.43a)–(5.2.43b) and
match the terms of O(1), we get

M(up),0
n = IN , M(dn),0

n = 0,
which anchors an induction on the coefficients of the expansion. Indeed, one
can show by induction that for any integer j ≥ 0

M(up),−(2 j+1)
n = 0, M(dn),−2 j

n = 0.
Moreover, matching the corresponding powers of z−1 into the summation equa-
tions (5.2.43a)–(5.2.43b) yields the following recursive relations:

M(dn),−2 j+1
n =

n−1∑
k=n− j

RkM
(up),−2( j+k−n)
k (5.2.44)

M(up),−2 j
n =

n−1∑
k=−∞

QkM
(dn),−2 j+1
k . (5.2.45)

Analogously, for the coefficients of the power series expansion of M̄n(z) about
z = 0, that is,

M̄(up)
n (z) =

+∞∑
j=0

z jM̄(up), j
n , (5.2.46a)

M̄(dn)
n (z) =

+∞∑
j=0

z jM̄(dn), j
n , (5.2.46b)

one obtains the following:

M̄(up),0
n = 0, M̄

(dn),0
n = IM .

Then it is easy to prove by induction that, for any integer j ≥ 1,

M̄(up),2 j
n = 0, M̄

(dn),2 j−1
n = 0

and

M̄(up),2 j−1
n =

n−1∑
k=n− j

QkM̄
(dn),2( j−n+k)
k (5.2.47)
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M̄(dn),2 j
n =

n−1∑
k=−∞

RkM̄
(up),2 j−1
k . (5.2.48)

Therefore we can write

Mn(z) =
(

IN + O(z−2, even)
z−1Rn−1 + O(z−3, odd)

)
(5.2.49a)

M̄n(z) =
(
zQn−1 + O(z3, odd)
IM + O(z2, even)

)
, (5.2.49b)

where “even” indicates that the remaining terms are even powers of z and “odd”
indicates that the remaining terms are odd powers.
The expansions in z of Nn(z) and N̄n(z) are obtained from the summa-

tion equations (5.2.32d) and (5.2.32b), respectively. In upper/lower component
form, equation (5.2.32d) is written as

N(up)
n (z) = −

∞∑
k=n

z−2(k−n)−1QkN
(dn)
k (z) (5.2.50a)

N(dn)
n (z) = IM −

∞∑
k=n

zRkN
(up)
k (z), (5.2.50b)

and we substitute the expansions

N(up)
n (z) =

+∞∑
j=0

z− jN(up),− j
n

N(dn)
n (z) =

+∞∑
j=0

z− jN(dn),− j
n

into (5.2.50a)–(5.2.50b) to obtain the equations

N(up),0
n = 0 (5.2.51a)

N(up),−1
n = −QnN(dn),0

n N(dn),0
n = IM −

+∞∑
k=n

RkN
(up),−1
k (5.2.51b)

N(up),−2
n = −QnN(dn),−1

n N(dn),−1
n = −

+∞∑
k=n

RkN
(up),−2
k . (5.2.51c)

Further manipulation yields

N(dn),0
n+1 = (IM − RnQn)N(dn),0

n

N(dn),−1
n+1 = (IM − RnQn)N(dn),−1

n .
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Solving these equations with the boundary condition (5.2.20b) yields

N(dn),0
n = (IM − RnQn)

−1 (IM − Rn+1Qn+1)
−1 · · · =

+∞∏
k=n
right

(IM − RkQk)
−1 ,

where the term “right” in the product indicates that the matrix with index k
occurs to the right of the matrix with index k − 1. Also,

N(dn),−1
n = 0.

By substituting these expressions back into (5.2.51b)–(5.2.51c) we obtain

Nn(z) =
(−z−1Qn∆−1

n + O(z−3)
∆−1

n + O(z−2)

)
, (5.2.52)

where

∆n = . . . (IM − Rn+1Qn+1) (IM − RnQn) ≡
+∞∏
k=n
left

(IM − RkQk) (5.2.53)

and “left” indicates that the matrix with index k occurs to the left of the matrix
with index k − 1.
Analogously, we derive the expansion for N̄n(z) in powers of z,

N̄n(z) =
(

Ω−1
n + O(z2)

−zRnΩ−1
n + O(z3)

)
, (5.2.54)

where

Ωn = . . . (IM −Qn+1Rn+1) (IM −QnRn) ≡
+∞∏
k=n
left

(IN −QkRk) (5.2.55)

and, as before, “left” indicates that the matrix with index k occurs to the left of
the matrix with index k − 1.

Scattering data

The eigenfunctions ψ̄n(z) and ψn(z) together constitute N + M solutions of
the difference equation (5.2.16). To show that these solutions are linearly inde-
pendent for all n, we calculate their Wronskian. The matrix

Ψn(z) = (ψ̄n(z),ψn(z)
)

is an (N + M) × (N + M) square matrix. Hence, we define

W
(
ψ̄n(z),ψn(z)

) = detΨn(z) (5.2.56)
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and similarly for any collection of matrices that, all together, have the same
number of rows and columns. In particular,

W
(
ψ̄n+1(z),ψn+1(z)

) = W
(
Sn(z)ψ̄n(z),Sn(z)ψn(z)

)
= detSn(z)W

(
ψ̄n(z),ψn(z)

)
= zN−M det (IM − RnQn)W

(
ψ̄n(z),ψn(z)

)
,

and since we assumed det (IM − RnQn) �= 0 for any n ∈ Z, it follows that for
any j ∈ N

W
(
ψ̄n(z),ψn(z)

) = z j(M−N )∏ j−1
l=0 det (IM − Rn+lQn+l)

W
(
ψ̄n+ j (z),ψn+ j (z)

)

= zn(N−M)∏ j−1
l=0 det (IM − Rn+lQn+l)

W
(
N̄n+ j (z),Nn+ j (z)

)
.

Taking the limit as j → ∞, we obtain

W
(
ψ̄n(z),ψn(z)

) = zn(N−M)∏∞
l=n det (IM − RlQl)

, (5.2.57)

which is nonzero, showing that ψn and ψ̄n are linearly independent.
The functions φn(z) and φ̄n(z) constitute a second set of M + N solutions

of the scattering problem (5.2.16) and

W
(
φn(z), φ̄n(z)

) = zn(N−M)
n−1∏

j=−∞
det
(
IM − R jQ j

)
. (5.2.58)

Hence, the solutions in φn(z) and φ̄n(z) are linearly dependent on the set of
solutions ψn(z) and ψ̄n(z). This dependence can be expressed as

φn(z) = ψn(z)b(z) + ψ̄n(z)a(z) (5.2.59a)

φ̄n(z) = ψn(z)ā(z) + ψ̄n(z)b̄(z), (5.2.59b)

where b(z) is an M × N matrix, a(z) is an N × N matrix, ā(z) is an M × M
matrix, and b̄(z) is an N × M matrix. In block-matrix form, (5.2.59a)–(5.2.59b)
are (

φn, φ̄n

) = (ψ̄n,ψn

) ( a b̄
b ā

)
, (5.2.60)

and in terms of the eigenfunctions (5.2.19a)–(5.2.19b), equations (5.2.59a)–
(5.2.59b) are

Mn(z) = z−2nNn(z)b(z) + N̄n(z)a(z) (5.2.61a)

M̄n(z) = Nn(z)ā(z) + z2nN̄n(z)b̄(z). (5.2.61b)
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These equations define the coefficients a(z), ā(z),b(z), and b̄(z) for any z such
that all four eigenfunctions exist.
The scattering equations (5.2.59a)–(5.2.59b) have the counterparts

ψn(z) = φn(z)d(z) + φ̄n(z)c(z) (5.2.62a)

ψ̄n(z) = φn(z)c̄(z) + φ̄n(z)d̄(z), (5.2.62b)

which express the eigenfunctions with boundary conditions defined as n →
+∞ (i.e., the “right” eigenfunctions ψn(z) and ψ̄n(z)) in terms of eigenfunc-
tions with boundary conditions defined as n → −∞ (i.e., the “left” eigen-
functions φn(z), φ̄n(z)). In block-matrix form,

(
ψ̄n,ψn

) = (φn, φ̄n

) ( c̄ d
d̄ c

)
, (5.2.63)

and by comparing (5.2.60) and (5.2.63) we get the relation between “left” and
“right” scattering data, (

a b̄
b ā

)−1

=
(
c̄ d
d̄ c

)
, (5.2.64)

which is valid for any z such that all the scattering coefficients are well defined.
In particular, this relation holds for |z| = 1, that is, for all z such that z = 1/z∗.

The scattering coefficients a(z) and b(z) can be written as explicit sums of the
eigenfunction Mn(z) and the potential Q̃n . The formula is derived as follows.
First, we obtain the relation

Mn(z) − N̄n(z)a(z)

=
(
IN − a(z)

0

)
+

+∞∑
k=−∞

{
G�

n−k(z)Q̃kMk(z) − Ḡr
n−k(z)Q̃kN̄k(z)a(z)

}
by substituting the right-hand sides of the summation equations (5.2.32a) and
(5.2.32b) forMn(z) and N̄n(z), respectively. Then, we use the identity

G�
n(z) = Ḡr

n(z) + z−1

(
IN 0
0 z−2(n−1)IM

)

and the relation (5.2.61a) to replaceMn(z) − N̄n(z)a(z) with z−2nNn(z)b(z), so
that

z−2nNn(z)b(z) =
(
IN − a(z)

0

)
+

+∞∑
k=−∞

z−2kḠr
n−k(z)Q̃kNk(z)b(z)

+
+∞∑

k=−∞

(
z−1IN 0
0 z−2(n−k)+1IM

)
Q̃kMk(z).
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Finally, taking into account that Ḡr
n(z) = z−2nGr

n(z), we obtain

z−2n

{
Nn(z) −

+∞∑
k=−∞

Gr
n−k(z)Q̃kNk(z)

}
b(z)

=
(
IN − a(z)

0

)
+

+∞∑
k=−∞

(
z−1IN 0
0 z−2(n−k)+1IM

)
Q̃kMk(z).

Due to the summation equation (5.2.32d) for Nn(z), the term in curly braces is
(0, IM )T , and we have(

a(z)
z−2nb(z)

)
=
(
IN
0

)
+

+∞∑
k=−∞

(
z−1IN 0
0 z−2(n−k)+1IM

)
Q̃kMk(z).

Finally, we conclude that

a(z) = IN +
+∞∑

k=−∞
z−1QkM

(dn)
k (z) (5.2.65a)

b(z) =
+∞∑

k=−∞
z2k+1RkM

(up)
k (z). (5.2.65b)

The same approach works for ā(z) and b̄(z) and for c(z),d(z), c̄(z), and d̄(z).
The corresponding expressions are

ā(z) = IM +
+∞∑

k=−∞
zRkM̄

(up)
k (z) (5.2.65c)

b̄(z) =
+∞∑

k=−∞
z−2k−1QkM̄

(dn)
k (z) (5.2.65d)

c(z) = IM −
+∞∑

k=−∞
zRkN

(up)
k (z) (5.2.65e)

d(z) = −
+∞∑

k=−∞
z−2k−1QkN

(dn)
k (z) (5.2.65f)

c̄(z) = IN −
+∞∑

k=−∞
z−1QkN̄

(dn)
k (z) (5.2.65g)

d̄(z) = −
+∞∑

k=−∞
z2k+1RkN̄

(up)
k (z). (5.2.65h)

The expressions (5.2.65a) and (5.2.65c) imply that a(z) is analytic in the same
region asMn(z), that is, |z| > 1, and ā(z) is analytic in the same region as M̄n(z),
that is, |z| < 1. Similarly, (5.2.65e) and (5.2.65g), together with (5.2.52) and
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(5.2.54), imply that c(z) is analytic in the same region as Nn(z) (and, conse-
quently, as a(z)) and c̄(z) is analytic in the same region as N̄n(z). By inserting
the expansions (5.2.49a)–(5.2.49b), (5.2.52), and (5.2.54) for the eigenfunc-
tions into the summation representations (5.2.65a)–(5.2.65g), we obtain the
expansions for the scattering coefficients a(z), ā(z), c(z), and c̄(z):

a(z) = IN + O(z−2, even),

c̄(z) = IN +
+∞∑

k=−∞
RkQk∆−1

k + O(z2, even) (5.2.66a)

ā(z) = IM + O(z2, even),

c(z) = IM +
+∞∑

k=−∞
QkRkΩ−1

k + O(z−2, even), (5.2.66b)

where ∆n and Ωn are given by (5.2.53) and (5.2.55). Hence a(z), ā(z) and
c(z), c̄(z) are even functions of the spectral parameter z. Moreover, the expres-
sions (5.2.65b), (5.2.65d), (5.2.65f), and (5.2.65h) imply that b(z), b̄(z) and
d(z), d̄(z) are odd functions of z.
Together with the eigenfunctionsMn(z) and M̄n(z), it is convenient to define

µn(z) =Mn(z)a−1(z), µ̄n(z) = M̄n(z)ā−1(z). (5.2.67)

Note that µn(z) and µ̄n(z) are meromorphic in z and have poles where, respec-
tively, det a(z) = 0 and det ā(z) = 0. In terms of these functions, the relations
(5.2.61a)–(5.2.61b) are

µn(z) − N̄n(z) = z−2nNn(z)ρ(z) (5.2.68a)

µ̄n(z) − Nn(z) = z2nN̄n(z)ρ̄(z), (5.2.68b)

where the reflection coefficients

ρ(z) = b(z)a−1(z), ρ̄(z) = b̄(z)ā−1(z) (5.2.69)

are part of the (n-independent) scattering data.
The system (5.2.68a)–(5.2.68b) is the starting point for the inverse problem.

Indeed, if ρ(z) and ρ̄(z) are known functions on the unit circle |z| = 1, then
(5.2.68a)–(5.2.68b) is the boundary condition of a Riemann–Hilbert problem
that we use to compute the functions µn(z),Nn(z) in the region |z| > 1 and
µ̄n(z) and N̄n(z) in the region |z| < 1.

Proper eigenvalues and norming constants

Just as for the scalar case, we define a proper eigenvalue to be a value of z such
that the scattering problem (5.2.16) has a solution that decays as n → ±∞. If
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|z| > 1, then the solutions φn(z) decay as n → −∞ while the solutions ψn(z)
decay as n → +∞. On the other hand, the solutions φ̄n(z) blow up as n → +∞
and the solutions ψ̄n(z) blow up as n → −∞. Recall that φn(z), φ̄n(z) and
ψn(z), ψ̄n(z) are both bases of solutions of the scattering problem. Therefore,
if
∣∣z j

∣∣ > 1 is an eigenvalue, it must be that one of the solutions in the span of
φn(z) is in the span of ψn(z). That is, z j is an eigenvalue if, and only if,

W
(
φn(z j ),ψn(z j )

) = 0. (5.2.70)

Similarly, z̄�, |z̄�| < 1, is an eigenvalue if and only if

W
(
φ̄n(z̄�), ψ̄n(z̄�)

) = 0. (5.2.71)

From the other side, the Wronskian (5.2.56) of the eigenfunctions can be
related to the scattering coefficient a(z) as follows:

W
(
φn(z),ψn(z)

) = W

((
ψ̄n(z),ψn(z)

) ( a(z)
b(z)

)
,
(
ψ̄n(z),ψn(z)

) ( 0
IM

))

= W (ψ̄n(z),ψn(z)) det

(
a(z) 0
b(z) IM

)

= zn(N−M)∏+∞
j=n det

(
IM − R jQ j

) det a(z). (5.2.72)

Therefore, the eigenvalues in the region |z| > 1 are the points z = z j such that
det a(z j ) = 0. Similarly, one can show that

W
(
ψ̄n(z), φ̄n(z)

) = zn(N−M)∏+∞
j=n det

(
IM − R jQ j

) det ā(z), (5.2.73)

and, therefore, the eigenvalues in the region |z| < 1 are the points z = z̄� such
that det ā(z̄�) = 0. There are no eigenvalues on the circle |z| = 1 because,
on this circle, none of the basis eigenfunctions vanish as n → ±∞. We also
assume that det a(z), det ā(z) �= 0 for |z| = 1. Moreover, we assume that there
is a finite number of eigenvalues in the regions |z| > 1 and |z| < 1.
The function µn(z) has poles precisely at the points z = z j such that

det a(z j ) = 0. Similarly, the function µ̄n(z) has poles precisely at the points
z = z̄� such that det a(z̄�) = 0. That is, the eigenvalues of the scattering prob-
lem are the poles of the meromorphic functions µn(z) and µ̄n(z) in the regions
|z| > 1 and |z| < 1, respectively.
We now obtain the expressions for the residues of these poles. If the pole at

z = z j is simple (equivalently, the zero of det a(z j ) is simple), then

Res
(
µn; z j

) = lim
z→z j

(
z − z j

)
µn(z).
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The relation (5.2.68a) holds for any z such that all the eigenfunctions exist;
therefore, if we write

a−1(z) = 1

a(z)
α(z),

where a(z) = det a(z) and α(z) is the cofactor matrix of a(z), then

Res
(
µn; z j

) = lim
z→z j

{(
z − z j

)
N̄n(z) + (z − z j )z

−2nNn(z)ρ(z)
}

= z−2n
j Nn(z j ) lim

z→z j

(z − z j )ρ(z)

= z−2n
j Nn(z j )C j , (5.2.74)

where the M × N matrix

C j = lim
z→z j

(z − z j )ρ(z) = 1

a′(z j )
b(z j )α(z j ) (5.2.75)

is the norming constant that relates Res
(
µn; z j

)
and Nn(z j ) and ′ denotes the

derivative with respect to z.
By a similar procedure, we can find an expression for the residues of the

poles of µ̄n(z) in the region |z| < 1. We write

ā−1(z) = 1

ā(z)
ᾱ(z),

where ā(z) = det ā(z) and ᾱ(z) is the cofactor matrix of ā(z). If we assume z̄�
to be a simple zero of ā(z), then

Res
(
µ̄n; z̄�

) = z̄2n� N̄n(z̄�)C̄�, (5.2.76)

where, as above, the N × M matrix

C̄� = lim
z→z̄�

(z − z̄�)ρ̄(z) = 1

ā′(z̄�)
b̄(z̄�)ᾱ(z̄�) (5.2.77)

is the norming constant that relates the residue of µ̄n(z) to the function N̄n(z).

Symmetries

In this subsectionwe compute symmetries of the scattering data that are induced
by the symmetries in the potentials required to reduce the discrete matrix NLS
(5.1.1a)–(5.1.1b) to the system (5.1.9a)–(5.1.9b), as indicated at the beginning
of this section. Also, these symmetries in the scattering data must be included
in the formulation of the inverse problem in order to construct solutions.
Previously, we showed that a(z) and ā(z) are even functions of z. The deter-

minants of these functions are therefore also even functions of z. In particular,
if det a(z j ) = 0, then det a(−z j ) = 0 and the eigenvalues appear in pairs (the
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same holds for the eigenvalues |z̄ j | < 1). Without loss of generality, we will
denote by z j the eigenvalues such that |arg z j | < π

2 and−z j will be understood
to be the eigenvalue such that |arg(−z j )| > π

2 . If |arg z j | = π
2 , we consider z j

to be the eigenvalue such that arg z j = π
2 and therefore arg(−z j ) = −π

2 . The
same convention holds for the eigenvalues z̄l .
Let C±

j denote the norming constants at ±z j . Then, recalling that a(z) is an
even function of z while b(z) is odd, we have

C−
j = 1

a′(−z j )
b(−z j )α(−z j ) = 1

−a′(z j )
(−b(z j ))α(z j ) = C+

j . (5.2.78)

Hence, we can drop the superscprits and denote both norming constants as C j .
Similarly, the norming constant associated with −z̄� is equal to the norming
constant associated with the eigenvalue z̄�. Hence, we have established the
following result:

Symmetry 5.1 For any potentialsQn,Rn such that the eigenfunctions are well
defined, all of the eigenvalues appear in pairs±z j (±z̄�).Moreover, the norming
constant associated with −z j (−z̄�) is equal to the norming constant associated
with +z j (+z̄�), and we denote both by C j (C̄�).

Recall that, to reduce the discretematrixNLS (5.1.1a)–(5.1.1b) to the discrete
VNLS, we required two symmetries. First we impose the reduction (5.1.4) on
the potentials, that is,we take N = M and restrict ourselves to potentialmatrices
Qn,Rn such that

QnRn = RnQn = αnI. (5.2.79a)

For N = 2, we obtain potentials that satisfy this symmetry by imposing the
condition (5.1.6) or, equivalently, (5.1.7). Second, to reduce the system (5.1.9a)–
(5.1.9b) to the single-vector equation (5.1.10), we impose the further symmetry

Rn = ∓QH
n . (5.2.79b)

Each of the symmetries (5.2.79a) and (5.2.79b) induces a symmetry in the
scattering data.
Wefirst consider the casewhen N = 2 and the potentials satisfy the symmetry

(5.1.6) or, equivalently, (5.1.7). We show how to compute the corresponding
symmetries of the norming constants and reflection coefficients.
To compute the symmetry of the reflection coefficients, we define the

functional

fn(z) =
[
P̂n−1φ̄n(i/z)

]T
φn(z),
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where, as usual, the superscript T denotes standard matrix transposition and

P̂n =
(
(−i)nP 0
0 i n+1P

)
.

P is given by (5.1.8), and φn(z) and φ̄n(z) are the solutions of the block-matrix
scattering problem (5.2.16) defined by the boundary conditions (5.2.18a). Note
that this functional is well defined for |z| ≥ 1 when (i) φn(z) exists for |z| ≥ 1
and (ii) φ̄n(z) exists for |z| ≤ 1. We relate this functional to the reflection
coefficients by comparing the limits limn→+∞ fn and limn→−∞ fn .

First, we calculate a recursion formula for fn by making use of the relations

fn+1(z) =
[
P̂nφ̄n+1(i/z)

]T
φn+1(z)

=
[
P̂nSn(i/z)φ̄n(i/z)

]T
Sn(z)φn(z)

=
[
P̂n−1φ̄n(i/z)

]T [
P̂nSn(i/z)

(
P̂n−1

)−1
]T
Sn(z)φn(z),

where the second equality holds because, by definition,φn(z) and φ̄n(z) satisfy
the scattering problem (5.2.16). The last expression can be simplified further.
A direct calculation shows that[

P̂nSn(i/z)
(
P̂n−1

)−1
]T
Sn(z) = (1 − αn) I,

where, as we have assumed, QnRn = RnQn = αnI. Hence,

fn+1(z) = (1 − αn)
[
P̂n−1φ̄n(i/z)

]T
φn(z) = (1 − αn)fn(z), (5.2.80)

and for any j ∈ N

fn(z) =
[
n+ j−1∏
l=n

(1 − αl)

]−1

fn+ j (z) (5.2.81a)

fn(z) =
[

n−1∏
l=n− j

(1 − αl)

]
fn− j (z). (5.2.81b)

Nowweevaluate the right-hand sides of (5.2.81a)–(5.2.81b) in the limit j → ∞.

Firstwe rewrite the right-hand side of (5.2.81a) by using the scattering equations
(5.2.59a)–(5.2.59b) to obtain

fn+ j (z) = i n+ j
(
b̄(i/z)

)T (
N̄n+ j (i/z)

)T (
P̂n+ j−1

)T
N̄n+ j (z)a(z)

+ i n+ j z−2(n+ j)
(
b̄(i/z)

)T (
N̄n+ j (i/z)

)T (
P̂n+ j−1

)T
Nn+ j (z)b(z)
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+ i−(n+ j)z2(n+ j) (ā(i/z))T
(
Nn+ j (i/z)

)T (
P̂n+ j−1

)T
N̄n+ j (z)a(z)

+ i−(n+ j) (ā(i/z))T
(
Nn+ j (i/z)

)T (
P̂n+ j−1

)T
Nn+ j (z)b(z),

which, for |z| = 1, yields

lim
j→+∞

fn+ j (z) = −i
(
b̄(i/z)

)T
P a(z) − (ā(i/z))T P b(z).

Hence, by (5.2.81a), we have

fn(z)=
[+∞∏

l=n

(1 − αl)

]−1 [
−i
(
b̄(i/z)

)T
P a(z) − (ā(i/z))T P b(z)

]
.

(5.2.82)
On the other hand,

lim
j→+∞

fn− j (z) = lim
j→+∞

(
φ̄n− j (i/z)

)T (
P̂n− j−1

)T
φn− j (z)

= lim
j→+∞

i j−nz2(n− j)
(
M̄n− j (i/z)

)T (
P̂n− j−1

)T
Mn− j (z)

= 0;
so, by (5.2.81b), we get

fn(z) =
[

n−1∏
l=−∞

(1 − αl)

]
0 = 0. (5.2.83)

Comparing (5.2.82) and (5.2.83), we obtain

−i(b̄(i/z))TP a(z) − (ā(i/z))TP b(z) = 0,
which, by definition (5.2.69) of the reflection coefficients, is equivalent to

ρ̄(i/z) = −iP (ρ(z))TP; (5.2.84)

that is, if the potentials satisfy the symmetry (5.1.4), then the reflection coeffi-
cients satisfy (5.2.84).
The symmetry (5.2.79a) in the potentials also induces a symmetry in the

eigenvalues. We have shown that the eigenvalues in |z| > 1 are the zeros of
det a(z) and the eigenvalues in |z| < 1 are the zeros of det ā(z). To establish the
relation between the eigenvalues in |z| > 1 and the eigenvalues in |z| < 1, we
first establish a relationship between det a(z) and det c(z). Then we establish a
relation between c(z) and ā(i/z). Note that if |z| > 1, then |i/z| < 1.
Equation (5.2.72) gives the relation between det a(z) and the Wronskian of

φn(z), ψn(z). With M = N and the additional symmetry (5.2.79a), equation
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(5.2.72) simplifies to

W
(
φn(z),ψn(z)

) =
[+∞∏

j=n

(1 − α j )

]−N

det a(z). (5.2.85)

On the other hand,

W
(
φn(z),ψn(z)

) = W

((
φn(z), φ̄n(z)

) ( IN
0

)
,
(
φn(z), φ̄n(z)

) (d(z)
c(z)

))

=
[

n−1∏
j=−∞

(1 − α j )

]N

det c(z), (5.2.86)

where we used (5.2.58). Comparing (5.2.85) and (5.2.86), we obtain

det c(z) =
[ +∞∏

j=−∞
(1 − α j )

]−N

det a(z). (5.2.87)

Analogously, the functional

f̂n(z) =
[
P̂n−1φ̄n(i/z)

]T
ψn(z)

is well defined for |z| ≥ 1 when (i)ψn(z) exists for |z| ≥ 1 and (ii) φ̄n(z) exists
for |z| ≤ 1. By the same argument that established (5.2.80) for the functional
fn(z), we obtain

f̂+∞(z) =
[ +∞∏

j=−∞
(1 − α j )

]
f̂−∞(z),

where the subscript ±∞ is understood to mean the limit as n → ±∞. By
evaluating the limits we obtain

āT (i/z) P =
[ +∞∏

j=−∞
(1 − α j )

]
P c(z). (5.2.88)

Analogously, if we consider

ĥn(z) =
[
P̂n−1ψ̄n(i/z)

]T
φn(z),

which iswell defined for |z| ≥ 1, exactly the same arguments lead to the relation

P a(z) =
[ +∞∏

j=−∞
(1 − α j )

]
c̄T (i/z) P; (5.2.89)
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therefore

det ā(i/z) =
[ +∞∏

j=−∞
(1 − α j )

]M

det c(z) (5.2.90)

det a(z) =
[ +∞∏

j=−∞
(1 − α j )

]N

det c̄(i/z). (5.2.91)

Comparing (5.2.87) and (5.2.90) we have

det ā(i/z) = det a(z),

which shows that ẑ j = i/z j is an eigenvalue if, and only if, z j is an eigenvalue.
Now we compute the symmetry of the norming constants associated with

the pair of poles z j , ẑ j = i/z j . We assume, as we have previously, that all the
eigenfunctions are defined in the neighborhood of each eigenvalue. Let C j be
the norming constant associated with the eigenvalue z j and Ĉ j be the norming
constant associated with the eigenvalue ẑ j . The norming constants are given by
(5.2.75), so

Ĉ j = lim
z→ẑ j

(z − ẑ j )ρ̄(z) = −i z−2
j lim

w→z j

(
w − z j

)
ρ̄(i/w),

and, applying the symmetry (5.2.84), we obtain

Ĉ j = −z−2
j P C

T
j P.

Hence, we have shown that:

Symmetry 5.2 If the potentialsQn,Rn with N = 2 satisfy the symmetry (5.1.6)
or, equivalently, (5.1.7), then:

(i) The reflection coefficients satisfy the symmetry

ρ̄(i/z) = −iP ρT (z) P. (5.2.92a)

(ii) ẑ j = i/z j is an eigenvalue such that
∣∣ẑ j

∣∣ < 1 if and only if z j is an
eigenvalue such that

∣∣z j

∣∣ > 1.
(iii) The norming constants associated with these poles have the symmetry

Ĉ j = −z−2
j P C

T
j P, (5.2.92b)

where C j is the norming constant associated with z j and Ĉ j is the norm-
ing constant associated with ẑ j . As a consequence, z̃ j = i/z̄ j is an eigen-
value such that

∣∣z̃ j

∣∣ > 1 if, and only if, z̄ j is an eigenvalue such that
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∣∣ < 1 and the norming constants associated with these poles have the
symmetry

C̃ j = z̄−2
j P C̄

T
j P, (5.2.92c)

where C̄ j is the norming constant associated with z̄ j and C̃ j is the norming
constant associated with z̃ j . As a consequence, J = J̄ , that is, the number
of eigenvalues inside the unit circle is equal to the number of eigenvalues
outside.

Nowwe turn to the symmetry in the scattering data induced by the symmetry
(5.2.79b), that is,Rn = ∓QH

n ,when the symmetry (5.2.79a),QnRn = RnQn =
αnIN , also holds. This symmetry in the scattering data is determined bymethods
similar to those discussed previously, but the calculation holds for any N. First,
we consider the functional

g±
n (z) = [σ±φ̄n(1/z

∗)
]H

φn(z),

where

σ± =
(
IN 0
0 ±IM

)
. (5.2.93)

Using the scattering problem (5.2.16), it is easy to show that when symmetries
(5.2.79a) and (5.2.79b) hold, these functionals satisfy the recursion relation

g±
n+1(z) = (1 − αn)g±

n (z). (5.2.94)

Hence,

g±
+∞(z) =

[ +∞∏
j=−∞

(1 − α j )

]
g±

−∞(z),

where the subscripts±∞ are understood to denote the limits of g±
n as n → ±∞.

By evaluating these asymptotics by means of equations (5.2.18a)–(5.2.18b)
and (5.2.59a)–(5.2.59b), we conclude that (for |z| = 1, or also |z| ≥ 1 pro-
vided the decay of the eigenfunctions is fast enough), the following relation
holds:

±āH (1/z∗)b(z) + b̄H
(1/z∗)a(z) = 0

or, equivalently, in terms of the reflection coefficients,

ρ̄(z) = ∓ρH (1/z∗) (5.2.95)

if symmetries (5.2.79a) and (5.2.79b) hold for the potentials.
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These symmetries in the potentials also induce a symmetry in the eigen-
values. Indeed, the functionals ĝ±

n (z) = [σ±φ̄n(1/z
∗)
]H

ψn(z) and l̂±n (z) =[
σ±ψ̄n(1/z

∗)
]H

φn(z) satisfy the recursion relation (5.2.94), and the compari-
son between their asymptotic behaviors as n → ±∞ yields

āH (1/z∗) =
[ +∞∏

j=−∞
(1 − α j )

]
c(z) (5.2.96a)

a(z) =
[ +∞∏

j=−∞
(1 − α j )

]
c̄H (1/z∗). (5.2.96b)

Finally, similar calculations show that

b̄
H
(1/z∗) =

[ +∞∏
j=−∞

(
1 − α j

)]
d̄(z) (5.2.96c)

bH (1/z∗) =
[ +∞∏

j=−∞

(
1 − α j

)]
d(z). (5.2.96d)

Note that (5.2.96a) and (5.2.96b) also imply

det ā(z) =
[ +∞∏

j=−∞
(1 − α j )

]M (
det c(1/z∗)

)∗

det a(z) =
[ +∞∏

j=−∞
(1 − α j )

]N (
det c̄(1/z∗)

)∗
,

which, taking into account (5.2.87), give

det ā(1/z∗) =
[ +∞∏

j=−∞
(1 − α j )

]M−N

(det a(z))∗ . (5.2.97)

We therefore conclude that z̄ j = 1/z∗
j is an eigenvalue if, and only if, z j is

an eigenvalue. The norming constant associated with the eigenvalue z̄ j can be
related to the norming constant associated with z j as follows:

C̄ j = lim
z→z̄ j

(
z − z̄ j

)
ρ̄(z) = ± lim

w→z j

w∗ − z∗
j

z∗
jw

∗ ρH (w) = ±(z∗
j )

−2CH
j.

Note that only the case corresponding to the upper sign, that is, for Rn =
−QH

n , is relevant since no proper eigenvalues exist for the scattering problem
with the symmetry reduction Rn = QH

n .



156 5 Integrable discrete matrix NLS equation

We have therefore shown that:

Symmetry 5.3 If the potentials satisfy the symmetry (5.2.79b), that is, Rn =
∓QH

n , in addition to the symmetry (5.2.79a), that is, QnRn = RnQn = αnI,
then:

(i) the reflection coefficients satisfy the symmetry

ρ̄(z) = ∓ρH (1/z∗); (5.2.98a)

(ii) z̄ j = 1/z∗
j is an eigenvalue such that

∣∣z̄ j

∣∣ < 1 if, and only if, z j is an
eigenvalue such that

∣∣z j

∣∣ > 1 and, consequently, the number of eigenvalues
inside the unit circle is equal to the number of eigenvalues outside, that is,
J = J̄ ;

(iii) the norming constants associated with these paired eigenvalues satisfy the
symmetry

C̄ j = ±(z∗
j )

−2CH
j , (5.2.98b)

whereC j is the norming constant associated with z j and C̄ j is the norming
constant associated with z̄ j .

As a consequence, if Symmetry 5.3 holds, then the eigenvalues appear in sets
of eight, {±z j ,±i/z j ,±1/z∗

j ,±i z∗
j

}J
j=1

as shown in Figure 5.1.
Note that, since we have assumed that on the unit circle det a(z) �= 0 and

det ā(z) �= 0, from (5.2.64) we obtain the following relations:

a(z) − b̄(z)ā−1(z)b(z) = c̄−1(z) (5.2.99a)

ā(z) − b(z)a−1(z)b̄(z) = c−1(z). (5.2.99b)

Then, taking into account the symmetries (5.2.96a)–(5.2.96b) and (5.2.96c)–
(5.2.96d), we also have

[
a(z) − b̄(z)ā−1(z)b(z)

]
aH (z) =

+∞∏
j=−∞

(1 − α j )IN for |z| = 1.

(5.2.100)
Equation (5.2.100) yields, from one side,

|det a(z)|2 =
[ +∞∏

j=−∞
(1 − α j )

]N

[det (IN − ρ̄(z)ρ(z))]−1 for |z| = 1

(5.2.101)
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Figure 5.1: Symmetry of the eigenvalues for the block-matrix scattering problem
(cf. Symmetry 5.3)

and, from the other side, taking into account (5.2.96b),

det

(
a b̄
b ā

)
=
[ +∞∏

j=−∞
(1 − α j )

]N

. (5.2.102)

We can summarize the symmetries of the scattering data induced by the
symmetries in the potentials as follows. In the general case, only Symmetry 5.1
holds, that is,

Symmetry 5.1 All the eigenvalues appear in pairs±z j (±z̄�) outside and inside
the unit circle, respectively. Moreover, the norming constant associated with
−z j (resp.−z̄�) is equal to the norming constant associatedwith+z j (resp.+z̄�).

If the potentials Qn,Rn with N = 2 satisfy the symmetry (5.1.6)–(5.1.8), that
is, Rn = (−1)nPQT

n P, then Symmetry 5.2 holds, that is,

Symmetry 5.2

(i) The reflection coefficients satisfy the symmetry

ρ̄(i/z) = −iP ρT (z) P.



158 5 Integrable discrete matrix NLS equation

(ii) ẑ j = i/z j is an eigenvalue such that
∣∣ẑ j

∣∣ < 1 if, and only if, z j is an eigen-
value such that

∣∣z j

∣∣ > 1. As a consequence, z̃ j = i/z̄ j is an eigenvalue
such that

∣∣z̃ j

∣∣ > 1 if, and only if, z̄ j is an eigenvalue such that
∣∣z̄ j

∣∣ < 1.
(iii) The norming constants associated with these poles have the symmetry

Ĉ j = −z−2
j P C

T
j P,

whereC j is the norming constant associated with z j and Ĉ j is the norming
constant associated with ẑ j . Moreover,

C̃ j = z̄−2
j P C̄

T
j P,

where C̄ j is the norming constant associated with z̄ j and C̃ j is the norming
constant associated with z̃ j .

Finally, if the potentials satisfy the symmetry Rn = ∓QH
n , in addition to the

symmetry QnRn = RnQn = αnI, then Symmetry 5.3 holds, that is,

Symmetry 5.3

(i) The reflection coefficients satisfy the symmetry

ρ̄(z) = ∓ρH (1/z∗).

(ii) z̄ j = 1/z∗
j is an eigenvalue such that

∣∣z̄ j

∣∣ < 1 if, and only if, z j is an eigen-
value such that

∣∣z j

∣∣ > 1, and therefore, taking into account Symmetry 5.2,
discrete eigenvalues appear in octets

{
±z j , ±i/z j ,±1/z∗

j ,±i z∗
j

} j

j = 1
,

with four inside the unit circle and four outside (cf. Figure 5.1). Note that

this is a generalizationwith respect to the scalar IDNLS scattering problem
in which the eigenvalues appear in quartets (cf. Chapter 3).

(iii) The norming constants associated with these paired eigenvalues satisfy
the symmetry

C̄ j = ±(z∗
j )

−2CH
j ,

whereC j is the norming constant associated with z j and C̄ j is the norming
constant associated with z̄ j .
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Trace formula

Assume a(z) = det a(z) and ā(z) = det ā(z) to have the simple zeros
{±z j :∣∣z j

∣∣ > 1
}J
j=1 and

{±z̄ j :
∣∣z̄ j

∣∣ < 1
}J̄
j=1

, respectively, and define

α(z) =
J∏

m=1

(z2 − (z∗
m)

−2)

(z2 − z2m)
a(z), ᾱ(z) =

J̄∏
m=1

(z2 − (z̄∗
m)

−2)

(z2 − z̄2m)
ā(z).

(5.2.103)

According to (5.2.103), α(z) is analytic outside the unit circle, where it has no
zeros, while ᾱ(z) is analytic inside, where it has no zeros; moreover, due to
(5.2.66a), α(z) → 1 as |z| → ∞. Therefore, by taking into account that both a
and ā are even functions of z, we can write

log a(z) =
J∑

m=1

log

(
z2 − z2m

z2 − (z∗
m)2

)

− 1

2π i

∮
|w|=1

w log (ᾱ(w)α(w))

w2 − z2
dw, |z| > 1 (5.2.104a)

log ā(z) =
J̄∑

m=1

log

(
z2 − z̄2m

z2 − (z̄∗
m)2

)

+ 1

2π i

∮
|w|=1

w log (α(w)ᾱ(w))

w2 − z2
dw |z| < 1. (5.2.104b)

If Symmetry 5.3 holds, the eigenvalues appear in sets of eight,
{±zm, ±i/zm,

±1/z∗
m,±i z∗

m

}
, that is, in particular J̄ = J and z̄ j = 1/z∗

j . Then, taking into
account (5.2.97) and (5.2.101), from (5.2.104a)–(5.2.104b) we obtain

log a(z) =
J∑

m=1

log
(z2 − z2m)(z

2 + z̄−2
m )

(z2 − z̄2m)(z2 + z−2
m )

+ 1

2π i

∮
|w|=1

w log [det (IN − ρ̄(w)ρ(w))]

w2 − z2
dw, (5.2.105)

which allows us to recover a(z), ā(z) for any z in the proper region from knowl-
edge of the discrete eigenvalues and of the reflection coefficient on the unit
circle.
The problemof reconstructing thematricesa(z) and ā(z) ismore complicated.

However, from inverse scattering one can reconstruct potentials and eigenfunc-
tions and then obtain the matrix transmission coefficients by using, for instance,
formulas (5.2.65a) and (5.2.65c).
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5.2.2 Inverse scattering problem

Boundary conditions and residues

In this subsection, we reconstruct the potentials from the scattering data. As in
the 2 × 2 scattering problem, we first reconstruct the eigenfunctions from the
scattering data and then recover the potentials from the eigenfunctions.
To formulate the inverse problem as a Riemann–Hilbert problem in the com-

plex variable z, we must specify (i) the boundary conditions of the eigenfunc-
tions as |z| → ∞ and (ii) the equations that determine the residues of the poles
of the meromorphic functions µn(z) and µ̄n(z). According to the expansions
(5.2.49a), (5.2.52), and (5.2.66a) and definition (5.2.67), we have the boundary
conditions

Nn(z) →
(
0

∆−1
n

)
, µ̄n(z) →

(
0
IM

)

as |z| → ∞, with ∆n given by (5.2.53). Hence, the boundary condition for
Nn(z) depends on Qn and Rn , which are unknowns in the inverse problem.
Therefore, we introduce the following modified functions:

N′
n =

(
IN 0
0 ∆n

)
Nn =

(−z−1Qn∆−1
n + O(z−3)

IM + O(z−2)

)
(5.2.106a)

µ′
n =

(
IN 0
0 ∆n

)
µn =

(
IN + O(z−2)

z−1∆nRn−1 + O(z−3)

)
(5.2.106b)

N̄′
n =

(
IN 0
0 ∆n

)
N̄n =

(
Ω−1

n + O(z2)
−z∆nRnΩ−1

n + O(z3)

)
(5.2.106c)

µ̄′
n =

(
IN 0
0 ∆n

)
µ̄n =

(
zQn−1 + O(z3)
∆n + O(z2)

)
, (5.2.106d)

whereΩn is givenby (5.2.55).Hence, by thismodification of the eigenfunctions,
we eliminate the dependence of the boundary conditions on the potentials. We
emphasize that ′ does not indicate a derivative with respect to z, but rather the
modification of the eigenfunctions by the matrix prefactor.
From (5.2.68a)–(5.2.68b) it follows that these modified functions satisfy the

jump conditions

µ′
n(z) − N̄′

n(z) = z−2nN′
n(z)ρ(z) (5.2.107a)

µ̄′
n(z) − N′

n(z) = z2nN̄′
n(z)ρ̄(z). (5.2.107b)

Also, the poles of µ′
n(z) and µ̄′

n(z) are the same as the poles of µn(z)
and µ̄n(z), respectively. The residues of these poles are determined by the
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relations:

Res
(
µ′

n; z j
) = z−2n

j N′
n(z j )C j (5.2.108a)

Res
(
µ̄′

n; z̄ j
) = z̄2nj N̄

′
n(z̄ j )C̄ j , (5.2.108b)

which follow from (5.2.74) and (5.2.76). We therefore solve the Riemann–
Hilbert problem for the modified eigenfunctions (5.2.106a)–(5.2.106d).

Recovery of the eigenfunctions

The first step of the inverse problem is to recover the functions N′
n(z) and

N̄′
n(z) from the scattering data. Let us consider first the case when there are

no discrete eigenvalues, that is, µ′
n and µ̄′

n have no poles. Introducing the
(N + M) × (N + M) matrices

mn(z) = (µ′
n(z),N

′
n(z)
)
, m̄n(z) = (N̄′

n(z), µ̄
′
n(z)
)

(5.2.109a)

with mn(z) analytic outside the unit circle |z| = 1 and m̄n(z) analytic inside,
we can write the “jump” conditions (5.2.107a)–(5.2.107b) as

mn(z) − m̄n(z) = m̄n(z)Vn(z) |z| = 1, (5.2.109b)

where

Vn(z) =
(

−ρ̄(z)ρ(z) −z2nρ̄(z)

z−2nρ(z) 0

)
(5.2.109c)

and

mn(z) → IN+M as |z| → ∞. (5.2.109d)

Therefore (5.2.109b) can be regarded as a matrix Riemann–Hilbert boundary-
value problem on |z| = 1 with boundary conditions given by (5.2.109d). In
analogy with what was done for the scalar case, we introduce the integral
operators

P̄(F)(z) = lim
ζ→z
|ζ |<1

1

2π i

∮
|w|=1

F(w)
w − ζ

dw (5.2.110a)

P(F)(z) = lim
ζ→z
|ζ |>1

1

2π i

∮
|w|=1

F(w)
w − ζ

dw (5.2.110b)

defined for |z| < 1 and |z| > 1, respectively, for any matrix-valued function
F(w) continuous on |w| = 1.Applying P̄ to both sides of equations (5.2.109b)
yields

m̄n(z) = IN+M − lim
ζ→z
|ζ |<1

1

2π i

∮
|w|=1

m̄n(w)Vn(w)

w − ζ
dw, (5.2.111)
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which allows us, in principle, to find m̄n(z) from the scattering data. In compo-
nent form, (5.2.111) yields

N̄′
n(z) =

(
IN
0

)
− lim

ζ→z
|ζ |<1

1

2π i

∮
|w|=1

w−2nµ̄′
n(w)ρ(w) − N̄′

n(w)ρ̄(w)ρ(w)

w − ζ
dw

(5.2.112a)

µ̄′
n(z) =

(
0
IM

)
+ lim

ζ→z
|ζ |<1

1

2π i

∮
|w|=1

w2nN̄′
n(w)ρ̄(w)

w − ζ
dw, (5.2.112b)

which is a system of linear integral equations, on |z| = 1, for N̄′
n(z) and µ̄′

n(z)
in terms of the scattering data. The solutions of these integral equations can be
analytically continued into the region |z| < 1.
Equivalently, by applying the outside projector P to both sides of equations

(5.2.107a)–(5.2.107b), we get

N′
n(z) =

(
0
IM

)
+ lim

ζ→z
|ζ |>1

1

2π i

∮
|w|=1

w2nN̄′
n(w)ρ̄(w)

w − ζ
dw (5.2.112c)

µ′
n(z) =

(
IN
0

)
− lim

ζ→z
|ζ |>1

1

2π i

∮
|w|=1

w−2nN′
n(w)ρ(w)

w − ζ
dw. (5.2.112d)

To recoverQn andRn , we compute the power series expansions of the eigen-
functions around z = 0.By comparing the expansions (5.2.106c) and (5.2.106d)
with the expansions about z = 0 of the right-hand sides of (5.2.112a) and
(5.2.112b), or, equivalently, of (5.2.111),

m̄n(z) = IN+M − z

2π i

∮
|w|=1

w−2m̄n(w)Vn(w)dw + O(z2),

we obtain

Qn = 1

2π i

∮
|w|=1

w2nN̄′(up)
n+1 (w)ρ̄(w)dw

Rn = 1

2π i

∮
|w|=1

(
w−2(n+1)µ̄′(dn)

n (w)ρ(w) − w−2N̄′(dn)
n (w)ρ̄(w)ρ(w)

)
dw,

where N̄′
n(z) and µ̄′

n(z) are determined by the linear system (5.2.112a)–
(5.2.112b). Hence, the formulation of the inverse problem without poles is
complete.
The method of solution requires an extra step if µ′

n(z) and µ̄
′
n(z) have poles.

Let us denote such poles as
{
z j
}
j=1,...,J and

{
z̄ j
}
j=1,..., J̄ , respectively. We then

proceed as follows. First, we apply the inside projection operator (5.2.110a) to
both sides of (5.2.107a) and the outside projection operator (5.2.110b) to both
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sides of (5.2.107b) to obtain

N̄′
n(z) =

(
IN
0

)
+

J∑
j=1

z−2n
j

[
1

z − z j
N′

n(z j ) + 1

z + z j
N′

n(−z j )

]
C j

− lim
ζ→z
|ζ |<1

1

2π i

∮
|w|=1

w−2n

w − ζ
N′

n(w)ρ(w)dw (5.2.113a)

N′
n(z) =

(
0
IM

)
+

J̄∑
j=1

z̄2nj

[
1

z − z̄ j
N̄′

n(z̄ j ) + 1

z + z̄ j
N̄′

n(−z̄ j )

]
C̄ j

+ lim
ζ→z
|ζ |>1

1

2π i

∮
|w|=1

w2n

w − ζ
N̄′

n(w)ρ̄(w)dw, (5.2.113b)

whereN′
n(z j ) isN′

n(z) evaluated at the eigenvalue z j ,N′
n(−z j ) isN′

n(z) evaluated
at the complementary eigenvalue−z j , and similarly for N̄′

n(z̄ j ) and N̄′
n(−z̄ j ). In

expressions (5.2.113a)–(5.2.113b), we have taken into account Symmetry 5.1
by including poles in ± pairs with the appropriate norming constants.

Equations (5.2.113a)–(5.2.113b) constitute a system of linear integral equa-
tions on |z| = 1. This system depends on the additional matrices

{
N′

n(z j ),
N′

n(−z j )
}J
j=1 and

{
N̄′

n(z̄ j ), N̄′
n(−z̄ j )

} J̄
j=1. We obtain expressions for these ma-

trices by evaluating (5.2.113a) at the points±z̄ j and (5.2.113b) at the points±z j .
This results in a linear algebraic–integral system composed of (5.2.113a)–
(5.2.113b) and

N̄′
n(z̄ j ) =

(
IN
0

)
+

J∑
k=1

z−2n
k

[
1

z̄ j − zk
N′

n(zk) + 1

z̄ j + zk
N′

n(−zk)

]
Ck

− 1

2π i

∮
|w|=1

w−2n

w − z̄ j
N′

n(w)ρ(w)dw (5.2.113c)

N̄′
n(−z̄ j ) =

(
IN
0

)
−

J∑
k=1

z−2n
k

[
1

z̄ j + zk
N′

n(zk) + 1

z̄ j − zk
N′

n(−zk)

]
Ck

− 1

2π i

∮
|w|=1

w−2n

w + z̄ j
N′

n(w)ρ(w)dw (5.2.113d)

N′
n(z j ) =

(
0
IM

)
+

J̄∑
k=1

z̄2nk

[
1

z j − z̄k
N̄′

n(z̄k) + 1

z j + z̄k
N̄′

n(−z̄k)

]
C̄k

+ 1

2π i

∮
|w|=1

w2n

w − z j
N̄′

n(w)ρ̄(w)dw (5.2.113e)
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N′
n(−z j ) =

(
0
IM

)
−

J̄∑
k=1

z̄2nk

[
1

z j + z̄k
N̄′

n(z̄k) + 1

z j − z̄k
N̄′

n(−z̄k)

]
C̄k

+ 1

2π i

∮
|w|=1

w2n

w + z j
N̄′

n(w)ρ̄(w)dw, (5.2.113f)

where (5.2.113c)–(5.2.113d) hold for each eigenvalue
{
z̄ j :

∣∣z̄ j

∣∣ < 1, Re
z̄ j ≥ 0

} J̄
j=1 and (5.2.113e)–(5.2.113f) hold for each eigenvalue

{
z j :

∣∣z j

∣∣ >
1, Re z j ≥ 0

}J
j=1.

Note that in the system of equations (5.2.113a)–(5.2.113f), the matrix scat-
tering data (i.e., ρ(z), ρ̄(z), C j , and C̄ j ) always multiply on the right. This
implies that the rows of the matrix equations are uncoupled, that is, the first
row of (5.2.113a) depends only on the first row of (5.2.113c)–(5.2.113d).
In particular, we consider the equations for the first N rows (i.e., the matri-
ces N̄′(up)

n (z),N′(up)
n (z), N̄′(up)

n (±z̄ j ), and N
′(up)
n (±z j )) separately from the equa-

tions for the last M rows (i.e., the matrices N̄′(dn)
n (z),N′(dn)

n (z), N̄′(dn)
n (±z̄ j ), and

N̄′(dn)
n (±z j )).
The equations for the firstN rows are consistentwith the symmetry reductions

N̄′(up)
n (−z) = N̄′(up)

n (z) N′(up)
n (−z) = −N′(up)

n (z), (5.2.114a)

and the equations for the last M rows are consistent with the symmetry
reductions

N̄′(dn)
n (−z) = −N̄′(dn)

n (z) N′(dn)
n (−z) = N′(dn)

n (z), (5.2.114b)

and these symmetries are consistent with the z-expansions we derived in the
direct problem (cf. (5.2.52)–(5.2.54)). However, here the symmetry in the eigen-
functions is a consequence of the symmetry of the scattering data.
By taking into account the symmetry reductions (5.2.114a)–(5.2.114b),

we can split the system (5.2.113a)–(5.2.113f) into two smaller algebraic–
integral systems. Under the symmetry reduction (5.2.114a), the first N rows
of (5.2.113a)–(5.2.113f) become the system

N̄′(up)
n (z) = IN + 2

J∑
j=1

z−2n+1
j

z2 − z2j
N′(up)

n (z j )C j

− lim
ζ→z
|ζ |<1

1

2π i

∮
|w|=1

w−2n

w − ζ
N′(up)

n (w)ρ(w)dw (5.2.115a)

N′(up)
n (z) = 2

J̄∑
j=1

z̄2nj z

z2 − z̄2j
N̄′(up)

n (z̄ j )C̄ j

+ lim
ζ→z
|ζ |>1

1

2π i

∮
|w|=1

w2n

w − ζ
N̄′(up)

n (w)ρ̄(w)dw (5.2.115b)
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N̄′(up)
n (z̄ j ) = IN + 2

J∑
k=1

z−2n+1
k

z̄2j − z2k
N′(up)

n (zk)Ck

− 1

2π i

∮
|w|=1

w−2n

w − z̄ j
N′(up)

n (w)ρ(w)dw (5.2.115c)

N′(up)
n (z j ) = 2

J̄∑
k=1

z̄2nk z j

z2j − z̄2k
N̄′(up)

n (z̄k)C̄k

+ 1

2π i

∮
|w|=1

w2n

w − z j
N̄′(up)

n (w)ρ̄(w)dw, (5.2.115d)

where (i) equation (5.2.115c) holds for each eigenvalue
{
z̄ j :

∣∣z̄ j

∣∣ < 1,
Re z̄ j ≥ 0

} J̄
j=1, and (ii) equation (5.2.115d) holds for each eigenvalue

{
z j :∣∣z j

∣∣ > 1, Re z j ≥ 0
}J
j=1. The matrices N̄′(up)

n (−z̄ j ) and N
′(up)
n (−z j ) are deter-

mined from, respectively, N̄′(up)
n (z̄ j ) and N

′(up)
n (z j ), according to the symmetry

(5.2.114a). Hence, while the system (5.2.113a)–(5.2.113f) comprises equations
corresponding to 2

(
J + J̄

)
eigenvalues, the system (5.2.115a)–(5.2.115d),

which takes the symmetry (5.2.114a) into account, comprises equations corre-
sponding to only J + J̄ eigenvalues.
Similarly, under the symmetry reduction (5.2.114b), the last M rows of the

system (5.2.113a)–(5.2.113f) become the system

N̄′(dn)
n (z) = 2

J∑
j=1

z−2n
j z

z2 − z2j
N′(dn)

n (z j )C j

− lim
ζ→z
|ζ |<1

1

2π i

∮
|w|=1

w−2n

w − ζ
N′(dn)

n (w)ρ(w)dw (5.2.116a)

N′(dn)
n (z) = IM + 2

J̄∑
j=1

z̄2n+1
j

z2 − z̄2j
N̄′(dn)

n (z̄ j )C̄ j

+ lim
ζ→z
|ζ |>1

1

2π i

∮
|w|=1

w2n

w − ζ
N̄′(dn)

n (w)ρ̄(w)dw (5.2.116b)

N̄′(dn)
n (z̄ j ) = 2

J∑
k=1

z−2n
k z̄ j

z̄2j − z2k
N′(dn)

n (zk)Ck

− 1

2π i

∮
|w|=1

w−2n

w − z̄ j
N′(dn)

n (w)ρ(w)dw (5.2.116c)
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N′(dn)
n (z j ) = IM + 2

J̄∑
k=1

z̄2n+1
k

z2j − z̄2k
N̄′(dn)

n (z̄k)C̄k

+ 1

2π i

∮
|w|=1

w2n

w − z j
N̄′(dn)

n (w)ρ̄(w)dw, (5.2.116d)

where (i) equation (5.2.116c) holds for each eigenvalue
{
z̄ j :

∣∣z̄ j

∣∣ < 1,
Re z̄ j ≥ 0

} J̄
j=1, and (ii) equation (5.2.115d) holds for each eigenvalue{

z j :
∣∣z j

∣∣ > 1, Re z j ≥ 0
}J
j=1. The matrices N̄′(dn)

n (−z̄ j ) and N′(dn)
n (−z j ) are

determined from, respectively, N̄′(dn)
n (z̄ j ) and N′(dn)

n (z j ) according to the sym-
metry (5.2.114b).
Note that the system (5.2.115a)–(5.2.115d) is uncoupled from the system

(5.2.116a)–(5.2.116d), and each is a closed system of algebraic–integral equa-
tions. These systems hold for general potentials. However, if the scattering
data satisfy Symmetry 5.2, one can include this symmetry explicitly in the
systems. Specifically, if Symmetry 5.2 holds, then the set of eigenvalues is
given by

{±z̄ j , ±i/z̄ j :
∣∣z̄ j

∣∣ < 1, Re z̄ j ≥ 0
} J̄
j=1

∪ {±z j , ±i/z j :
∣∣z j

∣∣ > 1, Re z j ≥ 0
}J
j=1 (5.2.117a)

with the corresponding norming constants

{
C̄ j , C̃ j

} J̄
j=1 ∪

{
C j , Ĉ j

}J

j=1
, (5.2.117b)

and therefore we can rewrite the system (5.2.115a)–(5.2.115b) as

N̄′(up)
n (z) = IN + 2

J∑
j=1

z−2n+1
j

z2 − z2j
N′(up)

n (z j )C j

+ 2i
J̄∑

j=1

(−1)n z̄2n−1
j

z2 + z̄−2
j

N′(up)
n (i/z̄ j )C̃ j

− lim
ζ→z
|ζ |<1

1

2π i

∮
|w|=1

w−2n

w − ζ
N′(up)

n (w)ρ(w)dw (5.2.118a)

N′(up)
n (z) = 2

J̄∑
j=1

z̄2nj z

z2 − z̄2j
N̄′(up)

n (z̄ j )C̄ j + 2
J∑

j=1

(−1)nz−2n
j z

z2 + z−2
j

N̄′(up)
n (i/z j )Ĉ j

+ lim
ζ→z
|ζ |>1

1

2π i

∮
|w|=1

w2n

w − ζ
N̄′(up)

n (w)ρ̄(w)dw (5.2.118b)
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N̄′(up)
n (z̄ j ) = IN + 2

J∑
k=1

z−2n+1
k

z̄2j − z2k
N′(up)

n (zk)Ck

+ 2i
J̄∑

k=1

(−1)n z̄2n−1
k

z̄2j + z̄−2
k

N′(up)
n (i/z̄k)C̃k

− 1

2π i

∮
|w|=1

w−2n

w − z̄ j
N′(up)

n (w)ρ(w)dw (5.2.118c)

N̄′(up)
n (i/z j ) = IN − 2

J∑
k=1

z−2n+1
k

z−2
j + z2k

N′(up)
n (zk)Ck

− 2i
J̄∑

k=1

(−1)n z̄2n−1
k

z−2
j − z̄−2

k

N′(up)
n (i/z̄k)C̃k

− 1

2π

∮
|w|=1

z jw
−2n

1 + i z jw
N′(up)

n (w)ρ(w)dw (5.2.118d)

N′(up)
n (z j ) = 2

J̄∑
k=1

z̄2nk z j

z2j − z̄2k
N̄′(up)

n (z̄k)C̄k + 2
J∑

k=1

(−1)nz−2n
k z j

z2j + z−2
k

N̄′(up)
n (i/zk)Ĉk

+ 1

2π i

∮
|w|=1

w2n

w − z j
N̄′(up)

n (w)ρ̄(w)dw (5.2.118e)

N′(up)
n (i/z̄ j ) = −2i

J̄∑
k=1

z̄2nk z̄−1
j

z̄−2
j + z̄2k

N̄′(up)
n (z̄k)C̄k

− 2i
J∑

k=1

(−1)nz−2n
k z̄−1

j

z̄−2
j − z−2

k

N̄′(up)
n (i/zk)Ĉk

+ 1

2π

∮
|w|=1

z̄ jw
2n

1 + i z̄ jw
N̄′(up)

n (w)ρ̄(w)dw. (5.2.118f)

Here, as before, Ĉ j is the norming constant associated with±i/z j and C̃ j is the
norming constant associated with ±i/z̄ j . Similarly, under this symmetry, the
system (5.2.116a)–(5.2.115d) for the lower components of the eigenfunctions
becomes

N̄′(dn)
n (z) = 2

J∑
j=1

z−2n
j z

z2 − z2j
N′(dn)

n (z j )C j + 2
J̄∑

j=1

(−1)n z̄2nj z

z2 + z̄−2
j

N′(dn)
n (i/z̄ j )C̃ j

− lim
ζ→z
|ζ |<1

1

2π i

∮
|w|=1

w−2n

w − ζ
N′(dn)

n (w)ρ(w)dw (5.2.119a)
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N′(dn)
n (z) = IM + 2

J̄∑
j=1

z̄2n+1
j

z2 − z̄2j
N̄′(dn)

n (z̄ j )C̄ j

+ 2i
J∑

j=1

(−1)nz−2n−1
j

z2 + z−2
j

N̄′(dn)
n (i/z j )Ĉ j

+ lim
ζ→z
|ζ |>1

1

2π i

∮
|w|=1

w2n

w − ζ
N̄′(dn)

n (w)ρ̄(w)dw

(5.2.119b)

N̄′(dn)
n (z̄ j ) = 2

J∑
k=1

z−2n
k z̄ j

z̄2j − z2k
N′(dn)

n (zk)Ck + 2
J̄∑

k=1

(−1)n z̄2nk z̄ j

z̄2j + z̄−2
k

N′(dn)
n (i/z̄k)C̃k

− 1

2π i

∮
|w|=1

w−2n

w − z̄ j
N′(dn)

n (w)ρ(w)dw (5.2.119c)

N̄′(dn)
n (i/z j ) = −2i

J∑
k=1

z−2n
k z−1

j

z−2
j + z2k

N′(dn)
n (zk)Ck

− 2i
J̄∑

k=1

(−1)n z̄2nk z−1
j

z−2
j − z̄−2

k

N′(dn)
n (i/z̄k)C̃k

− 1

2π

∮
|w|=1

z jw
−2n

1 + i z jw
N′(dn)

n (w)ρ(w)dw
(5.2.119d)

N′(dn)
n (z j ) = IM + 2

J̄∑
k=1

z̄2n+1
k

z2j − z̄2k
N̄′(dn)

n (z̄k)C̄k

+ 2i
J∑

k=1

(−1)nz−2n−1
k

z2j + z−2
k

N̄′(dn)
n (i/zk)Ĉk

+ 1

2π i

∮
|w|=1

w2n

w − z j
N̄′(dn)

n (w)ρ̄(w)dw (5.2.119e)

N′(dn)
n (i/z̄ j ) = IM − 2

J̄∑
k=1

z̄2n+1
k

z̄−2
j + z̄2k

N̄′(dn)
n (z̄k)C̄k

− 2i
J∑

k=1

(−1)nz−2n−1
k

z̄−2
j − z−2

k

N̄′(dn)
n (i/zk)Ĉk

+ 1

2π

∮
|w|=1

z̄ jw
2n

1 + i z̄ jw
N̄′(dn)

n (w)ρ̄(w)dw,

(5.2.119f)

where the eigenvalues are given by (5.2.117a).
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The linear algebraic–integral systems (5.2.118a)–(5.2.118f) and (5.2.119a)–
(5.2.119f) determine the eigenfunctions N̄′

n(z) andN
′
n(z). However, these linear

systems do not account for Symmetry 5.3, which relates the eigenvalues in
the region |z| > 1 with the eigenvalues in the region |z| < 1. If we require
that Symmetry 5.3, associated with Rn = ∓QH

n holds, then J̄ = J , z̄ j = 1/z∗
j

and C̄ j = ±(z∗
j )

−2CH
j for j = 1, . . . , J in the system of integral equations

(5.2.119a)–(5.2.119f).
Note that we have not proved that the linear systems have a solution in

general. Neither have we established conditions on the scattering data that
would ensure that these systems are solvable. Rather, we have shown how to
obtain a linear algebraic–integral system for the eigenfunctions from the scatter-
ing data. In the following, we compute the solution of (5.2.118a)–(5.2.118f) for
a reflectionless potential (i.e., ρ(z) = ρ̄(z) = 0 on |z| = 1) with a single octet
of eigenvalues {±z1,±i/z1,±z̄1,±i/z̄1 : |z1| > 1, |z̄1| < 1}. It is outside the
scope of this work to rigorously establish conditions under which either systems
are guaranteed to have (unique) solutions.

Recovery of the potentials

We show how to recover the potentialsQn and Rn from the eigenfunctions and
the scattering data. First, we show how to recover thematrix potentialQn . Then,
we derive twomethods for recovering thematrix potentialRn – onemethod that
is applicable for general Rn and a simplified method for potentials that satisfy
the symmetry RnQn = QnRn = αnI (cf. Symmetry 5.2).

To recover Qn , we first apply the inside projection operator (5.2.110a) to
both sides of the jump condition (5.2.107b). This yields the relations

µ̄′(up)
n (z) = 2

J̄∑
j=1

z̄2nj z

z2 − z̄2j
N̄′(up)

n (z̄ j )C̄ j + 1

2π i

∮
|w|=1

w2n

w − z
N̄′(up)

n (w)ρ̄(w)dw

(5.2.120a)

µ̄′(dn)
n (z) = IM + 2

J̄∑
j=1

z̄2n+1
j

z2 − z̄2j
N̄′(dn)

n (z̄ j )C̄ j

+ 1

2π i

∮
|w|=1

w2n

w − z
N̄′(dn)

n (w)ρ̄(w)dw (5.2.120b)

when the symmetries (5.2.114a)–(5.2.114b) are taken into account. Now, by
comparing the power series expansion (in z) of the right-hand side of (5.2.120a)
and the expansion (5.2.106d) of µ̄′

n(z), we obtain

Qn−1 = −2
J̄∑

j=1

z̄2(n−1)
j N̄′(up)

n (z̄ j )C̄ j + 1

2π i

∮
|w|=1

w2(n−1)N̄′(up)
n (w)ρ̄(w)dw,

(5.2.121a)
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which gives the potential in terms of the eigenfunction N̄′(up)
n (z) evaluated on

|z| = 1 and at the eigenvalues
{±z̄ j : |z̄ j | < 1, Re z̄ j > 0

} J̄
j=1.

Analogously, we can recover Rn from the eigenfunctions N′(dn)
n (z) and

N̄′(dn)
n (z). Indeed, by applying the outside projection operator (5.2.110b) to the

jump condition (5.2.107a), we obtain the equation

µ′(dn)
n (z) = 2

J∑
j=1

z−2n
j z

z2 − z2j
N′(dn)

n (z j )C j − 1

2π i

∮
|w|=1

w−2n

w − z
N′(dn)

n (w)ρ(w)dw.

Then, by comparing the Laurent expansion (in z) of the right-hand side of this
expression with the expansion (5.2.106b) of µ′

n(z), we obtain

∆nRn−1 = 2
J∑

j=1

z−2n
j N′(dn)

n (z j )C j + 1

2π i

∮
|w|=1

w−2nN′(dn)
n (w)ρ(w)dw.

(5.2.121b)

Similarly, by comparing the power series expansion (in z) of the right-hand side
of (5.2.120b) and the expansion (5.2.106d) of µ̄′

n(z), we obtain

∆n = IM − 2
J̄∑

j=1

z̄2n−1
j N̄′(dn)

n (z̄ j )C̄ j + 1

2π i

∮
|w|=1

w2n−1N̄′(dn)
n (w)ρ̄(w)dw.

(5.2.121c)

Hence, with (5.2.121b) and (5.2.121c) we can recover Rn from the
eigenfunctions evaluated on |z| = 1 and at their respective eigenvalues{±z j : |z j | > 1, Re z j > 0

}J
j=1, and

{±z̄ j : |z̄ j | < 1, Re z̄ j > 0
} J̄
j=1.

If we explicitly include the effect of Symmetry 5.2 on the eigenvalues, then
(5.2.121a) becomes

Qn−1 = −2
J̄∑

j=1

z̄2(n−1)
j N̄′(up)

n (z̄ j )C̄ j − 2
J∑

j=1

(−1)n−1z−2(n−1)
j N̄′(up)

n (i/z j )Ĉ j

+ 1

2π i

∮
|w|=1

w2(n−1)N̄′(up)
n (w)ρ̄(w)dw, (5.2.122a)

where the eigenvalues are as in (5.2.117a).
Also, there is a simpler procedure for recovering the potential Rn when

the potentials satisfy the symmetry (5.2.79a). Recall that the eigenfunctions
N′(dn)

n (z) and N̄′(dn)
n (z) satisfy (5.2.116a) and (5.2.116b). Comparing the power

series expansion (in z) of the right-hand side of (5.2.116a) with the expansion
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(5.2.106c) of N̄′(dn)
n (z) yields

∆nRnΩ−1
n = 2

J∑
j=1

z−2(n+1)
j N′(dn)

n (z j )C j

+ 1

2π i

∮
|w|=1

w−2(n+1)N′(dn)
n (w)ρ(w)dw.

In general, this relation is insufficient to recover Rn because we must also
determine ∆n and Ω−1

n . However, if the potentials satisfy (5.2.79a), then

Ωn =
+∞∏
k=n

(1 − αk) IN ∆n =
+∞∏
k=n

(1 − αk) IM , (5.2.122b)

and therefore

Rn = 2
J∑

j=1

z−2(n+1)
j N′(dn)

n (z j )C j + 2
J̄∑

j=1

(−1)n+1 z̄2(n+1)
j N′(dn)

n (i/z̄ j )C̃ j

+ 1

2π i

∮
|w|=1

w−2(n+1)N′(dn)
n (w)ρ(w)dw. (5.2.122c)

As before, we can take into account Symmetry 5.3 by requiring J̄ = J , z̄ j =
1/z∗

j , and C̄ j = ±(z∗
j )

−2CH
j for any j = 1, . . . , J .

Finally, we remark that the symmetry (5.2.84) for the reflection coefficients
can be obtained from the inverse problem formulas (5.2.122a) and (5.2.122c) by
reconstructing the potentials in terms of the scattering data. Indeed, let us restrict
ourselves for simplicity to the case N = 2 and consider “small” potentials Qn

and Rn satisfying the symmetry

Rn = (−1)nPQT
n P. (5.2.123)

Moreover, let us assume no discrete eigenvalues. Hence, due to the small norm
assumption for the potentials, from (5.2.118a) and (5.2.119a) it follows that
N̄′(up)

n (w) ∼ IN andN′(dn)
n (w) ∼ IM , and substitution into (5.2.122a)–(5.2.122c)

yields

Qn ∼ 1

2π i

∮
|w|=1

w2nρ̄(w)dw (5.2.124a)

Rn ∼ 1

2π i

∮
|w|=1

w−2(n+1)ρ(w)dw. (5.2.124b)

Performing in (5.2.124a) the change of variable w → i/w and taking into
account that the potentials satisfy (5.2.123) immediately yields the symmetry
(5.2.84).
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Reflectionless potentials

In this subsection, we consider the recovery of potentials from scattering data
such that ρ(z) = ρ̄(z) = 0 on |z| = 1. We refer to such potentials as reflection-
less potentials. In particular, we consider scattering data that satisfy Symmetry
5.2 and Symmetry 5.3. We explicitly calculate the potential in the case where
there is only one octet of eigenvalues and norming constants. In this case we
obtain potentials with the familiar sech profile with a complex modulation.
However, we show below that, to obtain this potential, an additional condition
on the norming constants is required.
If ρ(z) = ρ̄(z) = 0 on |z| = 1, then the integrals vanish in the algebraic–

integral system (5.2.118a)–(5.2.118f). In this case, this system reduces to the
linear algebraic system

N̄′(up)
n (z̄ j ) = IN + 2

J∑
k=1

z−2n+1
k

z̄2j − z2k
N′(up)

n (zk)Ck

+ 2i
J̄∑

k=1

(−1)n z̄2n−1
k

z̄2j + z̄−2
k

N′(up)
n (i/z̄k)C̃k (5.2.125a)

N̄′(up)
n (i/z j ) = IN − 2

J∑
k=1

z−2n+1
k

z−2
j + z2k

N′(up)
n (zk)Ck

− 2i
J̄∑

k=1

(−1)n z̄2n−1
k

z−2
j − z̄−2

k

N′(up)
n (i/z̄k)C̃k (5.2.125b)

N′(up)
n (z j ) = 2

J̄∑
k=1

z̄2nk z j

z2j − z̄2k
N̄′(up)

n (z̄k)C̄k

+ 2
J∑

k=1

(−1)nz−2n
k z j

z2j + z−2
k

N̄′(up)
n (i/zk)Ĉk (5.2.125c)

N′(up)
n (i/z̄ j ) = −2i

J̄∑
k=1

z̄2nk z̄−1
j

z̄−2
j + z̄2k

N̄′(up)
n (z̄k)C̄k

− 2i
J∑

k=1

(−1)nz−2n
k z̄−1

j

z̄−2
j − z−2

k

N̄′(up)
n (i/zk)Ĉk . (5.2.125d)

Moreover, the expression (5.2.122a) for the potential Qn reduces to

Qn−1 = −2
J̄∑

j=1

z̄2(n−1)
j N̄′(up)

n (z̄ j )C̄ j − 2
J∑

j=1

(−1)n−1z−2(n−1)
j N̄′(up)

n (i/z j )Ĉ j .

(5.2.126)
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Analogously, the system (5.2.119c)–(5.2.119f) reduces to the linear algebraic
system

N̄′(dn)
n (z̄ j ) = 2

J∑
k=1

z−2n
k z̄ j

z̄2j − z2k
N′(dn)

n (zk)Ck

+ 2
J̄∑

k=1

(−1)n z̄2nk z̄ j

z̄2j + z̄−2
k

N′(dn)
n (i/z̄k)C̃k (5.2.127a)

N̄′(dn)
n (i/z j ) = −2i

J∑
k=1

z−2n
k z−1

j

z−2
j + z2k

N′(dn)
n (zk)Ck

− 2i
J̄∑

k=1

(−1)n z̄2nk z−1
j

z−2
j − z̄−2

k

N′(dn)
n (i/z̄k)C̃k (5.2.127b)

N′(dn)
n (z j ) = IM + 2

J̄∑
k=1

z̄2n+1
k

z2j − z̄2k
N̄′(dn)

n (z̄k)C̄k

+ 2i
J∑

k=1

(−1)nz−2n−1
k

z2j + z−2
k

N̄′(dn)
n (i/zk)Ĉk (5.2.127c)

N′(dn)
n (i/z̄ j ) = IM − 2

J̄∑
k=1

z̄2n+1
k

z̄−2
j + z̄2k

N̄′(dn)
n (z̄k)C̄k

− 2i
J∑

k=1

(−1)nz−2n−1
k

z̄−2
j − z−2

k

N̄′(dn)
n (i/zk)Ĉk, (5.2.127d)

and (5.2.122c) gives the reconstruction of the potential Rn ,

Rn = 2
J∑

j=1

z−2(n+1)
j N′(dn)

n (z j )C j + 2
J̄∑

j=1

(−1)n+1 z̄2(n+1)
j N′(dn)

n (i/z̄ j )C̃ j .

(5.2.128)

Therefore, in the reflectionless case (i.e. when ρ(z) = ρ̄(z) = 0 on |z| = 1)
and with Symmetry 5.2 taken into account, the potentials are determined by
the solutions of the 2(J + J̄ )-dimensional linear-algebraic systems (5.2.125a)–
(5.2.125d) and (5.2.127a)–(5.2.127d).
In particular, if there is one octet of eigenvalues and norming constants,

that is,{
(±z1,C1) ,

(±z̄1, C̄1
)
,
(
±i/z1, Ĉ1

)
,
(±i/z̄1, C̃1

)}
, (5.2.129)
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the system (5.2.125a)–(5.2.125d), after eliminating the matrices N′(up)
n (z1) and

N′(up)
n (i/z̄1), reduces to

N̄′(up)
n (z̄1)

= IN − 4N̄′(up)
n (z̄1)

[
z̄2n1 z−2(n−1)

1

(z̄21 − z21)
2
C̄1C1 − (−1)n z̄4n+2

1

(1 + z̄41)
2
C̄1C̃1

]

− 4N̄′(up)
n (i/z1)

[
(−1)nz−4(n−1)

1

(z21 − z̄21)(1 + z41)
Ĉ1C1 + z−2(n−1)

1 z̄2(n+1)
1

(1 + z̄41)(z̄
2
1 − z21)

Ĉ1C̃1

]

(5.2.130a)

N̄′(up)
n (i/z1)

= IN − 4N̄′(up)
n (z̄1)

[
z̄2n1 z−2(n−2)

1

(z21 − z̄21)(1 + z41)
C̄1C1 − (−1)nz21 z̄

4n+2
1

(1 + z̄41)(z
2
1 − z̄21)

C̄1C̃1

]

− 4N̄′(up)
n (i/z1)

[
(−1)nz−4n+6

1

(1 + z41)
2
Ĉ1C1 − z−2(n−2)

1 z̄2(n+1)
1

(z21 − z̄21)
2
Ĉ1C̃1

]
.

(5.2.130b)

So far, in deriving the system (5.2.130a)–(5.2.130b), we have accounted for
the effect of Symmetry 5.2 on the eigenvalues, but we have not considered the
effect of this symmetry on the norming constants. We now use the symmetry
in the norming constants to further simplify the solution of this system.
For N = 2, let us define

C1 =
(
γ
(1)
1 δ

(2)
1

γ
(2)
1 −δ(1)1

)
, C̄1 = z̄21

(
γ̄
(1)
1 γ̄

(2)
1

δ̄
(2)
1 −δ̄(1)1

)
. (5.2.131a)

Then, the symmetries in the norming constants given by Symmetry 5.2, namely,
the relations (5.2.92b)–(5.2.92c), imply that

Ĉ1 = −z−2
1

(
δ
(1)
1 δ

(2)
1

γ
(2)
1 −γ (1)

1

)
, C̃1 =

(
δ̄
(1)
1 γ̄

(2)
1

δ̄
(2)
1 −γ̄ (1)

1

)
. (5.2.131b)

Correspondingly,

Ĉ1C1 = C1Ĉ1 = −z−2
1

(
γ1 · δ1

)
I (5.2.132a)

C̃1C̄1 = C̄1C̃1 = z̄21
(
γ̄1 · δ̄1

)
I, (5.2.132b)
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where we find it convenient to introduce the two-component vectors

γ1 =
(
γ
(1)
1

γ
(2)
1

)
, δ1 =

(
δ
(1)
1

δ
(2)
1

)
, γ̄1 =

(
γ̄
(1)
1

γ̄
(2)
1

)
, δ̄1 =

(
δ̄
(1)
1

δ̄
(2)
1

)

(5.2.133)

and · denotes, as usual, the scalar product.
If (as explained later) we impose the additional condition

δ1 = δ̄1 = 0, (5.2.134)

then the system (5.2.130a)–(5.2.130b) has the unique solution

N̄′(up)
n (z̄1) =

( 1
1+gn

0

0 1 − (z21−z̄21)gn
z21(1+z̄41)(1+gn )

)
(5.2.135a)

N̄′(up)
n (i z−1

1 ) =
(
1 − z21(z21−z̄21)gn

(1+z41)(1+gn )
0

0 1
1+gn

)
, (5.2.135b)

where

gn = 4
(
γ1 · γ̄1

) (
z21 − z̄21

)−2
z−2(n−1)
1 z̄2(n+1)

1 . (5.2.135c)

Substituting these expressions into (5.2.125c)–(5.2.125d) yields

N′(up)
n (z1) = 2

1 + gn




γ̄
(1)
1

z̄2(n+1)
1 z1
z21 − z̄21

γ̄
(2)
1

z̄2(n+1)
1 z1
z21 − z̄21

(−1)n+1γ
(2)
1

z−2n−1
1

z21 + z−2
1

(−1)nγ (1)
1

z−2n−1
1

z21 + z−2
1




N′(up)
n (i z̄−1

1 ) = −2i

1 + gn




γ̄
(1)
1

z̄2n+1
1

z̄−2
1 + z̄21

γ̄
(2)
1

z̄2n+1
1

z̄−2
1 − z̄21

(−1)n+1γ
(2)
1

z−2(n+1)
1 z̄−1

1

z̄−2
1 − z−2

1

(−1)nγ (1)
1

z−2(n+1)
1 z̄−1

1

z̄−2
1 − z−2

1


 ,

so that finally

N̄′(up)
n (z)

=

1 + 4γ1 · γ̄1

z̄2(n+1)
1 z−2(n−1)

1

(z2−z21)(z
2
1−z̄21)(1+gn )

0

0 1 − 4γ1 · γ̄1
z̄2(n−1)
1 z−2(n+1)

1

(z2+z̄−2
1 )(z̄−2

1 −z−2
1 )(1+gn )


 .

(5.2.136)
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By (5.2.122a), taking into account (5.1.6) and (5.2.126),we obtain the following
expressions for the potentials:(

Q(1)
n

Q(2)
n

)
= −2

z̄2(n+1)
1

1 + 4
(
γ1 · γ̄1

) (
z21 − z̄21

)−2
z−2n
1 z̄2(n+2)

1

(
γ̄
(1)
1

γ̄
(2)
1

)
(5.2.137a)

(
R(1)
n

R(2)
n

)
= 2

z−2(n+1)
1

1 + 4
(
γ1 · γ̄1

) (
z21 − z̄21

)−2
z−2n
1 z̄2(n+2)

1

(
γ
(1)
1

γ
(2)
1

)
. (5.2.137b)

We now consider the effect of Symmetry 5.3 on the inverse problem. Specif-
ically, we restrict ourselves to the caseRn = −QH

n , since we showed that in the
defocusing case no discrete eigenvalues are allowed for decaying potentials.
Recall that if Symmetry 5.3 holds, then J̄ = J and z̄ j = 1/z∗

j for any j =
1, . . . , J . Hence, in this case, the eigenvalue/norming constants octet (5.2.129)
takes the form{

(±z1,C1) ,
(±1/z∗

1, C̄1
)
,
(
±i/z1, Ĉ1

)
,
(±i z∗

1, C̃1
)}
. (5.2.138)

Moreover, in terms of the norming constants, Symmetry 5.3 implies that γ̄1 =
γ∗
1 in (5.2.131a) and (5.2.131b).
With these symmetries explicitly included, as well as the substitution z1 =

eα1+iβ1 , the potentials (5.2.137a)–(5.2.137b) are(
Q(1)

n

Q(2)
n

)
= − γ∗

1∥∥γ1

∥∥e2iβ1(n+1) sinh(2α1) sech (2α1(n + 1) − d) (5.2.139a)

(
R(1)
n

R(2)
n

)
= γ1∥∥γ1

∥∥e−2iβ1(n+1) sinh(2α1) sech (2α1(n + 1) − d) , (5.2.139b)

where d = log
∥∥γ1

∥∥− log [sinh(2α1)]. These potentials are a discrete, vector
version of the familiar sech profile with complex modulation.
If, instead of the condition (5.2.134), that is, δ1 = δ̄1 = 0, we choose

γ1 = γ̄1 = 0, (5.2.140)

then, according to (5.1.6) and (5.2.126), the solution of the system (5.2.130a)–
(5.2.130b) yields the potentials(

Q(1)
n

Q(2)
n

)
= 2

(−1)nz−2(n+1)
1

1 + 4
(
δ1 · δ̄1

) (
z21 − z̄21

)−2
z−2n
1 z̄2(n+2)

1

(
δ
(1)
1

δ
(2)
1

)
(5.2.141a)

(
R(1)
n

R(2)
n

)
= −2

(−1)n z̄2(n+1)
1

1 + 4
(
δ1 · δ̄1

) (
z21 − z̄21

)−2
z−2n
1 z̄2(n+2)

1

(
δ̄
(1)
1

δ̄
(2)
1

)
. (5.2.141b)
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If Symmetry 5.3 holds, then δ̄1 = δ∗
1 and, as before, z̄1 = 1/z∗

1, and, with
this symmetry and the substitution z1 = eα1+iβ1 , the potentials (5.2.141a)–
(5.2.141b) are(

Q(1)
n

Q(2)
n

)
= − δ1

‖δ1‖e
−2i(β1+π/2)(n+1) sinh(2α1) sech

(
2α1(n + 1) − d̂

)
(5.2.142a)(

R(1)
n

R(2)
n

)
= δ∗

1

‖δ1‖e
2i(β1+π/2)(n+1) sinh(2α1) sech

(
2α1(n + 1) − d̂

)
, (5.2.142b)

where d̂ = log ‖δ1‖ − log [sinh(2α1)]. Like (5.2.139a)–(5.2.139b), the poten-
tials (5.2.142a)–(5.2.142b) are a discrete version of the familiar sech profile
with complex modulation.
Note that, to obtain the above complex-modulated sech potential, we imposed

the condition (5.2.134) or (5.2.140) on the norming constants. However, even in
the case of a single octet of eigenvalues/norming constants, there exists a more
general solution of the linear system (5.2.130a)–(5.2.130b) corresponding to the
case when we do not restrict the norming constants to obey the condition γ1 =
γ̄1 = 0 or δ1 = δ̄1 = 0. The general case γ1 �= 0, γ̄1 �= 0 and δ1 �= 0, δ̄1 �= 0
corresponds to solutions that we refer to as “composite” solitons, as opposed
to the “fundamental” solitons that we obtain for γ1 = γ̄1 = 0 or δ1 = δ̄1 = 0.
Even though a single octet is the minimal number of discrete eigenvalues, the
composite soliton essentially differs from the fundamental solitons. In fact, one
composite soliton could be regarded as a “two-fundamental soliton solution.” In
a sense, the composite soliton is composed of two fundamental solitons “glued”
together.
The solution of the linear system (5.2.130a)–(5.2.130b) when γ1 and δ1 and

γ̄1 and δ̄1 are possibly all different from zero but orthogonal to each other, that
is, such that γ1 · δ1 = γ̄1 · δ̄1 = 0, is given by

N̄′(up)
n (i/z1)

= 1

1 + g̃n

[
I+ g̃n

γ1 · γ̄1 + δ1 · δ̄1
z̄21 + z−2

1

z21 + z−2
1

(
γ1 · γ̄1 W

(
γ̄1, δ1

)
W
(
γ1, δ̄1

)
δ1 · δ̄1

)]

N̄′(up)
n (z̄1)

= 1

1 + g̃n

[
I+ g̃n

γ1 · γ̄1 + δ1 · δ̄1
z̄21 + z−2

1

z̄21 + z̄−2
1

(
δ1 · δ̄1 −W

(
γ̄1, δ1

)
−W

(
γ1, δ̄1

)
γ1 · γ̄1

)]
,

where

g̃n = 4
z−2(n−1)
1 z̄2(n+1)

1(
z21 − z̄21

)2 (
γ1 · γ̄1 + δ1 · δ̄1

)
(5.2.143)
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and, as usual,

W (γ1, δ1) = γ
(1)
1 δ

(2)
1 − γ

(2)
1 δ

(1)
1 . (5.2.144)

Hence (5.2.126) and (5.1.6) yield(
Q(1)

n

Q(2)
n

)
= −2

z̄2(n+1)
1

1 + g̃n+1
γ̄1 + 2 (−1)n

z−2(n+1)
1

1 + g̃n+1
δ1 (5.2.145a)

(
R(1)
n

R(2)
n

)
= 2

z−2(n+1)
1

1 + g̃n+1
γ1 − 2 (−1)n

z̄2(n+1)
1

1 + g̃n+1
δ̄1. (5.2.145b)

Taking into account Symmetry 5.3, according to which z̄1 = 1/z∗
1 and γ̄1 =

γ∗
1, δ̄1 = δ∗

1, and substituting z1 = eα1+iβ1 yields(
Q(1)

n

Q(2)
n

)
= sinh 2α1(‖γ1‖2 + ‖δ1‖2

)1/2 sech (2(n + 1)α1 − d̃
)

× [eiπ+2i(n+1)β1γ∗
1 + e−2i(n+1)β1−inπδ1

]
, (5.2.146)

where

d̃ = log (‖γ1‖2 + ‖δ1‖2)
1
2 − log (sinh 2α1). (5.2.147)

Note that the solution (5.2.146) has two complex carrier modulation terms,
unlike the fundamental soliton solutions (5.2.139) and (5.2.142).

Gel’fand–Levitan–Marchenko integral equations

Like in the scalar case, we can also provide a reconstruction for the potentials
by means of Gel’fand–Levitan–Marchenko integral equations. Indeed, let us
represent the eigenfunctions ψn and ψ̄n in terms of triangular kernels,

ψn(z) =
+∞∑
j=n

z− jK(n, j) |z| > 1 (5.2.148a)

ψ̄n(z) =
+∞∑
j=n

z j K̄(n, j) |z| < 1, (5.2.148b)

where

K(n, j) =
(
K(up)(n, j)
K(dn)(n, j)

)
, K̄(n, j) =

(
K̄(up)(n, j)
K̄(dn)(n, j)

)
, (5.2.149)

and write the equations (5.2.59a)–(5.2.59b) in the form

φn(z)a
−1(z) − ψ̄n(z) = ψn(z)ρ(z) (5.2.150a)

φ̄n(z)ā
−1(z) − ψn(z) = ψ̄n(z)ρ̄(z). (5.2.150b)
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Applying the operator 1
2π i

∮
|z|=1 dz z−m−1 for m ≥ n to equation (5.2.150a)

and taking into account the asymptotics (5.2.49a)–(5.2.49b), (5.2.52), (5.2.54),
and (5.2.66a)–(5.2.66b), as well as the triangular representations (5.2.148a)–
(5.2.148b), we obtain

K̄(n,m) +
+∞∑
j=n

K(n, j)F(m + j) =
(
IN
0

)
δm,n m ≥ n, (5.2.151)

where

F(n) =
J∑

j=1

z−n−1
j C j + 1

2π i

∮
|z|=1

z−n−1ρ(z)dz. (5.2.152)

Analogously, operating on equation (5.2.150b) with 1
2π i

∮
|z|=1 dz z

.m−1 form ≥
n yields

K(n,m) +
+∞∑
j=n

K̄(n, j)F̄(m + j) =
(
0
IM

)
δm,n m ≥ n, (5.2.153)

where

F̄(n) = −
J̄∑

j=1

z̄n−1
j C̄ j + 1

2π i

∮
|z|=1

zn−1ρ̄(z)dz. (5.2.154)

Equations (5.2.151) and (5.2.153) constitute the Gel’fand–Levitan–
Marchenko equations. Note that the sum into (5.2.152) (resp. (5.2.154)) is
performed over all the discrete eigenvalues that are outside (resp. inside) the
unit circle.
Comparing the representations (5.2.148a)–(5.2.148b) for the eigenfunctions

with the asymptotics (5.2.52) and (5.2.54) and recalling (5.2.19b) yields the
reconstruction of the potentials in terms of the kernels of GLM equations, that
is,

K(up)(n, n) = K̄(dn)(n, n) = 0, K̄(up)(n, n) = Ω−1
n , K(dn)(n, n) = ∆−1

n

(5.2.155)

Qn = −K(up)(n, n + 1)
(
K(dn)(n, n)

)−1
,

Rn = −K̄(dn)(n, n + 1)
(
K̄(up)(n, n)

)−1
. (5.2.156)

It is more convenient to write equations (5.2.151) and (5.2.153) as forced
summation equations, which is accomplished if we introduce

κ(n, n) =
(
0
IM

)
κ̄(n, n) =

(
IN
0

)
(5.2.157a)
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and for m > n

K(n,m) =
(

Ω−1
n 0
0 ∆−1

n

)
κ(n,m) K̄(n,m) =

(
Ω−1

n 0
0 ∆−1

n

)
κ̄(n,m).

(5.2.157b)

Equations (5.2.151) and (5.2.153) then yield for m > n

k̄(n,m) +
(
0
IM

)
F(n + m) +

+∞∑
j=n+1

κ(n, j)F(m + j) = 0 (5.2.158a)

κ(n,m) +
(
IN
0

)
F̄(n + m) +

+∞∑
j=n+1

κ̄(n, j)F̄(m + j) = 0, (5.2.158b)

and from (5.2.155)–(5.2.156) we obtain

Qn = −Ω−1
n κ(up)(n, n + 1)∆n Rn = −∆−1

n κ̄(dn)(n, n + 1)Ωn.

(5.2.159)

In general, these relations are insufficient to recover Qn and Rn because
we must also determine ∆n and Ωn . However, if the potentials satisfy
Symmetry 5.2, that is, if (5.2.79a) holds, taking into account (5.2.122b), from
(5.2.155) and (5.2.156) it follows that κ and κ̄ are related to the potentials as
follows:

Qn = −κ(up)(n, n + 1) Rn = −κ̄(dn)(n, n + 1). (5.2.160)

Note that if the potentials satisfy Symmetry 5.2, the eigenvalues are paired
and the corresponding norming constants satisfy (5.2.78). Therefore, the GLM
equations can be simplified as follows:

k̄(n,m) +
(
0
IM

)
FR(n + m) +

+∞∑
j=n+1

j+m=odd

κ(n, j)FR(m + j) = 0 (5.2.161a)

κ(n,m) +
(
IN
0

)
F̄R(n + m) +

+∞∑
j=n+1

j+m=odd

κ̄(n, j)F̄R(m + j) = 0, (5.2.161b)

where

FR(n) =
{
2
∑J

j=1 z
−n−1
j C j + 1

π i

∫
CR z−n−1ρ(z)dz n = odd

0 n = even

(5.2.162a)
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F̄R(n) =
{

−2
∑ J̄

j=1 z̄
n−1
j C̄ j + 1

π i

∫
CR zn−1ρ̄(z)dz n = odd

0 n = even

(5.2.162b)

and CR denotes the right half of the unit circle.
Finally, we note that if, in addition, the potentials are such that Rn = ∓QH

n ,
that is, if Symmetry 5.3 applies, then from (5.2.98a)–(5.2.98b) it also follows
that

F̄(n) = ∓FH (n). (5.2.163)

Existence and uniqueness of solution

Consider the homogeneous equations corresponding to (5.2.158a)–(5.2.158b),

h1(m) +
+∞∑

j=n+1

h2( j)F(m + j) = 0 (5.2.164a)

h2(m) +
+∞∑

j=n+1

h1( j)F̄(m + j) = 0, (5.2.164b)

and suppose h(n) = (h1(n),h2(n)) is a solution of (5.2.164a)–(5.2.164b) that
vanish identically for m < n. For any matrix element,

h(i,k)
1 (m) +

+∞∑
j=n+1

M∑
�=1

h(i,�)
2 ( j)F (�,k)(m + j) = 0

i = 1, . . . , (N + M), k = 1, . . . , N (5.2.165a)

h(i,k)
2 (m) +

N∑
�=1

+∞∑
j=n+1

h(i,�)
1 ( j)F̄ (�,k)(m + j) = 0

i = 1, . . . , (N + M), k = 1, . . . ,M. (5.2.165b)

Multiplying (5.2.165a)–(5.2.165b) by (h(i,k)
1 , h(i,k)

2 )∗ and summing over all
i, k and over all integers m, one obtains

∞∑
m=−∞

{
N+M∑
i=1

N∑
k=1

|h(i,k)
1 (m)|2 +

N+M∑
i=1

M∑
k=1

|h(i,k)
2 (m)|2

+
∞∑

j=−∞

[
N+M∑
i=1

N∑
k=1

M∑
�=1

h(i,�)
2 (m)

(
h(i,k)
1 ( j)

)∗
F (�,k)(m + j)

+
N+M∑
i=1

M∑
k=1

N∑
�=1

h(i,�)
1 ( j)

(
h(i,k)
2 (m)

)∗
F̄ (�,k)(m + j)

]}
= 0. (5.2.166)
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If Symmetry 5.3 holds andRn = −QH
n , (5.2.163) yields F̄ = −FH , and then

(5.2.166) can be simplified as follows:

0 =
∞∑

m=−∞

{
N+M∑
i=1

N∑
k=1

|h(i,k)
1 (m)|2 +

N+M∑
i=1

M∑
k=1

|h(i,k)
2 (m)|2

+ 2i Im

[ ∞∑
j=−∞

N+M∑
i=1

N∑
k=1

M∑
�=1

h(i,�)
2 (m)

(
h(i,k)
1 ( j)

)∗
F (�,k)(m + j)

]}
.

The real and imaginary parts must both vanish, from which it follows that

h1(m) ≡ 0, h2(m) ≡ 0.
On the other hand, if Rn = QH

n , then F̄ = FH , which allows equation
(5.2.166) to be written as

0 =
∞∑

m=−∞

{
N+M∑
i=1

N∑
k=1

|h(i,k)
1 (m)|2 +

N+M∑
i=1

M∑
k=1

|h(i,k)
2 (m)|2

+ 2 Re

[ ∞∑
j=−∞

N+M∑
i=1

N∑
k=1

M∑
�=1

h(i,�)
2 (m)

(
h(i,k)
1 ( j)

)∗
F (�,k)(m + j)

]}
.

(5.2.167)

Like in the continuous case, the scattering problem with this reduction is for-
mally self-adjoint and there are no discrete eigenvalues. This implies that

F(m) = 1

2π i

∮
|z|=1

z−m−1ρ(z)dz. (5.2.168)

A function h(n) of a discrete variable n assuming integer values, and its discrete
Fourier transform ĥ(z),

ĥ(z) =
∞∑

n=−∞
h(n)zn h(n) = 1

2π i

∮
|z|=1

ĥ(z)zn−1dz,

satisfy a discrete version of Parseval’s identity, namely,
∞∑

n=−∞
|h(n)|2 = 1

2π i

∮
|z|=1

z−1|ĥ(z)|2 ≡ 1

2π

∫ 2π

0
|ĥ(eiθ )|2dθ.

Substituting these results into (5.2.167) yields

0 =
∫ 2π

0

{
N+M∑
i=1

N∑
j=1

|ĥ(i, j)
1 (eiθ )|2 +

N+M∑
i=1

M∑
j=1

|ĥ(i, j)
2 (eiθ )|2

+ 2 Re
∫ 2π

0

N+M∑
i=1

N∑
j=1

M∑
k=1

(
ĥ
(i, j)
1 (eiθ )

)∗
ĥ
(i,k)
2 (e−iθ )ρ( j,k)(eiθ )

}
dθ.

(5.2.169)



5.2 The inverse scattering transform for IDMNLS 183

Under the reduction Rn = QH
n , from (5.2.101) it follows that

det
(
IN − ρH (w)ρ(w)

)
> 0 for |w| = 1

(recall that we assume the potentials are “small” enough so that 1 − α j > 0 for
any j ∈ Z).Assuming that this condition is sufficient to ensure that |ρ( j,k)(w)| <
1 for any j = 1, . . . ,M and k = 1, . . . N , we have∣∣∣2 Re [ĥ(i,�)

1 (e−iθ )
(
ĥ
(i,k)
2 (eiθ )

)∗
ρ(k,�)(eiθ )

]∣∣∣
< |ĥ(i,�)

1 (e−iθ )|2 + |ĥ(i,k)
2 (eiθ )|2.

Hence ĥ1(n) ≡ ĥ2(n) ≡ 0. and h1(y) ≡ h2(y) ≡ 0.
We conclude that, when Rn = ∓QH

n , the integral equations (5.2.158a), ad-
mit no homogenous solutions besides the trivial one. The complete study of the
inverse scattering problem is outside the scope of this work. However, we can
say that when the kernel F(m) is compact, as it would be when the class of po-
tentials is suitably restricted, then the Gel’fand–Levitan–Marchenko equations
are Fredholm. In this case, the Fredholm alternative applies, and the previous
result implies that the solution of the GLM equation exists and is unique.

5.2.3 Time evolution

The operator (5.1.2b) determines the evolution of the eigenfunctions. From this
we deduce the time evolution of the scattering data. Since we have assumed that
Qn,Rn → 0 as n → ±∞, then the time-dependence (5.1.2b) is asymptotically
of the form

∂τvn =
(−iµIN − iA 0

0 iµIM + iB

)
vn as n → ±∞, (5.2.170)

where

µ = 1
2

(
z − z−1

)2
.

The constant matrices A and B can be absorbed by a gauge transformation
(5.1.3), but, as we pointed out in Section 5.1, the symmetries in the potentials
impose restrictions on the choice of such gauge matrices. Therefore, we deter-
mine the time-dependence of the scattering data in the gauge A = IN ,B = IM .
In this case, the system (5.2.170) has solutions that are linear combinations of
the solutions

v+
n = e− i

2 (z
2+z−2)τ

(
IN
0

)
, v−

n = e
i
2 (z

2+z−2)τ

(
0
IM

)
.
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However, such solutions are not compatible with the fixed boundary conditions
of the eigenfunctions (5.2.19a)–(5.2.19b), and therefore we define the time-
dependent functions

Mn(z, τ ) = e− i
2 (z

2+z−2)τMn(z, τ ), M̄n(z, τ ) = e
i
2 (z

2+z−2)τM̄n(z, τ )

N n(z, τ ) = e
i
2 (z

2+z−2)τNn(z, τ ), N̄ n(z, τ ) = e
i
2 (z

2+z−2)τ N̄n(z, τ )

to be solutions of the time-dependence equation (5.1.2b). These τ -dependent
functions satisfy the relations

Mn(z, τ ) = z−2ne−i(z2+z−2)τN n(z, τ )b(z, τ ) +N̄ n(z, τ )a(z, τ ) (5.2.171a)

M̄n(z, τ ) = z2nei(z
2+z−2)τN̄ n(z, τ )b̄(z, τ ) + N n(z, τ )ā(z, τ ), (5.2.171b)

which are obtained from equations (5.2.61a)–(5.2.61b). Like in the scalar case,
this yields, for the time evolution of the scattering data,

b(z, τ ) = ei(z
2+z−2)τb(z, 0) a(z, τ ) = a(z, 0) (5.2.172a)

ā(z, τ ) = ā(z, 0) b̄(z, τ ) = e−i(z2+z−2)τ b̄(z, 0). (5.2.172b)

The evolution of the reflection coefficients is thus given by

ρ(z, τ ) = ei(z
2+z−2)τρ(z, 0) (5.2.173a)

ρ̄(z, τ ) = e−i(z2+z−2)τ ρ̄(z, 0). (5.2.173b)

From (5.2.172a)–(5.2.172b) it is clear that, for the IDMNLS, the eigenvalues
(i.e., the zeros of det a(z) and det ā(z)) are also constant as the solution evolves.
Not only the number of eigenvalues, but also their locations, are fixed. Thus,
the eigenvalues are time-independent discrete states of the evolution.
The evolution of the norming constants follows from the definitions (5.2.75),

(5.2.77), and the relations (5.2.172a)–(5.2.172b), that is,

C j (τ ) = eiµ j τC j (0), C̄ j (τ ) = e−iµ̄ j τ C̄ j (0), (5.2.174)

where

µ j = z2j + z−2
j µ̄ j = z̄2j + z̄−2

j . (5.2.175)

Note that the expressions (5.2.172a)–(5.2.172b) for the evolution of the scatter-
ing data are valid only for a time-dependence (5.1.2b) with gaugeA = IN ,B =
IM . To obtain the solutions of (5.1.1a)–(5.1.1b) with gauge A,B = 0, one first
determines the evolution of the potentials Q̂n , R̂n with gauges A = B = I such
that

Q̂n (τ0) = Qn (τ0) , R̂n (τ0) = Rn (τ0)
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and then uses the transformations (5.1.14a)–(5.1.14b), that is,

Qn (τ ) = e−i(τ−τ0)AQ̂n (τ ) e
−i(τ−τ0)B = e−2i(τ−τ0)Q̂n(τ ) (5.2.176a)

Rn (τ ) = ei(τ−τ0)BR̂n (τ ) e
i(τ−τ0)A = e2i(τ−τ0)R̂n(τ ). (5.2.176b)

5.3 Soliton solutions

5.3.1 One-soliton solutions

The one-soliton solution of the two-component system (5.1.1a)–(5.1.1b) with
A = 0,B = 0, the symmetries (5.2.79a), and Rn = −QH

n is the reflection-
less potential associated with a single octet of eigenvalues/norming constants
(5.2.129) and the condition z̄1 = 1/z∗

1. In (5.2.146) we computed the explicit
expression of these potentials for the special choice of the norming constants
corresponding to γ1 · δ1 = 0. The evolution of the norming constants is deter-
mined by (5.2.174) plus the symmetry relation C̄1 = (z∗

1

)
-2 CH

1 . Therefore, by
taking into account (5.2.176a), we get from (5.2.146)(

Q(1)
n (τ )

Q(2)
n (τ )

)
= sinh 2α1(∥∥γ1(0)

∥∥2 + ‖δ1(0)‖2
)1/2 sech [2(n + 1)α1 − 2vτ − d(0)]

× [eiπ+2i(n+1)β1−2iω−τγ∗
1(0) + e−2i(n+1)β1−inπ+2iω+τδ1(0)

]
,

(5.3.177)

where

z1 = eα1+iβ1 (5.3.178a)

v = − sinh (2α1) sin (2β1) , ω± = cosh (2α1) cos (2β1) ± 1 (5.3.178b)

d(0) = log
(‖γ1(0)‖2 + ‖δ1(0)‖2

)1/2 − log sinh 2α1. (5.3.178c)

Note that, as discussed earlier, this is a special type of “composite” soliton
in which the two terms have different carrier frequencies but the peaks and
(now, with the time-dependence added) the velocities are coincident. By letting
either γ1 = 0 or δ1 = 0 in (5.3.177), one obtains the solutions we referred to
as “fundamental” solitons.
Note that, by substituting

τ = h−2t, Q( j)
n = hq ( j)

n = hq ( j)(nh), j = 1, 2 (5.3.179a)

and

z1 = e−ik1h, γ1(0) = ihγ̃1(0), δ1(0) = −ih2δ̃1(0) (5.3.179b)



186 5 Integrable discrete matrix NLS equation

into (5.3.177) we obtain the expression of the one-soliton solution for the vector
equation (5.1.10):(

q (1)
n (t)

q (2)
n (t)

)
= 1(

‖γ̃1(0)‖2 + h2‖δ̃1(0)‖2
)1/2

× sinh 2ηh

h
sech (2(n + 1)hξ − 2ṽt − d(0))

×
[
i γ̃∗

1(0)e
−2i(n+1)hξ−2iω̃−t + ih δ̃1(0)e

2i(n+1)hξ−inπ+2iω̃+t
]
,

(5.3.180)

where

k1 = ξ + iη, η = α1

h
= log |z1|

h
, ξ = −β1

h
= −arg z1

h
, (5.3.181a)

w̃± = cosh(2ηh) cos(2ξh) ± 1

h2
, ṽ = sinh(2ηh) sin(2ξh)

h2
, (5.3.181b)

d(0) = log
(∥∥γ̃1(0)

∥∥2 + h2
∥∥δ̃1(0)∥∥2) 1

2 − log
sinh(2ηh)

h
. (5.3.181c)

In the limit h → 0, nh → x (5.3.180) goes to the one-soliton solution (4.3.84)
of VNLS.

5.3.2 Transmission coefficients for the pure one-soliton potential

We can use the representations (5.2.65e) and (5.2.65g) to reconstruct the trans-
mission coefficients c(z) and c̄(z). We are interested in the reflectionless case
with J = 1 when Symmetry 5.3 holds for the case Qn = −RH

n . For definite-
ness,we consider the casewhenδ1 = δ̄1 = 0. Taking into account the symmetry
(5.2.79b), equation (5.2.126) gives

Rn = −QH
n = 2z−2(n+1)

1 C1

(
N̄′(up)

n+1 (z̄1)
)H

+ 2(−1)n z̄2n1 Ĉ
H
1

(
N̄′(up)

n+1 (i/z1)
)H

,

where we also used the condition

z̄1 = 1/z∗
1,

following from Symmetry 5.3. Moreover, equation (5.2.118b) with J = J̄ = 1
and ρ(w) = 0 for |w| = 1 gives

N′(up)
n (z) = N(up)

n (z) = 2
z̄2n1 z

z2 − z̄21
N̄′(up)

n (z̄1)C̄1 + 2(−1)n
z−2n
1 z

z2 + z−2
1

N̄′(up)
n (i/z1)Ĉ1,
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so that substituting into (5.2.65e) yields

c(z) = I−
+∞∑

k=−∞
z

[
2z−2(k+1)

1 C1

(
N̄′(up)

k+1 (z̄1)
)H

+ 2(−1)k z2k1 Ĉ
H
1

(
N̄′(up)

k+1 (i/z1)
)H
]

×
[
2

z̄2k1 z

z2 − z̄21
N̄′(up)

k (z̄1)C̄1 + 2(−1)k
z−2k
1 z

z2 + z−2
1

N̄′(up)
k (i/z1)Ĉ1

]
.

Writing the norming constants as in (5.2.131a)–(5.2.131b) with the constraint
δ1 = δ̄1 = 0, taking into account that γ̄1γ̄̄ = γ∗

1γ , and using the corresponding
explicit expressions (5.2.135a)–(5.2.135b) for the eigenfunctions, we obtain

c(z) = I− 4
+∞∑

k=−∞

z−2(k+1)
1 z̄2(k+1)

1

(1 + gk)(1 + gk+1)

×
[

z2

z2 − z̄21
γ1γ

H
1 + z2

z2 + z−2
1

cof
(
γ1γ

H
1

)]
, (5.3.182)

where cof denotes the cofactor matrix, gn is given by (5.2.135c), and we have
also used the fact that when Symmetry 5.3 holds, g∗

k = gk . Then, using the
identity

1

(1 + gk)(1 + gk+1)
= z̄21 − z21

4
∥∥γ1∥∥2 z̄2(k+1)

1 z−2k
1

[
1

1 + gk
− 1

1 + gk+1

]
, (5.3.183)

we can write

c(z) = I−
+∞∑

k=−∞

[
1

1 + gk
− 1

1 + gk+1

]

×
{
z2z−2

1

z̄21 − z21
z2 − z̄21

1

||γ1||2
γ1γ

H
1 + z2z−2

1

z̄21 − z21
z2 + z−2

1

1

||γ1||2
cof
(
γ1γ

H
1

)}
.

The series in the right-hand side is convergent since

lim
k→+∞

1

1 + gk
= 1, lim

k→−∞
1

1 + gk
= 0, (5.3.184)

and therefore we can explicitly compute the sum

+∞∑
k=−∞

[
1

1 + gk
− 1

1 + gk+1

]
= lim

j→+∞

[
1

1 + g− j
− 1

1 + g j+1

]
= −1,
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so that

c(z) = I+ z2z−2
1

z̄21 − z21
z2 − z̄21

1

||γ1||2
γ1γ

H
1 + z2z−2

1

z̄21 − z21
z2 + z−2

1

1

||γ1||2
cof
(
γ1γ

H
1

)
.

(5.3.185)
Using the identity

cof

(
γγH

||γ||2
)

= I− γγH

||γ||2 , (5.3.186)

one can further simplify the expression of c(z) to

c(z) = z̄21 + z−2

z21 + z−2

[
I+ (z̄21 − z21)(z̄

2
1 + z−2

1 )

(z2 − z̄21)(z̄
2
1 + z−2)

1

||γ1||2
γ1γ

H
1

]
. (5.3.187)

Note that, as expected, c(z) is analytic outside the unit circle, and when z → ∞
c(z) ∼ z̄21z

−2
1 I; (5.3.188)

and comparing (5.3.188) with the asymptotic expansion of c(z) given by
(5.2.66b), we get the relation

1 +
+∞∑

k=−∞
αk

+∞∏
j=k

(
1 − α j

)−1 = z̄21z
−2
1 . (5.3.189)

Moreover, one can check that

det c(z) = z̄41z
−4
1

(
z2 − z21

) (
z2 + z̄−2

1

)
(
z2 − z̄21

) (
z2 + z−2

1

) ,
which means that indeed det c (z) has zeros at the proper points. Then, from the
symmetry relation (5.2.96a), that is,

ā(z) =
+∞∏

j=−∞
(1 − α j )(c(1/z∗))H ,

we get from (5.3.187) the expression for ā(z),

ā(z) =
+∞∏

j=−∞
(1 − α j )

z−2
1 + z2

z̄−2
1 + z2

×
[
I+ z21 z̄

−2
1

(z21 − z̄21)(z
−2
1 + z̄21)

(z2 − z21)(z
2
1 + z−2)

1

||γ1||2
γ1γ

H
1

]
. (5.3.190)

From (5.2.96a) it also follows that

det ā(1/z∗) =
+∞∏

j=−∞
(1 − α j )

2 [det c(z)]∗ ,
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and evaluating this relation for |z| → ∞ and taking into account that ā(1/z∗) →
I and c(z) → z̄21z

−2
1 I yields

+∞∏
j=−∞

(1 − α j )
2 = z41 z̄

−4
1 . (5.3.191)

Substituting it into (5.3.190), we finally get

ā(z) = z21 z̄
−2
1

z−2
1 + z2

z̄−2
1 + z2

[
I+ z21 z̄

−2
1

(z21 − z̄21)(z
−2
1 + z̄21)

(z2 − z21)(z
2
1 + z−2)

1

||γ1||2
γ1γ

H
1

]
.

(5.3.192)

To reconstruct c̄(z) from (5.2.65g) and, consequently, a(z) by means of
(5.2.96b), we need to solve the system (5.2.119a)–(5.2.119f) with J = J̄ = 1
andρ(w) = ρ̄(w) = 0 forw= 1 to determine N̄′(dn)

n (z). A few calculations yield

N̄′(dn)
n (z) = 2z

1 + z̄21z
−2
1 gn


 z−2n

1

z2−z21
γ
(1)
1 (−1)n z̄2n1

z2+z̄−2
1
γ̄
(2)
1

z−2n
1

z2−z21
γ
(2)
1 (−1)n+1 z̄2n1

z2+z̄−2
1
γ̄
(1)
1


 . (5.3.193)

Evaluating (5.2.136) as z → 0 and comparing it with the asymptotic expansion
(5.2.106c), we get

Ω−1
n = ∆−1

n = 1 + z̄21z
−2
1 gn

1 + gn
I, (5.3.194)

where the first equality follows from (5.2.122b). Note that, when n → −∞,
(5.3.194) yields

I
+∞∏

j=−∞
(1 − α j )

−1 = lim
n→−∞ ∆−1

n = z̄21z
−2
1 I,

which is in agreement with (5.3.191). From (5.2.106c) and (5.3.193)–(5.3.194)
it follows that

N̄(dn)
n (z) = ∆−1

n N̄
′(dn)
n (z) = 2z

1 + gn




z−2n
1

z2−z21
γ
(1)
1 (−1)n z̄2n1

z2+z̄−2
1
γ̄
(2)
1

z−2n
1

z2−z21
γ
(2)
1 (−1)n+1 z̄2n1

z2+z̄−2
1
γ̄
(1)
1


 ,

and the potential matrix Qn is given by (5.2.137a)–(5.2.137b) taking into ac-
count (5.1.6), that is,

Qn = − 2

1 + gn+1

(
z̄2(n+1)
1 γ̄

(1)
1 z̄2(n+1)

1 γ̄
(2)
1

(−1)n+1z−2(n+1)
1 γ

(2)
1 (−1)n+1z−2(n+1)

1 γ
(1)
1

)
.



190 5 Integrable discrete matrix NLS equation

Substituting these expressions into (5.2.65g) yields

c̄(z) = I+ 4
+∞∑

k=−∞

1

(1 + gk)(1 + gk+1)


 z−2k

1 z̄2(k+1)
1

z2−z21
‖γ1‖2 0

0 − z−2(k+1)
1 z̄2k1
z2+z̄−2

1
‖γ1‖2


 ,

and using (5.3.183)–(5.3.184) once more we get

c̄(z) =

 z2−z̄21

z2−z21
0

0 z2+z−2
1

z2+z̄−2
1


 (5.3.195)

with

lim
z→0
c̄(z) = z̄21z

−2
1 I det c̄(z) = (z2 − z̄21)(z

2 + z−2
1 )

(z2 − z21)(z
2 + z̄−2

1 )
.

Finally, using the symmetry (5.2.96b), (5.3.195) provides the expression for
a(z),

a(z) =

 z2−z21

z2−z̄21
0

0 z2+z̄−2
1

z2+z−2
1


 . (5.3.196)

Note that, as expected, the transmission coefficients are all time-independent.
Moreover, a and c̄ are diagonal and do not depend on the norming constants,
while ā and c do.
Finally, we remark that the roles of a and ā are interchanged if one takes the

norming constant of the fundamental soliton to be of the form

C1 =
(
γ
(1)
1 γ

(2)
1

0 0

)
. (5.3.197)

5.3.3 Vector–soliton interactions

The problem of a multisoliton collision can be investigated by looking at the
asymptotic states as τ → ±∞. The solutions of integrable discrete VNLS
(IDVNLS) are more complex than the solutions of the scalar IDNLS because,
in the vector equations, there are more degrees of freedom. In particular, vector
solitons are characterized, in part, by a polarization. In direct analogy with the
VNLS, the system (1.3.9a)–(1.3.9b) reduces to the scalar IDNLS under the
reduction

qn = qnp, (5.3.198)

where p is an N-component vector with ‖p‖ = 1, which is referred to as the
polarization of the reduction solution (5.3.198). Moreover, if qn satisfies
the symmetric system, then so does Uqn where U is any unitary matrix; hence
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the polarization of a particular reduction solution depends on the choice of the
basis.
For a generic multisoliton solution (in which the solitons travel with different

velocities) we can define independently a polarization for each soliton in the
long-time limit where the solitons are well separated. Then, when τ → ±∞,

q±
n ∼

J∑
j=1

q( j),±n , q( j),±n = q ( j),±
n p±

j , (5.3.199)

where q ( j),±
n is a one-soliton solution of the IDNLS. We then identify p±

j as the
polarization of the j-th soliton before (−) and after (+) the soliton interaction.
For the matrix system (5.1.1a)–(5.1.1b) with Symmetry 5.3, we will write

Q±
n ∼

J∑
j=1

Q( j),±
n . (5.3.200)

Wecan investigate theproblemof amultisoliton collisionproceeding in a similar
way as for the continuous VNLS equation (cf. Chapter 4). We consider the
solution of integrable discrete matrix NLS (IDMNLS) (5.1.1a)–(5.1.1b) under
Symmetry 5.3 corresponding to the scattering data

{
z j :

∣∣z j

∣∣ > 1,C j
}J
j=1, and

for simplicity we restrict ourselves to the case of fundamental solitons when all
the norming constants C j have the form

C j (0) =
(
γ
(1)
j (0) 0

γ
(2)
j (0) 0

)
j = 1, . . . , J. (5.3.201)

Let us fix the values of the soliton parameters for τ → −∞, that is, for each
eigenvalue z j we assign a matrix S−

j that completely determines Q( j),−
n . The

matrices S−
j are the “effective” norming constants for the pure one-soliton po-

tential Q( j),−
n . For τ → +∞ we denote the corresponding matrices by S+

j . For
definiteness, let us assume that the discrete eigenvalues are such that the ve-
locities of the individual solitons satisfy the condition v1 < v2 < · · · < vJ (cf.
(5.3.177)–(5.3.178b)). Then, as τ → −∞, the solitons are distributed along the
n-axis in the order corresponding to vJ , vJ−1, . . . , v1; the order of the soliton
sequence is reversed as τ → +∞. To determine the result of the interaction
between solitons, that is, to calculate S+

j given S−
l for l = 1, . . . , J , we trace

the passage of the eigenfunctions through the asymptotic states. We denote the
“soliton coordinates” (i.e., the center of the solitons) at the instant of time τ by
n j (τ ) (|τ | is assumed large enough so that one can talk about individual solitons).
If τ → −∞, then nJ � nJ−1 � · · · � n1. The matrix-valued functionφn(z j )
has the form

φn(z j ) ∼ znj

(
IN
0

)
n � nJ .



192 5 Integrable discrete matrix NLS equation

After passing through the J-th soliton, it will be of the form

φn(z j ) ∼ znj

(
IN
0

)
aJ (z j ,S−

J ),

where aJ (z,S−
J ) is the transmission coefficient relative to the J-th soliton, and

the additional argument is to take into account the dependence on the rela-
tive norming constant. Repeating the argument in tracing the passage of the
eigenfunctions through the solitons J − 1, J − 2, . . . , j + 1, we find that

φn(z j ) ∼ znj

(
IN
0

)
a j+1(z j ,S−

j+1)a j+2(z j ,S−
j+2) . . . aJ (z j ,S−

J )

≡ znj

(
IN
0

) J∏
l= j+1
right

al(z j ,S−
l ) n j+1 � n � n j ,

where the notation “right” indicates that the product is performed such that
the matrix with index � occurs to the right of the matrix with index �− 1. Note
that, due to our choice of the norming constants, according to (5.3.196) the
transmission coefficients a�(z,S−

� ) are diagonal and independent of S−
� . Since

the j-th soliton corresponds to a bound state, passing through the j-th soliton
yields

znj

(
IN
0

)
→ z−n

j

(
0
IM

)
S−

j ,

and therefore

φn(z j ) ∼ z−n
j

(
0
IM

)
S−

j

J∏
l= j+1
right

al(z j ,S−
l ) n j � n � n j−1. (5.3.202)

On the other hand, starting from n � n1 and proceeding in a similar way,
we find for the eigenfunction ψn the following asymptotic behavior:

ψn(z j ) ∼ z−n
j

(
0
IM

)
c j−1(z j ,S−

j−1)c j−2(z j ,S−
j−2) . . . c1(z j ,S−

1 ) (5.3.203)

≡ z−n
j

(
0
IM

) j−1∏
l=1
left

cl(z j ,S−
l ) n j � n � n j−1, (5.3.204)

where we have used (5.2.62a), and the notation “left” indicates that the product
is performed such that the matrix with index � occurs to the left of the matrix
with index �− 1.
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Assuming that at an eigenvalueφn(z j ) = ψn(z j )B j and comparing (5.3.202)
and (5.3.204), we obtain

B j ∼
j−1∏
l=1
right

(
cl(z j ,S−

l )
)−1

S−
j

J∏
l= j+1
right

al(z j ,S−
l ) τ → −∞. (5.3.205)

Proceeding in a similar fashion as τ → +∞ and taking into account that the
order of solitons is reversed, we obtain

B j ∼
J∏

l= j+1
left

(
cl(z j ,S+

l )
)−1

S+
j

j−1∏
l=1
left

al(z j ,S+
l ) τ → +∞, (5.3.206)

and the comparison between the two representations (5.3.205)–(5.3.206) forB j

yields for j = J

S+
J =

J−1∏
l=1
right

(
cl(z J ,S

−
l )
)−1

S−
J

J−1∏
l=1
right

(al(z J ,S+
l ))

−1 (5.3.207a)

and for j = 1, . . . , J − 1

S+
j =

J∏
l= j+1
right

cl(z j ,S+
l )

j−1∏
l=1
right

(
cl(z j ,S−

l )
)−1
S−

j

J∏
l= j+1
right

al(z j ,S−
l )

j−1∏
l=1
right

(
al(z j ,S+

l )
)−1

.

(5.3.207b)

Since, in the case of fundamental solitons that we are considering here, the al’s
actually do not depend on Sl , the formulas (5.3.207a) and (5.3.207b) determine
S+

j in terms of S−
l . Indeed, given S

−
j for j = 1, . . . , J , from (5.3.207a) we can

determine S+
J . In (5.3.207b) only the knowledge of S+

l for l > j is required to
determine S+

j . Hence we can iteratively solve the system (5.3.207a)–(5.3.207b)
for S+

j , j = 1, . . . J .

Two-soliton interaction

Let us consider in detail the interaction of two solitons. In this case, (5.3.207a)–
(5.3.207b) give

S+
2 = (c1(z2,S

−
1 ))

−1 S−
2 (a1(z2))

−1 (5.3.208a)

S+
1 = c2(z1,S

+
2 ) S

−
1 a2(z1), (5.3.208b)

where we have taken into account that, due to (5.3.196), the matrices a j (z)
are independent of S j . Note that the formulas (5.3.208a)–(5.3.208b) are not
symmetric with respect to the exchange of the subscripts 1 and 2. However,
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such a notation expresses the invariance of the system under the substitution
τ → −τ, Qn → QH

n (here a “fast” soliton becomes a “slow” soliton, and vice
versa). Taking into account the explicit expressions of a j (z) and c j (z,S j ) for
the pure soliton case, one can solve (5.3.208a) for S+

2 and then substitute it
into the right-hand side of (5.3.208b) to get S+

1 . We observe that, in the case of
“fundamental solitons”we are considering here, the elements in the first column
of matrix S j are proportional to the vectors γ j , which, in turn, are related to the
polarization of the j-th vector soliton (cf. (5.3.177) with δ1 = 0). Note also that,
if S−

j and S−
k are of the form (5.3.201), since the a’s are diagonal, S+

j and S+
k

also have the same form, which is essential for the “iteration.” Therefore, if we
denote by s±j the vectors composing the first column of the matrices S±

j , the unit
polarization vectors before and after the interaction are written, respectively, as

p j
± =

(
S±

j

)∗

∥∥∥S±
j

∥∥∥ . (5.3.209)

For convenience, let us rewrite the formula (5.3.187) for the transmission
coefficient of a pure one-soliton solution corresponding to a discrete eigenvalue
z j and polarization vector p j as

c j (z,p j ) = z̄2j + z−2

z2j + z−2

[
I+ (z̄2j − z2j )(z̄

2
j + z−2

j )

(z2 − z̄2j )(z̄
2
j + z−2)

p∗
jp

T
j

]
. (5.3.210)

Note that the c’s depend on the p’s (or, equivalently, the S’s) but their
determinant does not and precisely

det c j (z,p j ) = z̄4j z
−4
j

(
z2 − z2j

) (
z2 + z̄−2

j

)
(
z2 − z̄2j

) (
z2 + z−2

j

) ; (5.3.211)

therefore

(c j (z,p j ))
−1 = 1

det c j
cof c j (z,p j ),

that is,

(c j (z,p j ))
−1 = z2j + z−2

z̄2j + z−2

[
I− (z̄2j − z2j )(z

2
j + z̄−2

j )

(z2 − z2j )(z
2
j + z−2)

p∗
jp

T
j

]
. (5.3.212)

Then, taking into account the explicit expression of a1(z2) and a2(z1) provided
by (5.3.196), from (5.3.208a)–(5.3.208b) it follows that

S+
2 = z22 − z̄21

z22 − z21
(c1(z2,p−

1 ))
−1S−

2 (5.3.213a)
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S+
1 = z21 − z22

z21 − z̄22
c2(z1,p+

2 ) S
−
1 . (5.3.213b)

Introduce

χ2 =
∥∥S+

2

∥∥2∥∥S−
2

∥∥2 =
∣∣∣∣ z22 − z̄21
z22 − z21

∣∣∣∣
2

(p−
2 )

T
(
c1(z2,p−

1 )
)−H

(c1(z2,p−
1 ))

−1(p−
2 )

∗.

(5.3.214)
Substituting (5.3.212) into (5.3.214), one can explicitly express χ2 in terms of
the parameters of the colliding solitons

χ2 =
∣∣∣∣∣ (z

2
1 − z̄22)(z̄

2
1 + z̄−2

2 )

(z̄21 − z̄22)(z
2
1 + z̄−2

2 )

∣∣∣∣∣
2

χ̃2 (5.3.215a)

χ̃2 = 1 + (z21 − z̄21)(z
2
2 − z̄22)(z̄

2
1 + z−2

1 )(z̄−2
2 + z22)

(z22 − z21)(z̄
2
1 − z̄22)(z

2
2 + z−2

1 )(z̄21 + z̄−2
2 )

∣∣p− ∗
1 · p−

2

∣∣2 . (5.3.215b)

Moreover, from (5.3.209), (5.3.213a), and (5.3.214) it follows that

p+
2 = 1

χ
z−2
1 z̄21

z21 − z̄22
z̄21 − z̄22

(
c1(z2,p−

1 )
−1
)∗
p−
2 ,

so that, again substituting (5.3.212), we finally get

p+
2 = 1

χ

(z21 − z̄22)(z̄
2
1 + z̄−2

2 )

(z̄21 − z̄22)(z
2
1 + z̄−2

2 )

(
p−
2 + (z21 − z̄21)(z̄

2
1 + z−2

1 )

(z̄21 − z̄22)(z̄
2
1 + z̄−2

2 )
(p− ∗

1 · p−
2 )p

−
1

)
.

(5.3.216)

Analogously, from (5.3.213b) and (5.3.209) it follows that

p+
1 =

(
s+1
)∗∥∥s+1 ∥∥ = z22 z̄

−2
2

(z̄22 − z̄21)

(z22 − z̄21)

∥∥s−1 ∥∥∥∥s+1 ∥∥c∗2
(
z1,p+

2

)
p−
1 ,

and since∥∥s+1 ∥∥2∥∥s−1 ∥∥2 =
∣∣∣∣ z21 − z22
z21 − z̄22

∣∣∣∣
2

(p−
1 )

T
(
c2(z1,p+

2 )
)H
c2(z1,p+

2 )(p
−
1 )

∗ = 1

χ2
,

one obtains

p+
1 = χ z22 z̄

−2
2

(z̄22 − z̄21)(z̄
2
1 + z−2

2 )

(z22 − z̄21)(z̄
2
1 + z̄−2

2 )

(
p−
1 + (z̄22 − z22)(z

2
2 + z̄−2

2 )

(z22 − z̄21)(z
2
2 + z̄−2

1 )
(p+ ∗

2 · p−
1 )p

+
2

)
.

(5.3.217)

From (5.3.216) it then follows that

p+ ∗
2 · p−

1 = 1

χ
z21 z̄

−2
1

(
z̄21 − z22
z21 − z22

)2 (
p−
1 · p−∗

2

)
, (5.3.218)
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and substituting (5.3.218) and (5.3.217) into (5.3.217) we get the explicit ex-
pression of p+

1 in terms of the incoming polarizations p−
1 ,p

−
2 , namely,

p+
1 = 1

χ

(z21 − z̄22)(z
2
2 + z−2

1 )

(z21 − z22)(z̄
2
2 + z−2

1 )

(
p−
1 + (z̄22 − z22)(z

2
2 + z̄−2

2 )

(z22 − z21)(z
2
2 + z−2

1 )
(p− ∗

2 · p−
1 )p

−
2

)
.

(5.3.219)

Without loss of generality, one can parametrize the incoming polarization
vectors of the solitons as

p−
1 =

(
1
0

)
, p−

2 =
(

ρeiϕ√
1 − ρ2

)
(5.3.220)

with 0 ≤ ρ ≤ 1 and 0 ≤ ϕ ≤ 2π . Hence, from (5.3.215a)–(5.3.215b) and
(5.3.216) it follows that the polarization vectors after the interaction are such
that

∣∣∣p+ (1)
1

∣∣∣2 = 1

χ2

∣∣∣∣∣ (z
2
1 − z̄22)(z

2
2 + z−2

1 )

(z21 − z22)(z̄
2
2 + z−2

1 )

∣∣∣∣∣
2 ∣∣∣∣∣1 + (z̄22 − z̄22)(z

2
2 + z̄−2

2 )

(z22 − z21)(z
2
2 + z−2

1 )
ρ2

∣∣∣∣∣
2

(5.3.221a)∣∣∣p+ (1)
2

∣∣∣2 = 1

χ2
z̄41z

−4
1

∣∣∣∣ z21 − z̄22
z̄21 − z̄22

∣∣∣∣
4

ρ2 (5.3.221b)

with

χ2=
∣∣∣∣∣ (z

2
1 − z̄22)(z̄

2
1 + z̄−2

2 )

(z̄21 − z̄22)(z
2
1 + z̄−2

2 )

∣∣∣∣∣
2[

1+ (z21 − z̄21)(z
2
2 − z̄22)(z̄

2
1 + z−2

1 )(z̄−2
2 + z22)

(z22 − z21)(z̄
2
1 − z̄22)(z

2
2 + z−2

1 )(z̄21 + z̄−2
2 )

ρ2

]
.

(5.3.221c)

Note that, like in the continuous case, themagnitudes of the soliton polarizations
are invariant only in the casewhen their initial polarizations are either parallel or
orthogonal. In the continuous limit, that is, for z j = e−ik j h , z̄ j ≡ 1/z∗

j = e−ik∗
j h

with h → 0, the formulas (5.3.216) and (5.3.219) coincide with (4.3.107a)–
(4.3.107b). In Figure 5.2 we plot both |p+ (1)

1 |2 and |p+ (1)
2 |2 as functions of ρ2

for some specific choice of the eigenvalues. The continuous curve represents
the continuous limit.

Note that, as in all of the previous cases, the “center” of each soliton shifts
during the collision process. However, in constrast to the scalar soliton interac-
tion, but like the continuous vector soliton interaction, these shifts depend on
both z1, z2 and on the epolarization vectors. Indeed, if we denote by d±

1 , d
±
2

the centers of the two solitons before/after the interaction, by (5.3.177) and
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Figure 5.2: Intensity shift induced by two-soliton interaction of two-component
IDMNLS. The soliton parameters are z j = exp (a j + ib j )h with a1 = 1, a2 = 2, b1 =
−b2 = 0.1 and h = 1 (dashed), h = 0.5 (dotted), h = 0.1 (dot-dashed). The solid
curves represent the continuous limit, i.e., h → 0. The initial polarizations are given
by (5.3.220).

(5.3.178) with δ1 = 0 it follows that

ed
±
1 =

∥∥S±
1

∥∥
2α1

ed
±
2 =

∥∥S±
2

∥∥
2α2

,

where z j = eα j+iβ j . Hence

ed
+
2 −d−

2 =
∥∥S+

2

∥∥∥∥S−
2

∥∥ ≡ χ ed
+
1 −d−

1

∥∥S+
1

∥∥∥∥S−
1

∥∥ ≡ 1

χ
.

As a consequence, the asymptotic separation between the soliton centers, n±
1,2,

also varies due to the collision. Precisely,

n−
1,2 = d−

2

2α2
− d−

1

2α1
n+
1,2 = d+

2

2α2
− d+

1

2α1
;
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hence

�n = n+
1,2 − n−

1,2 = d+
2 − d−

2

2α2
− d+

1 − d−
1

2α1
= α1 + α2

2α1α2
logχ

with χ given by (5.3.215), since d+
2 − d−

2 = −(d+
1 − d−

1 ) = log χ .

Multisoliton interaction

Take J = 3 solitons and assume

v1 < v2 < v3, (5.3.222)

so that the solitons are distributed along the n-axis according to 3 − 2 − 1
as τ → −∞ and 1 − 2 − 3 as τ → ∞. According to equations (5.3.208a)–
(5.3.208b), for a pairwise interaction between soliton j and soliton k with
v j > vk ,

S+
j = (ck(z j ,S−

k )
)−1

S−
j

(
ak(z j )

)−1
(5.3.223a)

S+
k = c j (zk,S

+
j ) S

−
k a j (zk). (5.3.223b)

First note that the expression for the a’s and the c’s have been derived under the
assumption of “fundamental solitons,” that is, all the norming constants have
the form

C j (0) =
(
γ
(1)
j (0) 0

γ
(2)
j (0) 0

)
j = 1, . . . , J. (5.3.224)

Note also that, if S−
j and S−

k have this form, since the a’s are diagonal, S+
j and

S+
k also have the same form, which is essential for the “iteration” and to give

meaning to c j (zk,S
+
j ).

The formulas for a three-soliton interaction, under the assumption (5.3.222)
for the velocities, are obtained from (5.3.207a)–(5.3.207b):

S+
3 = (c1(z3,S−

1 )
)−1 (

c2(z3,S−
2 )
)−1

S−
3 (a1(z3))−1 (a2(z3))−1 (5.3.225a)

S+
2 = c3(z2,S+

3 )
(
c1(z2,S−

1 )
)−1
S−
2 a3(z2) (a1(z2))

−1 (5.3.225b)

S+
1 = c2(z1,S+

2 ) c3(z1,S
+
3 ) S

−
1 a2(z1) a3(z1). (5.3.225c)

Note that the a’s are diagonal, and hence they all commutewith each other,while
two c’s do not commute with each other, unless the corresponding polarization
vectors are either parallel or orthogonal.
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According to equations (5.3.223a)–(5.3.223b), (5.3.225a)–(5.3.225c) can be
looked at in terms of compositions of pairwise interactions, namely: (5.3.225a)
corresponds to 3 interacting first with 2 and then with 1 (eventually 2 will
interact with 1, but this is not relevant as far as S+

3 is concerned); (5.3.225b)
corresponds to 2 interacting first with 1 and then with 3 (but since in c3 we
have S+

3 , this means, as it should be from a physical point of view, that before
2 ↔ 3, the interaction 3 ↔ 1 takes place); finally, (5.3.225c) corresponds to 3
interacting with 2 (because again in c3 we have S+

3 ), then 1 interacting with 3,
and finally 1 interacting with 2.
Let us denote by S{ j,�} the polarization of soliton j after the interaction with

soliton �. Note that, according to (5.3.223a)–(5.3.223b), S{ j,�} �= S{�, j}. Adopt-
ing this notation (and dropping the superscript − for the polarization of the
incoming solitons, that is, taking S−

j → S j ), we can write (5.3.225a) for the
polarization of soliton 3 as

S+
3 = (c1(z3,S1))−1 S{3,2} (a1(z3))−1 ≡ S{{3,2},1}. (5.3.226)

That is, the net interaction corresponds to the composition of pairwise inter-
actions 3 ↔ 2, 3 ↔ 1 (eventually, 2 ↔ 1 will follow). On the other hand, de-
pending on the initial positions and relative velocities of the solitons, one could
have first 2 interacting with 1, giving an S{2,1} for soliton 2 and an S{1,2} for
soliton 1; then 3 interacting with 1, giving S{3,{1,2}} and S{{1,2},3}; and, finally, 3
interacting with 2, thus giving, for the outcoming polarization of soliton 3,

S+
3 = S{{3,{1,2}},{2,1}}.

However, we show that the final result is independent of the order of interaction,
that is,

S{{3,2},1} = S{{3,{1,2}},{2,1}}. (5.3.227)

Because

S{3,{1,2}} = (c1 (z3,S{1,2}
))−1

S3 (a1(z3))−1 (5.3.228)

and

S{{3,{1,2}}{2,1}} = (c2 (z3,S{2,1}
))−1

S{3,{1,2}} (a2(z3))−1 , (5.3.229)

(5.3.227) corresponds to

(c1(z3,S1))−1 (c2(z3,S2))−1 S3 (a1(z3))−1 (a2(z3))−1

= (c2(z3,S{2,1})
)−1 (

c1(z3,S{1,2})
)−1
S3 (a1(z3))−1 (a2(z3))−1 ,

that is,

c2(z3,p2)c1(z3,p1) = c1
(
z3,p{1,2}

)
c2
(
z3,p{2,1}

)
. (5.3.230)
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Taking into account (5.3.210), (5.3.230) amounts to showing that

α2p∗
2p

T
2 + α1p∗

1p
T
1 + α1α2

(
p2 · p∗

1

)
p∗
2p

T
1

= α2p∗
{2,1}p

T
{2,1} + α1p∗

{1,2}p
T
{1,2} + α1α2

(
p{1,2} · p∗

{2,1}
)
p∗

{1,2}p
T
{2,1},

(5.3.231)

where

α1 = (z̄21 − z21)(z̄
2
1 + z−2

1 )

(z23 − z̄21)(z̄
2
1 + z−2

3 )
, α2 = (z̄22 − z22)(z̄

2
2 + z−2

2 )

(z23 − z̄22)(z̄
2
2 + z−2

3 )
.

Without loss of generality we can take

p1 =
(
1
0

)
, p2 =

(
ρeiϕ√
1 − ρ2

)
. (5.3.232)

Then, according to (5.3.216) and (5.3.219),

p{2,1} = 1

χ
ε2

(
δ2ρeiϕ√
1 − ρ2

)
(5.3.233)

p{1,2} = 1

χ
ε1

(
1 + δ1ρ

2

δ1ρ
√
1 − ρ2e−iϕ

)
, (5.3.234)

where

ε1 = (z21 − z̄22)(z
2
2 + z−2

1 )

(z21 − z22)(z̄
2
2 + z−2

1 )
, ε2 = (z21 − z̄22)(z̄

2
1 + z̄−2

2 )

(z̄21 − z̄22)(z
2
1 + z̄−2

2 )

δ1 = (z̄22 − z22)(z
2
2 + z̄−2

2 )

(z22 − z21)(z
2
2 + z−2

1 )
, δ2 = (z21 − z̄22)(z̄

2
2 + z−2

1 )

(z̄21 − z̄22)(z̄
2
2 + z̄−2

1 )

and

χ2 =
∣∣∣∣∣ (z

2
1 − z̄22)(z̄

2
1 + z̄−2

2 )

(z̄21 − z̄22)(z
2
1 + z̄−2

2 )

∣∣∣∣∣
2

χ̃2 (5.3.235)

χ̃2 = 1 + (z21 − z̄21)(z
2
2 − z̄22)(z̄

2
1 + z−2

1 )(z̄−2
2 + z22)

(z22 − z21)(z̄
2
1 − z̄22)(z

2
2 + z−2

1 )(z̄21 + z̄−2
2 )

ρ2. (5.3.236)

Using these relations and the property

|ε1|2 = |ε2|2 = χ2χ̃−2,

one can show that

p∗
{1,2}p

T
{1,2}

= 1

χ̃2

( ∣∣1 + δ1ρ
2
∣∣2 δ1

(
1 + δ∗

1ρ
2
)
ρ
√
1 − ρ2e−iϕ

δ∗
1

(
1 + δ1ρ

2
)
ρ
√
1 − ρ2e−iϕ |δ1|2 ρ2

(
1 − ρ2

)
)
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p∗
{2,1}p

T
{2,1} = 1

χ̃2

(
ρ2 δ∗

2ρ
√
1 − ρ2e−iϕ

δ2ρ
√
1 − ρ2eiϕ 1 − ρ2

)

p{1,2} · p∗
{2,1} = 1

χ2
ε1ε

∗
2

[
δ∗
2 + δ1 + δ1

(
δ∗
2 − 1

)
ρ2
]
ρe−iϕ

= (ε∗
1

)−1
ε∗
2

(
δ∗
2 + δ1

)
ρe−iϕ

p∗
{1,2}p

T
{2,1} = 1

χ2
ε∗
1ε2

(
δ2(1 + δ∗

1ρ
2) (1 + δ∗

1ρ
2)
√
1 − ρ2

δ∗
1δ2ρ

2
√
1 − ρ2e2iϕ δ∗

1ρ(1 − ρ2)eiϕ

)
;

and by substituting these identities into (5.3.231) one can check that indeed
it is satisfied. According to (5.3.230), this means that, as far as soliton 3 is
concerned, the polarization shift is obtained via pairwise interactions and the
result is independent of the order in which such interactions occur. In the same
way one can check that the result also holds for solitons 2 and 1.
The shift of the center of soliton 3 due to the interactionwith the other solitons

is given by

χ3 = e2(d
+
3 −d−

3 ) =
∥∥S+

3

∥∥∥∥S−
3

∥∥ .
One can verify that this shift of the center of soliton 3 is the result of two
consecutive pairwise interactions. Indeed, using the expressions (5.3.216) and
(5.3.219) for the pairwise collisions, one can verify that

χ3 = χ{3,2}χ{{3,2},1},

where, as before, we are using the notation {i, j} to denote the interaction
between the i-th and j-th solitons, and {{i, j}, l} to denote the interactionbetween
the i-th soliton as it emerges from the collision with the j-th and the l-th soliton.
Therefore χ{i, j} is given by (5.3.215) with 1 → i, 2 → j with i < j . The same
also can be shown for the shifts of centers of the other solitons.
As a consequence of these results, it follows by induction on equations

(5.3.207a)–(5.3.207b) (cf. the discussion at the end of Section 4.3.4) that a
J-soliton collision is equivalent to the composition of J (J − 1)/2 pairwise in-
teractions taking place in an arbitrary order.

5.4 Conserved quantities

In this section we calculate polynomial (in Qn and Rn) conserved quantities
of the system (5.1.1a)–(5.1.1b). The method given here applies to the general
matrix system (5.1.1a)–(5.1.1b), including the case M �= N .
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We proved that, in the gaugeA,B = I, the scattering coefficient a(z) is time-
independent. Since a(z) is analytic for |z| > 1, it admits a Laurent expansion
whose coefficients are constants of the motion, as well. From the representation
(5.2.65a) for a(z), it follows that the quantities

Γ j =
+∞∑

n=−∞
QnM(dn),−2 j+1

n , (5.4.237)

whereM(dn),−2 j+1
n are the coefficients of the Laurent expansion ofM(dn)

n (z), are
conserved for any integer j ≥ 1. Hence, to find conserved quantities, we need
only to express these coefficients in terms of the potentials, which are given by
(5.2.44)–(5.2.45). For instance, the first two coefficients are

M(dn),−1
n = Rn−1, M(dn),−3

n = Rn−2 + Rn−1

n−2∑
k=−∞

QkRk−1,

and therefore the first two (matrix) constants of the motion are given by

Γ1 =
+∞∑

n=−∞
QnRn−1, Γ2 =

+∞∑
n=−∞

QnRn−2 +
+∞∑

n=−∞
QnRn−1

n−2∑
k=−∞

QkRk−1.

(5.4.238)
The scattering coefficient ā(z) is also a constant of the motion in the gauge

A,B = I, and proceeding exactly as before one can obtain a second set of
conserved quantities given by

Γ̄ j =
+∞∑

n=−∞
RnM̄(up),2 j−1

n

for any j ≥ 1. Hence, from (5.2.47)–(5.2.48) it follows that

Γ̄1 =
+∞∑

n=−∞
RnQn−1, Γ̄2 =

+∞∑
n=−∞

RnQn−2 +
+∞∑

n=−∞
RnQn−1

n−2∑
k=−∞

RkQk−1.

(5.4.239)
Note also that, taking into account the τ -dependence of the scattering matrix

defined by (5.2.60), the determinant of the scattering matrix is a constant of the
motion in the gauge A,B = I, that is,

det

(
a(z, τ ) b̄(z, τ )
b(z, τ ) ā(z, τ )

)
= det

(
a(z, 0) b̄(z, 0)
b(z, 0) ā(z, 0)

)
.

To obtain a conserved quantity in terms of the potentials, we observe that from
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(5.2.57)–(5.2.59a) it follows that

+∞∏
j=−∞

det
(
IM − R jQ j

) = det

(
a b̄
b ā

)
, (5.4.240)

and therefore (5.4.240) is a constant of the motion when A,B = I.
In the general gauge A,B �= I, the method illustrated so far generates con-

served quantities in terms of the transformed potentials Q̂n , and R̂n . The gauge
transformation (cf. Section 5.1)

Qn (τ ) = eiτAQ̂n (τ ) e
iτB (5.4.241a)

Rn (τ ) = e−iτBR̂n (τ ) e
−iτA (5.4.241b)

allows us to express such constants of the motions in terms of the original
potentialsQn andRn . In particular, the system (5.1.9a)–(5.1.9b) is a reduction of
the system (5.1.1a)–(5.1.1b) withA = B = 0. For instance, under the reduction
(5.1.4)–(5.1.6), the trace of the first of equations (5.4.238) is

+∞∑
n=−∞

2∑
j=1

[
Q( j)

n−1R
( j)
n + Q( j)

n R( j)
n−1

]

or, with the rescaling t = h2τ and qn = h−1
(
Q(1)

n , Q(2)
n

)T
, rn = h−1(

R(1)
n , R(2)

n

)T
,

+∞∑
n=−∞

N∑
j=1

[
qn−1 · rn + qn · rn−1

]
, (5.4.242)

which is therefore a constant of the motion. Similarly, by taking the trace of the
second of (5.4.238), one obtains the conserved quantity

+∞∑
n=−∞

{
qn−2 · rn + qn · rn−2 − h2

2

[(
qn−1 · rn − qn · rn−1

)2
+ 2

(
qn · rn

) (
qn−1 · rn−1

) ]2}
, (5.4.243)

and so on.
Finally, since det(IM − R̂nQ̂n) = det(IM − RnQn), it follows that it is a con-

served quantity regardless of the gauge, and under the reduction (5.1.4)–(5.1.6)
this conserved quantity can be written as

� =
+∞∏

j=−∞

(
1 − h2qn · rn

)
. (5.4.244)
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Summation by parts formula

Lemma A.1 For any sequences
{
a j

}+∞
j=−∞ and

{
b j

}+∞
j=−∞ such that

∑+∞
−∞ a j < ∞ and∑+∞

−∞ b j < ∞,

n∑
k=−∞

{
ak

k−1∑
j=−∞

b j

}
=
(

n∑
k=−∞

ak

)(
n∑

k=−∞
bk

)
−

n∑
k=−∞

{
bk

k∑
j=−∞

a j

}
. (A.1.1)

Proof

n∑
k=−∞

{
ak

k−1∑
j=−∞

b j

}
=

n∑
k=−∞

{(
k∑

j=−∞
(a j − a j−1)

)
k−1∑

j=−∞
b j

}

=
n∑

k=−∞

{(
k∑

j=−∞
a j

)(
k∑

j=−∞
b j

)
−
(

k−1∑
j=−∞

a j

)(
k−1∑

j=−∞
b j

)}

−
n∑

k=−∞

{
bk

k∑
j=−∞

a j

}

=
(

n∑
k=−∞

ak

)(
n∑

k=−∞
bk

)
−

n∑
k=−∞

{
bk

k∑
j=−∞

a j

}

The formula for a finite lower bound and an infinite upper bound can be obtained by
essentially the same approach.

If ak = bk , Lemma A1 yields the identity

n∑
k=−∞

{
bk

k−1∑
j=−∞

b j

}
= 1

2

(
n∑

k=−∞
bk

)2

− 1

2

n∑
k=−∞

b2k ;

therefore

n∑
k=−∞

{
bk

k−1∑
j=−∞

b j

}
≤ 1

2

(
n∑

k=−∞
bk

)2

. (A.1.2)
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Now, we use the summation by parts formula (A.1.1) to prove a generalization of
(A.1.2).

Lemma A.2 For any real positive sequence
{
b j

}+∞
j=−∞ such that the series

∑+∞
−∞ b j is

convergent and for any m ∈ N0,

n∑
k=−∞

bk

(
k−1∑

j=−∞
b j

)m

≤ 1

m + 1

(
n∑

j=−∞
b j

)m+1

. (A.1.3)

Proof We show by induction that

n∑
k=−∞

bk

(
k−1∑

j=−∞
b j

)m

= 1

m + 1

(
n∑

j=−∞
b j

)m+1

− B(m)
n ,

where

B(m)
n ≥ 0, B(m)

n+1 ≥ B(m)
n .

The result is trivially true for m = 0, with B(0)
n = 0. Assuming it holds for m − 1, we

have
n∑

k=−∞
bk

(
k−1∑

j=−∞
b j

)m

=
n∑

k=−∞


bk

(
k−1∑

j=−∞
b j

)m−1

 k−1∑

j=−∞
b j

=



n∑
k=−∞


bk

(
k−1∑

j=−∞
b j

)m−1




{

k−1∑
j=−∞

b j

}
−

n∑
k=−∞


bk

k−1∑
j=−∞


b j

(
j−1∑

l=−∞
bl

)m−1





−
n∑

k=−∞


b2k

(
k−1∑

j=−∞
b j

)m−1

 ,

and by using the inductive hypothesis we get that the result also holds for m with

B(m)
n = m

m + 1

n∑
k=−∞


(B(m−1)

n − B(m−1)
k−1

)
bk + b2k

(
k−1∑

j=−∞
b j

)m−1

 .

Note that, for b j ≥ 0, the estimate

n∑
k=−∞

bk

(
k−1∑

j=−∞
b j

)m

≤
(

n∑
j=−∞

b j

)m+1

is elementary. However, with such an estimate we would only be able to establish that
the Neumann series for the Jost functions converge for ‖Q‖1 , ‖R‖1 < 1. It is the
additional factor (m + 1)−1 in (A.1.3) that extends the convergence of these series to
potentials Q, R ∈ �1.
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Transmission of the Jost function through a
localized potential

Suppose the asymptotic form of the Jost function M̃(x, k) for a VNLS is given by

M̃(x, k) ∼
(
IN
0

)
aL (k) x � −L (B.1.1)

and we want to find the “transmitted” function through a barrier of finite extension 2L.
M̃(x, k) is solution of the integral equation (4.2.13a),

M̃(x, k) =
(
IN
0

)
aL (k) +

∫ +∞

−∞
G+(x − ξ, k)Q(ξ )M̃(ξ, k)dξ, (B.1.2)

where G+(x, k) is given by (4.2.12), that is,

M̃(x, k) =
(
IN
0

)
aL (k) +

∫ x

−∞

(
q(ξ )M̃(dn)(ξ, k)

e2ik(x−ξ )r(ξ )M̃(up)(ξ, k)

)
dξ. (B.1.3)

Introduce M̂(x, k) such that

M̃(x, k) = M̂(x, k)aL (k). (B.1.4)

M̂ solves the integral equation

M̂(x, k) =
(
IN
0

)
+
∫ x

−∞

(
q(ξ )M̂(dn)(ξ, k)

e2ik(x−ξ )r(ξ )M̂(dup)(ξ, k)

)
dξ, (B.1.5)

and, according to (4.2.26a), the transmission coefficient through the barrier is given by

a(k) = IN +
∫ +∞

−∞
q(ξ )M̂(dn)(ξ, k)dξ.

Therefore

M̂(up)(x, k)a(k) x � L ,

and from (B.1.4) it follows that

M̃(up)(x, k) ∼ a(k)aL (k).
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Moreover, the integral equation (B.1.5) yields

M̂(dn)(x, k) → 0 x → +∞ (B.1.6)

for k in the upper k-plane, and we conclude that the transmitted Jost function has the
form:

M̃(x, k) ∼
(
IN
0

)
a(k)aL (k) x � −L . (B.1.7)

A similar result can be obtained for the integrable discrete matrix NLS equation.
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Scattering theory for the discrete
Schrödinger equation

C.1 Introduction

In a certain sense, the stationary solutions of the IDNLS equation (1.3.8) can be related
to the solutions of a discretized version of the Schrödinger equation. Indeed, let us
consider the differential-difference equation

i
dqn

dt
+ (qn+1 + qn−1 − 2qn)

h2
+ |qn|2 (qn+1 + qn−1) = 0 (C.1.1)

and let us look for stationary solutions of the form

qn = wne
i
(
λ− 2

h2

)
t

(C.1.2)

for some λ ∈ R and where wn does not depend on t. Then wn satisfies the equation

(wn+1 + wn−1) γn = λ̃wn (C.1.3)

with

λ̃ = h2λ (C.1.4)

γn = 1 + h2 |qn|2 . (C.1.5)

In (C.1.3) we consider the term |qn|2 in (C.1.5) to be a known (i.e., given) potential, as
opposed to solving a differential-difference equation. Note also that, if qn → 0 as
n → ±∞, then γn → 1 as n → ±∞.

Let us introduce a new function ϕn defined by

wn = cnϕn (C.1.6)

with cn → 1 for n → −∞. Then ϕn satisfies

γn
cn+1

cn
ϕn+1 + γn

cn−1

cn
ϕn−1 = λ̃ϕn, (C.1.7)

and requiring cn
cn−1

= γn , or equivalently,

cn =
n∏

j=−∞
γ j , (C.1.8)

yields the discrete Schrödinger equation

αnϕn+1 + ϕn−1 = λ̃ϕn (C.1.9)
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with potential

αn = γnγn+1. (C.1.10)

From the point of view of the IST, (C.1.9) can be associated with a nonlinear
equation called the “nonlinear ladder network” (for the derivation cf. [121] and [98]
and equations (C.1.23)–(C.1.24) below). A generalization of (C.1.9) is to add a term
βnϕn to the left-hand side, that is, to consider

αnϕn+1 + βnϕn + ϕn−1 = λ̃ϕn, (C.1.11)

or, in terms of the function wn defined in (C.1.6),

(wn+1 + wn−1) γn + βnwn = λ̃wn . (C.1.12)

Indeed, Flaschka [78, 79] studied the IST associated with this modification and
showed that it is related to the Toda lattice equation [165], namely,

d2Qn

dt2
= e−(Qn−Qn−1) − e−(Qn+1−Qn ). (C.1.13)

See also the derivation and equations (C.1.22) below.
Equation (C.1.11) can be written in an equivalent form by means of the following

transformation:

ϕn = Snvn, (C.1.14)

where
Sn+1

Sn
αn = an,

Sn−1

Sn
= an−1, an →

|n|→∞
1. (C.1.15)

Solving this recursion relation yields

Sn =
n−1∏

k=−∞

ak

αk
, αn = a2

n , (C.1.16)

and by means of the transformation (C.1.14) the scattering problem (C.1.11) is cast
into the form

anvn+1 + an−1vn−1 + bnvn = λ̃vn, (C.1.17)

where βn has been renamed bn in order to meet the traditional notation. We note that
(C.1.17) reduces to the continuous time-independent Schrödinger equation. Indeed,
letting an = e−h2(un+1+un )/2, bn = 0, vn = eh

2un/2ψn, λ̃ = 2 + h2λ̂, we see that, as
h → 0, (C.1.17) becomes

ψxx − u(x)ψ = λ̂ψ.

This equation is the time-independent Schrödinger equation and, of course, is well
known in the study of direct and inverse scattering theory (cf. [73], [63]).

To derive the Toda lattice equation (C.1.13) from (C.1.17), we consider [11] the
associated time evolution equation

d

dt
vn = Anvn+1 + Bnvn . (C.1.18)

Expanding An and Bn as

An = A(0)
n + λ̃A(1)

n , Bn = B(0)
n + λ̃B(1)

n , (C.1.19)
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the compatibility condition between (C.1.17) and (C.1.18) yields the following
evolution equations:

d

dt
an = 1

2
A(0)

∞an(bn+1 − bn) + 1

2
A(1)

∞an

(
a2
n+1 − a2

n−1 + b2n+1 − b2n
)

(C.1.20a)

d

dt
bn = A(0)

∞ (a2
n − a2

n−1) + A(1)
∞
[
a2
n (bn+1 + bn) − a2

n−1 (bn + bn−1)
]
, (C.1.20b)

where

An = A(1)
∞an λ̃+ A(0)

∞an + A(1)
∞anbn, (C.1.21a)

Bn = B(1)
∞ λ̃+ B(0)

∞ + A(1)
∞ (4 − a2

n ) +
n∑

k=−∞
∂t log ak−1, (C.1.21b)

and A( j)
∞ , B( j)

∞ , j = 0, 1 are constants. The Toda lattice is arrived at by taking A(1)
∞ = 0,

A(0)
∞ = 1 and arbitrary B( j)

∞ j = 1, 2, thus obtaining from (C.1.20a)–(C.1.20b)

d

dt
an = 1

2
an(bn+1 − bn) (C.1.22a)

d

dt
bn = a2

n − a2
n−1 (C.1.22b)

and relating Qn in the Toda lattice (C.1.13) to an, bn via

an = e−(Qn−Qn−1)/2 (C.1.22c)

bn = − d

dt
Qn−1 (C.1.22d)

(cf. on the Toda and relativistic Toda lattice, for instance, the papers by Suris
[152–155] and Ruijsenaars [145]).

Another interesting lattice equation, the so-called nonlinear ladder network, is
obtained from (C.1.20a)–(C.1.20b) by taking bn = 0, A(0)

∞ = 0, A(1)
∞ = 1,

d

dt
an = 1

2
an(a

2
n+1 − a2

n−1),

which, choosing

an = e−un/2, (C.1.23)

gives [121], [98]

d

dt
un = e−un−1 − e−un+1 . (C.1.24)

C.2 Direct scattering problem

Let us write equation (C.1.11) in the form

αnϕn+1 + ϕn−1 + βnϕn = (z + z−1
)
ϕn . (C.2.25)

In the following we assume that αn �= 0 for any n ∈ Z. If αn → 1 and βn → 0 as
n → ±∞, this equation is asymptotic to

ϕn+1 + ϕn−1 = (z + z−1
)
ϕn ;
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therefore it is natural to introduce the solutions satisfying the boundary conditions

φn ∼ zn, φ̄n ∼ z−n n → −∞ (C.2.26a)

ψn ∼ z−n, ψ̄n ∼ zn n → +∞. (C.2.26b)

It is also convenient to define the functions

Mn(z) = z−nφn(z), M̄n(z) = z−nφ̄n(z) (C.2.27a)

Nn(z) = z−nψn(z), N̄ n(z) = z−nψ̄n(z) (C.2.27b)

satisfying the following difference equation:

z αnvn+1 + z−1vn−1 + βnvn = (z + z−1
)
vn (C.2.28)

with boundary conditions

Mn ∼ 1, M̄n ∼ z−2n n → −∞ (C.2.29a)

Nn ∼ z−2n, N̄ n ∼ 1 n → +∞. (C.2.29b)

Now we construct summation equations for these solutions using the method of the
Green’s functions. As usual, we represent the solutions of (C.2.28) in the form

vn = w +
+∞∑

k=−∞
Gn−k(z)

{
(αk − 1)vk+1 + z−1βkvk

}
, (C.2.30)

where Gn(z) satisfies the difference equation

zGn+1 + z−1Gn−1 − (z + z−1)Gn = −zδn,0. (C.2.31)

Let us represent Gn and δn,0 as Fourier integrals,

Gn = 1

2π i

∮
|p|=1

pn−1 ĝ(p)dp (C.2.32)

δn,0 = 1

2π i

∮
|p|=1

pn−1dp. (C.2.33)

From equation (C.2.31) it then follows that

ĝ(p) = − z2 p

z2 p2 − (z2 + 1)p + 1
.

ĝ has poles for p = 1 and p = z−2, and the value of the integral in (C.2.32) and,
consequently, of the Green’s function Gn, depends on the location of the poles of ĝ.
When |z| = 1, both poles are on the contour of integration, and therefore we consider
two different deformations of this contour, Cout, enclosing both 1 and z−2 as well as
p = 0, and C in, enclosing p = 0 but neither 1 nor z−2. Correspondingly, we have the
two Green’s functions

Gn(z) = θ (n)
z2

1 − z2
(
1 − z−2n

) = θ (n − 1)
z2

1 − z2
(
1 − z−2n

)
(C.2.34)

Ḡn(z) = −θ (−n − 1)
z2

1 − z2
(
1 − z−2n

)
(C.2.35)
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solving the difference equation (C.2.31). As before, θ (n) denotes the discrete version
of the Heaviside function, that is,

θ (n) =
n∑

k=−∞
δk,0 =

{
1 n ≥ 0
0 n < 0.

Note that Gn(z) is analytic outside the unit circle, Ḡn(z) is analytic inside, and

Gn(z) = −θ (n − 1) + O(z−2) |z| → ∞
Ḡn(z) = −θ (−n − 1) z2 + O(z4) z → 0.

Taking into account the asymptotics (C.2.29a)–(C.2.29b), the summation equations for
Mn and N̄ n can be written as

Mn(z) = 1 + z2

1 − z2

n−1∑
�=−∞

(
1 − z−2(n−�)) {(α� − 1)M�+1(z) + z−1β�M�(z)

}
(C.2.36a)

N̄ n(z) = 1 − z2

1 − z2

+∞∑
�=n+1

(
1 − z−2(n−�)) {(α� − 1) N̄ �+1(z) + z−1β� N̄ �(z)

}
.

(C.2.36b)

Note that when, βn is identically zero, both Mn(z) and N̄ n(z) are even functions of z.
We will prove that if the potentials (αn − 1) and βn decay sufficiently rapidly
as |n| → ∞, the summation equations (C.2.36a)–(C.2.36b) are well defined and admit
a unique solution. Moreover, Mn(z) is analytic for |z| > 1 and continuous for |z| = 1,
while N̄ n(z) is analytic for |z| < 1 and continuous for |z| = 1. Under this assumption,
Mn has a convergent Laurent series expansion in the annulus centered on z = 0,

Mn(z) = M (0)
n + z−1M (−1)

n + z−2M (−2)
n + · · · , (C.2.37)

and substituting this expansion into the summation equation (C.2.36a) and matching
the corresponding powers of z−1 yields

M (0)
n = 1 −

n−1∑
�=−∞

(α� − 1)M (0)
�+1

or, equivalently,

M (0)
n = αnM

(0)
n+1.

Taking into account that Mn → 1 as n → −∞, we finally get

M (0)
n =

n−1∏
�=−∞

α−1
� . (C.2.38)

From the other side, since N̄ n(z) is analytic inside the unit circle, it admits a Taylor
series expansion about z = 0,

N̄ n(z) = N̄
(0)
n + z N̄

(1)
n + z2 N̄

(2)
n + · · · , (C.2.39)

and substituting this expansion into the summation equation (C.2.36b) and matching
the corresponding powers of z yields

N̄
(0)
n = 1. (C.2.40)
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C.2.1 Existence and analyticity of the Jost functions

Lemma C.1 Assuming the potentials αn, βn satisfy the conditions∑+∞
−∞ (1 + |n|) |1 − α−1

n | < ∞,
∑+∞

−∞ (1 + |n|) |βn/αn−1| < ∞, the function Mn(z)
defined by the summation equation (C.2.36a) is analytic for |z| > 1 and continuous for
|z| ≥ 1. Similarly, N̄ n(z) defined by (C.2.36b) is analytic for |z| < 1 and continuous
for |z| ≤ 1. Moreover, the solutions of these discrete integral equations are unique in
the space of functions continuous in z and bounded in n.

Proof It is convenient to introduce

M̂n(z) = αn−1Mn(z) (C.2.41)

satisfying the summation equation

M̂n(z) = 1 + z2

1 − z2

n−1∑
�=−∞

{(
1 − α−1

�−1

) (
1 − z−2(n−�+1)

)

+ z−1 β�

α�−1

(
1 − z−2(n−�))} M̂�(z) (C.2.42)

and look for solutions in the form of a Neumann series,

M̂n(z) =
+∞∑
j=0

M̂ ( j)
n (z), (C.2.43)

where

M̂ (0)
n = 1

M̂ ( j+1)
n (z) = z2

1 − z2

n−1∑
�=−∞

{(
1 − α−1

�−1

) (
1 − z−2(n−�+1)

)

+ z−1 β�

α�−1

(
1 − z−2(n−�))

}
M̂ ( j)

� (z).

For any z such that |z| > 1 and for any positive integer k,∣∣∣∣ z2

1 − z2
(1 − z−2k)

∣∣∣∣ ≤ 2
|z|2

|z|2 − 1
,

and using this bound and the summation by parts formula (A.1.3), one can show by
induction on j that

∣∣M̂ ( j)
n (z)

∣∣ ≤ 1

j!

[
2

|z|2
|z|2 − 1

] j
{

n−1∑
�=−∞

[∣∣1 − α−1
�−1

∣∣+ ∣∣∣∣ β�α�−1

∣∣∣∣
]} j

. (C.2.44)

Hence, provided z �= ±1 and the potentials αn, βn are such that

C =
+∞∑

n=−∞

∣∣1 − α−1
n

∣∣+ +∞∑
n=−∞

∣∣∣∣ βn

αn−1

∣∣∣∣ < ∞, (C.2.45)

the Neumann series (C.2.43) is majorized by a uniformly convergent series and is
itself uniformly convergent with the bound

∣∣M̂n(z)
∣∣ ≤ e

2 |z|2
|z|2−1

C
. (C.2.46)
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This yields existence and analyticity of the Jost function Mn(z) for |z| ≥ 1,
z �= ±1.

From the other side, the kernel of the summation equation (C.2.42),

Hn(z) = z2

1 − z2
(
1 − z−2n

)
n ≥ 1, (C.2.47)

satisfies

|Hn(z)| ≤
n−1∑
k=0

|z|−2k ≤ n (C.2.48)

for any z outside the unit circle, that is, |z| ≥ 1. Using this bound, one can show by
induction that for any j ≥ 0

∣∣M̂ ( j)
n (z)

∣∣ ≤ 1

j!

{
n−1∑

�=−∞

[
(n − �+ 1)

∣∣1 − α−1
�−1

∣∣+ (n − �)

∣∣∣∣ β�α�−1

∣∣∣∣
]} j

. (C.2.49)

Indeed, from (C.2.44) it follows that

∣∣M̂ ( j+1)
n (z)

∣∣ ≤ n−1∑
�=−∞

[∣∣1 − α−1
�−1

∣∣ |Hn−�+1(z)| +
∣∣∣∣ β�α�−1

∣∣∣∣ |Hn−�(z)|
] ∣∣∣M̂ ( j)

� (z)
∣∣∣ ,

and using the bound (C.2.48) and the inductive hypothesis yields

∣∣M̂ ( j+1)
n (z)

∣∣ ≤
n−1∑

�=−∞

{
(n − �+ 1)

∣∣1 − α−1
�−1

∣∣+ (n − �)

∣∣∣∣ β�α�−1

∣∣∣∣
}

× 1

j!

{
�−1∑

k=−∞

[
(�− k + 1)

∣∣1 − α−1
k−1

∣∣+ (�− k)

∣∣∣∣ β�α�−1

∣∣∣∣
]} j

≤
n−1∑

�=−∞

{
(n − �+ 1)

∣∣1 − α−1
�−1

∣∣+ (n − �)

∣∣∣∣ β�α�−1

∣∣∣∣
}

× 1

j!

{
�−1∑

k=−∞

[
(n − k + 1)

∣∣1 − α−1
k−1

∣∣+ (n − k)

∣∣∣∣ β�α�−1

∣∣∣∣
]} j

.

The summation by parts formula (A.1.3) completes the induction. We conclude that∣∣M̂n(z)
∣∣ ≤ ePn , (C.2.50)

where

Pn =
n−2∑

�=−∞

{
(n − �)

∣∣1 − α−1
�

∣∣+ (n − �− 1)

∣∣∣∣β�+1

α�

∣∣∣∣
}

≤
+∞∑

�=−∞
|n − �|

{∣∣1 − α−1
�

∣∣+ ∣∣∣∣ β�α�−1

∣∣∣∣
}
. (C.2.51)

However, Pn diverges as n → ±∞, and therefore the uniform convergence of the
Neumann series is ensured for any finite n provided the potentials satisfy the condition

+∞∑
n=−∞

(1 + |n|) ∣∣1 − α−1
n

∣∣ < +∞,

+∞∑
n=−∞

(1 + |n|)
∣∣∣∣ βn

αn−1

∣∣∣∣ < +∞. (C.2.52)
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In a similar way one can prove the result for the eigenfunction N̄ n(z). Finally,
uniqueness of the solutions of the integral equations can be proved as in Lemma 2.1.

C.2.2 Scattering data

Let us define the Wronskian of two functions un and vn as

W (un, vn) = un+1vn − unvn+1. (C.2.53)

If ϕn and ϕ̃n are any two solutions of the scattering problem (C.2.25), their Wronskian
satisfies the following recursion relation:

W (ϕn+1, ϕ̃n+1) = 1

αn+1
W (ϕn, ϕ̃n) .

Hence, for any nonnegative integer j we have

W
(
φn(z), φ̄n(z)

) =
[

j∏
s=0

α−1
n−s

]
W
(
φn− j−1(z), φ̄n− j−1(z)

)
,

and in the limit j → +∞, taking into account the asymptotics (C.2.26a), we get

W
(
φn(z), φ̄n(z)

) = (z − z−1
) n∏
s=−∞

α−1
s . (C.2.54)

Analogously, from the asymptotics (C.2.26b) it follows that

W (ψ̄n(z), ψn(z)) = (z − z−1
) +∞∏
s=n+1

αs . (C.2.55)

The relations (C.2.54)–(C.2.55) prove that φn and φ̄n are linearly independent, as are
ψn and ψ̄n . Since the scattering problem (C.2.25) is a linear second-order difference
equation, the last two can be written as a linear combination of the former ones (or vice
versa), that is,

φn(z) = b(z)ψn(z) + a(z)ψ̄n(z) (C.2.56a)

φ̄n(z) = ā(z)ψn(z) + b̄(z)ψ̄n(z) (C.2.56b)

for any z such that all four eigenfunctions exist. In particular, these relations hold for
|z| = 1 and define the scattering coefficients a, ā, b and b̄. In terms of the Jost
functions, equations (C.2.56a)–(C.2.56b) are written as

Mn(z) = N̄ n(z)a(z) + Nn(z)b(z) (C.2.57a)

M̄n(z) = Nn(z)ā(z) + N̄n(z)b̄(z) (C.2.57b)

or also

µn(z) = N̄n(z) + Nn(z)ρ(z) (C.2.58a)

µ̄n(z) = Nn(z) + N̄n(z)ρ̄(z), (C.2.58b)

where

µn(z) = Mn(z)

a(z)
, µ̄n(z) = M̄n(z)

ā(z)
, (C.2.59)
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and the reflection coefficients have been introduced as

ρ(z) = b(z)

a(z)
ρ̄(z) = b̄(z)

ā(z)
. (C.2.60)

The scattering coefficients can be related to the Wronskian of the Jost functions.
Indeed, from (C.2.56a)–(C.2.56b) it follows that

W (φn(z), ψn(z)) = a(z)W (ψ̄n(z), ψn(z)),

and using (C.2.55) we get

a(z) = z

z2 − 1

[ +∞∏
s=n+1

α−1
s

]
W (φn(z), ψn(z)) . (C.2.61)

Analogously, one can show that

ā(z) = z

1 − z2

[ +∞∏
s=n+1

α−1
s

]
W
(
φ̄n(z), ψ̄n(z)

)
. (C.2.62)

Comparing (C.2.54) and (C.2.55) yields

W
(
φn(z), φ̄n(z)

) =
[ +∞∏

s=−∞
α−1
s

]
W
(
ψ̄n(z), ψn(z)

)
,

and using (C.2.56a)–(C.2.56b) gives the following characterization relation for the
scattering coefficients:

a(z)ā(z) − b(z)b̄(z) =
+∞∏

s=−∞
α−1
s . (C.2.63)

C.2.3 Symmetries

The scattering problem (C.2.25) is symmetric for the exchange of z to z−1, and so are
the asymptotic conditions (C.2.26a)–(C.2.26b); therefore

φ̄n(z) = φn (1/z) ψ̄n(z) = ψn (1/z) (C.2.64)

or, analogously

M̄n(z) = z−2nMn (1/z) , Nn(z) = z−2n N̄ n (1/z) . (C.2.65)

In its turn, the symmetry between the eigenfunctions induces, due to (C.2.56a)–
(C.2.56b), the following symmetry in the scattering data:

ā(z) = a (1/z) , b̄(z) = b (1/z) , (C.2.66a)

and consequently

ρ̄(z) = ρ (1/z) . (C.2.66b)

In addition, when the potentials αn, βn are real, if ϕn(z) solves the scattering
problem (C.2.25), so does ϕ∗

n (1/z
∗); therefore, taking into account the asymptotic

conditions (C.2.26a)–(C.2.26b), we get the following symmetry relations:

φ̄n(z) = φ∗
n

(
1/z∗) , ψ̄n(z) = ψ∗

n

(
1/z∗) . (C.2.67)
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or, analogously,

M̄n(z) = z−2nM∗
n

(
1/z∗) , Nn(z) = z−2n N̄

∗
n

(
1/z∗) . (C.2.68)

As a consequence, for real potentials, the following symmetries between the scattering
data hold:

b̄(z) = b∗ (1/z∗) , ā(z) = a∗ (1/z∗) . (C.2.69)

We can now reconstruct the scattering data by means of integral representations.
Recalling the summation equations (C.2.36a)–(C.2.36b), the quantity
Mn(z) − N̄ n(z)a(z) can written as

Mn(z) − N̄ n(z)a(z) = 1 − a(z) +
+∞∑

k=−∞
Ḡn−k(z)

{
(αk − 1)

[
Mk+1(z) − N̄ k+1(z)a(z)

]

+ z−1βk

[
Mk(z) − N̄ k(z)a(z)

]}+ z2

1 − z2

+∞∑
k=−∞

(
1 − z−2(n−k)

)
× {(αk − 1)Mk+1(z) + z−1βkMk(z)

}
,

where we used the identity

Gn(z) − Ḡn(z) = z2

1 − z2
(
1 − z−2n

)
.

From the other side, we also have Mn(z) − N̄ n(z)a(z) = Nn(z)b(z), and therefore

Nn(z)b(z) = 1 − a(z)

+ z2

1 − z2

+∞∑
k=−∞

(
1 − z−2(n−k)

) {
(αk − 1)Mk+1(z) + z−1βkMk(z)

}

+
+∞∑

k=−∞
Ḡn−k(z)

{
(αk − 1) Nk+1(z) + z−1βk Nk(z)

}
b(z)

or, taking into account the symmetry (C.2.68),

z−2n

{
N̄

∗
n

(
1/z∗)−

+∞∑
k=−∞

z2(n−k−1)Ḡn−k(z)

[
(αk − 1) N̄ ∗

k+1(1/z
∗) + zβk N̄

∗
k (1/z

∗)

]}
b(z)

= 1 − a(z) + z2

1 − z2

+∞∑
k=−∞

(
1 − z−2(n−k)

) {
(αk − 1)Mk+1(z) + z−1βkMk(z)

}
.

From the summation equation (C.2.36b) it follows that the term in curly brackets in the
left-hand side is equal to 1, so that

a(z) = 1 + z2

1 − z2

+∞∑
k=−∞

{
(αk − 1) + z−1βk+1

}
Mk+1(z) (C.2.70a)

b(z) = − z2

1 − z2

+∞∑
k=−∞

z2k {(αk − 1) + zβk+1} Mk+1(z). (C.2.70b)

From (C.2.70a)–(C.2.70b), ā, b̄ can be reconstructed using the symmetries (C.2.69).
Note that from (C.2.36a) and (C.2.70a)–(C.2.70b) it also follows that when βn is

identically zero (which is the case for the nonlinear ladder network) a and b are even



218 Appendix C

functions of z,

a(−z) = a(z), b(−z) = b(z), (C.2.71)

and the same result holds for ā and b̄.
Finally, we remark that, taking into account (C.2.38), the summation representation

(C.2.70a) yields

a(z) = 1 −
+∞∑

k=−∞
(αk − 1)

k∏
�=−∞

α−1
� + O(z−2), (C.2.72)

and, taking into account that, since αn → 1 for n → ±∞,

+∞∑
k=−∞

(αk − 1)
k∏

�=−∞
α−1
� = 0,

we get

a(z) = 1 + O(z−2). (C.2.73)

The representation (C.2.70a) proves that a(z) has the same analytic properties as
Mn(z), that is, it is analytic for |z| > 1 and continuous for |z| = 1, and ā(z) inherits
the analytic properties from Mn(z−1), that is, it is analytic for |z| < 1 and continuous
for |z| = 1. Note that b(z) and b̄(z) cannot in general be prosecuted off the unit
circle.

C.2.4 Eigenvalues and norming constants

We define a proper eigenvalue for the scattering problem (C.2.25) to be a value of z for
which the scattering problem admits bounded solutions going to zero as n → ±∞.
From equations (C.2.61)–(C.2.62), it follows that, if z j , with

∣∣z j

∣∣ > 1, is a zero of a(z),
then W (φn(z j ), ψn(z j )) = 0, that is, φn(z j ) and ψn(z j ) are linearly independent,
that is,

φn(z j ) = b jψn(z j ) (C.2.74)

for some complex constant b j . Then, from the asymptotics (C.2.26a)–(C.2.26b) it
follows that

φn(z j ) ∼ (z j )
n n → −∞

φn(z j ) = b jψn(z j ) ∼ b j

(
z j

)−n
n → +∞,

and since
∣∣z j

∣∣ > 1, this means that z j is a proper eigenvalue. Vice versa, proper
eigenvalues outside the unit circle need to be zeros of a(z). Analogously, one can show
that z̄� with |z̄�| < 1 is a proper eigenvalue if, and only if, ā(z̄�) = 0 and

φ̄n(z̄�) = b̄�ψ̄n(z̄�). (C.2.75)

We will assume that neither a(z) nor ā(z) have zeros for |z| = 1.
From the symmetries (C.2.66a ) and (C.2.69 ) it also follows that, for real potentials,

a(z) = ā (1/z) = a∗(z∗) (C.2.76a)

ā(z) = a(1/z) = ā∗(z∗), (C.2.76b)
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which means that if z j is an eigenvalue, so is z∗
j , that is, the eigenvalues are real or

come into complex conjugate pairs. Moreover, from (C.2.66a ) it follows that z j is an
eigenvalue with

∣∣z j

∣∣ > 1 if, and only if, z̄ j = 1
z j
is an eigenvalue with

∣∣z̄ j

∣∣ < 1. Finally,
note that when βn = 0 for all n, the symmetry (C.2.71 ) yields that the eigenvalues also
come in pairs ±z j (±z̄ j ). In conclusion, if βn is identically zero and αn is real, the

scattering problem (C.1.11) has the sets of eigenvalues
{
±z j ,±z∗

j ,± 1
z j
,± 1

z∗j

}J

j=1
.

Let us write the scattering problem (C.1.12) in the form

wn+1 + wn−1 + βn pnwn = −h2k2 pnwn,

where

pn = γ −1
n = (1 + h2 |qn|2

)−1
(C.2.77)

λ̃ = (
z + z−1

) = −h2k2. (C.2.78)

Then for real potentials we have the following relations:

w∗
n (wn+1 + wn−1) + βn pn |wn|2 = −h2k2 pn |wn|2

wn

(
w∗

n+1 + w∗
n−1

)+ βn pn |wn|2 = −h2k∗2 pn |wn|2

or, subtracting one from another,

(
w∗

nwn+1 − w∗
n−1wn

)+ (w∗
nwn−1 − w∗

n+1wn

) = −h2
(
k2 − k∗2) pn |wn|2 .

Summing over all n at an eigenvalue k j yields

(
k2j − k∗2

j

) +∞∑
n=−∞

pn

∣∣wn(k j )
∣∣2 = 0,

and, since 0 < pn < 1 for all n ∈ Z, if wn

(
z j

) ∈ �2,

k2j = k∗2
j (C.2.79)

that is, either k j is real or it is purely imaginary. This implies that λ̃ j = (z j + z−1
j

)
is

real and then either z j is real or it is such that
∣∣z j

∣∣ = 1. Since we assumed the potential
to be such that a(z) �= 0 for |z| = 1, we conclude that in general the proper eigenvalues
come in pairs

{
z j , z

−1
j : z j ∈ R, |z j | > 1

}J
j=1

. In the special case βn = 0, there are

quartets of eigenvalues
{±z j , ±z−1

j : z j ∈ (1,+∞)
}J
j=1

.
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C.3 Inverse scattering problem

C.3.1 Recovery of the Jost functions

Suppose that a(z) has J simple zeros
{
z j :

∣∣z j

∣∣ > 1
}J
j=1

. Then the function µn(z) given
by (C.2.59 ) is meromorphic outside the unit circle with a finite number of simple
poles at the points z1, . . . , zJ . Taking into account the symmetry (C.2.65 ), we can
write equation (C.2.58a) as

µn(z) = N̄ n(z) + z−2nρ(z)N̄ n

(
z−1
)
, (C.3.80)

which yields

Res
(
µn ; z j

) = lim
z→z j

(
z − z j

)
µn(z) = z−2n

j N̄ n

(
z−1
j

)
C j , (C.3.81)

where

C j = lim
z→z j

(
z − z j

)
ρ(z) = b(z j )

a′(z j )
(C.3.82)

are referred to as norming constants. We showed that when βn is identically zero, the
eigenvalues indeed come in pairs ±z j . As far as the corresponding norming constants
are concerned, we have the relation

C− j = b(−z j )

a′(−z j )
= −C j , (C.3.83)

where we have taken into account that in this case both a(z) and b(z) are even functions
of the spectral parameter z (cf. (C.2.71 )). Note that from (C.2.38 ) and (C.2.73 ) it
follows that at large z

µn(z) = �n + O(z−1), (C.3.84)

where

�n =
n−1∏

j=−∞
α−1

j . (C.3.85)

Equation (C.3.80) defines a Riemann–Hilbert boundary problem on the unit circle.
However, from (C.3.84) it follows that the boundary conditions on µn depend on the
potential, which is unknown in the inverse problem. Therefore, we introduce the
following modified functions:

µ′
n(z) = µn(z)

�n
(C.3.86)

N̄
′
n(z) = N̄ n(z)

�n
(C.3.87)

such that

µ′
n(z) = 1 + O(z−1) |z| → ∞ (C.3.88)

N̄
′
n(z) = �−1

n + O (z) z → 0. (C.3.89)

Note that µ′
n and N̄

′
n are properly defined, according to the condition we assumed,

αn �= 0 for all n ∈ Z.
Equation (C.3.80) then becomes

µ′
n(z) = N̄

′
n(z) + z−2nρ(z)N̄ ′

n

(
z−1
)
, (C.3.90)
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and consequently

Res
(
µ′

n ; z j

) = z−2n
j N̄

′
n

(
z−1
j

)
C j . (C.3.91)

Let us recall that for the IDNLS (Chapter 3) we introduced the following projection
operator:

P̄( f )(z) = lim
ζ→z
|ζ |<1

1

2π i

∮
|w|=1

f (w)

w − ζ
dw, (C.3.92a)

which is defined for |z| ≤ 1 for any function f(z) continuous on |z| = 1 (we will refer
to P̄ as the inside projector), and

P( f )(z) = lim
ζ→z
|ζ |>1

1

2π i

∮
|w|=1

f (w)

w − ζ
dw (C.3.92b)

defined for |z| ≥ 1 for any function f(z) continuous on |z| = 1 (outside projector).
Applying P̄ to both sides of equation (C.3.90) and taking into account (C.3.88),

(C.3.91) and the analytic properties of µ′
n, N̄

′
n yields

N̄
′
n(z) = 1 +

J∑
j=1

z−2n
j

z − z j
N̄

′
n

(
z−1
j

)
C j − 1

2π i
lim
ζ→z
|ζ |<1

∮
|w|=1

w−2nρ(w)N̄ ′
n

(
w−1

)
w − ζ

dw

or, equivalently, using (C.2.66b),

N̄
′
n(z) = 1 +

J∑
j=1

z−2n
j

z − z j
N̄

′
n

(
z−1
j

)
C j − 1

2π i
lim
ζ→z
|ζ |<1

∮
|w|=1

w2n−1ρ̄(w)N̄ ′
n (w)

1 − ζw
dw.

(C.3.93a)
The sum in the right-hand side is performed over all the discrete eigenvalues z j outside
the unit circle, that is, with

∣∣z j

∣∣ > 1, and gives the contribution of the discrete
spectrum, while the integral term corresponds to the contribution of the continuous
spectrum. Note that, as we proved earlier, the eigenvalues are real for real potentials,
and in the following we will restrict ourselves to this case. Equation (C.3.93a) depends
on the additional constants N̄

′
n

(
z−1
j

)
; therefore, in order to close the system, we

evaluate (C.3.93a) at z−1
� for all � = 1, . . . , J ,

N̄
′
n(z

−1
� ) = 1 +

J∑
j=1

z−2n
j

z−1
� − z j

N̄
′
n

(
z−1
j

)
C j − 1

2π i

∮
|w|=1

w2n−1ρ̄(w)N̄ ′
n (w)

1 − z−1
� w

dw,

(C.3.93b)

so that (C.3.93a)–(C.3.93b) constitute a linear algebraic–integral system on |z| = 1
that allows us, in principle, given the scattering data

{
z j ,C j

}J
j=1

∪ {ρ(w) : |w| = 1}
(i.e., eigenvalues and associated norming constants and reflection coefficient) to
recover the modified Jost functions N̄

′
n(z). Then, taking into account the asymptotics

(C.3.89), from (C.3.93a) it follows that

�−1
n = 1 −

J∑
j=1

z−2n−1
j N̄

′
n

(
z−1
j

)
C j − 1

2π i

∮
|w|=1

w2n−1ρ̄(w)N̄ ′
n (w) dw, (C.3.94)

which allows us to obtain N̄ n(z) from N̄
′
n(z) (cf. (C.3.87)).

Note that for reflectionless potentials, that is, when ρ(w) = 0 for all w such that
|w| = 1, the system (C.3.93a)–(C.3.93b) reduces to a linear–algebraic system.
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Equations (C.3.93a)–(C.3.93b) can be written so that one takes explicitly into
account the additional symmetry that corresponds to requiring βn ≡ 0. Indeed, we
showed that in this case the eigenvalues come in quartets

{±z j , ±z−1
j

}J
j=1

, and for the
corresponding norming constants the relation (C.3.82) holds. Then the system
(C.3.93a)–(C.3.93b) with the symmetries explicitly taken into account becomes

N̄
′
n(z) = 1 +

J∑
j=1

z−2n
j

[
1

z − z j
N̄

′
n

(
z−1
j

)− 1

z + z j
N̄

′
n

(−z−1
j

)]
C j

− 1

2π i
lim
ζ→z
|ζ |<1

∮
|w|=1

w2n−1ρ̄(w)N̄ ′
n (w)

1 − ζw
dw

N̄
′
n

(
z−1
�

) = 1 +
J∑

j=1

z−2n
j

[
1

z−1
� − z j

N̄
′
n

(
z−1
j

)− 1

z−1
� + z j

N̄
′
n

(−z−1
j

)]
C j

− 1

2π i

∮
|w|=1

w2n−1ρ̄(w)N̄ ′
n (w)

1 − z−1
� w

dw

N̄
′
n

(−z−1
�

) = 1 +
J∑

j=1

z−2n
j

[
1

−z−1
� − z j

N̄
′
n

(
z−1
j

)− 1

−z−1
� + z j

N̄
′
n

(−z−1
j

)]
C j

− 1

2π i

∮
|w|=1

w2n−1ρ̄(w)N̄ ′
n (w)

1 + z−1
� w

dw,

which is a linear integro-algebraic system of 2J + 1 equations in the 2J + 1
unknowns (N̄ ′

n

(±z−1
�

)
for � = 1, . . . , J and N̄

′
n(z)), where J is the number of

eigenvalues z� in the interval (1,+∞). We exploit the symmetry

N̄
′
n(z) = N̄

′
n(−z),

in order to reduce the above system to

N̄
′
n(z) = 1 + 2

J∑
j=1

z−2n+1
j

z2 − z2j
N̄

′
n

(
z−1
j

)
C j − 1

2π i
lim
ζ→z
|ζ |<1

∮
|w|=1

w2n−1ρ̄(w)N̄ ′
n (w)

1 − ζw
dw

(C.3.95a)

N̄
′
n

(
z−1
�

) = 1 + 2
J∑

j=1

z−2n+1
j

z−2
� − z2j

N̄
′
n

(
z−1
j

)
C j − 1

2π i

∮
|w|=1

w2n−1ρ̄(w)N̄ ′
n (w)

1 − z−1
� w

dw.

(C.3.95b)
Moreover, equation (C.3.94) becomes

�−1
n = 1 − 2

J∑
j=1

z−2n−1
j N̄

′
n

(
z−1
j

)
C j − 1

2π i

∮
|w|=1

w2n−1ρ̄(w)N̄ ′
n (w) dw. (C.3.95c)

C.3.2 Recovery of the potential

Since the eigenfunction N̄ n(z) is analytic inside the unit circle, it admits a convergent
Taylor series about z = 0. Hence, let us write

N̄ n(z) = 1 + z N̄
(1)
n + z2 N̄

(2)
n + · · · (C.3.96)
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and substitute this expansion into the scattering equation (C.2.28). Equating the
powers of z, we find

O(1) : N̄
(1)
n−1 + βn = N̄

(1)
n

O(z) : αn + N̄
(2)
n−1 + βn N̄

(1)
n = 1 + N̄

(2)
n ,

which allows us to reconstruct the potentials in terms of the coefficients of the Taylor
series expansion of the eigenfunction N̄ n(z), namely,

βn = N̄
(1)
n − N̄

(1)
n−1 (C.3.97a)

αn = 1 + N̄
(2)
n − N̄

(2)
n−1 − βn N̄

(1)
n . (C.3.97b)

Reflectionless potentials

In the reflectionless case, equations (C.3.93a)–(C.3.94) reduce to

N̄
′
n(z) = 1 +

J∑
j=1

z−2n
j

z − z j
N̄

′
n

(
z−1
j

)
C j (C.3.98a)

N̄
′
n(z

−1
� ) = 1 +

J∑
j=1

z−2n
j

z−1
� − z j

N̄
′
n

(
z−1
j

)
C j (C.3.98b)

�−1
n = 1 −

J∑
j=1

z−2n−1
j N̄

′
n

(
z−1
j

)
C j , (C.3.98c)

and for J = 1 one gets

N̄
′
n(z

−1
1 ) =

(
1 + C1(z1 − z−1

1 )−1z−2(n+1)
1

)−1
(C.3.99a)

N̄
′
n(z) = 1 + C1z2n1

z − z1

(
1 + C1(z1 − z−1

1 )−1z−2(n+1)
1

)−1
(C.3.99b)

�−1
n = 1 + C1(z1 − z−1

1 )−1z−2(n+1)
1

1 + C1(z1 − z−1
1 )−1z−2n

1

. (C.3.99c)

Taking into account (C.3.87), (C.3.99a)–(C.3.99c) provide for the coefficients of the
series expansion of N̄ n(z) about z = 0,

N̄
(1)
n = − C1z

−2(n+1)
1

1 + C1(z1 − z−1
1 )−1z−2(n+1)

1

(C.3.100)

N̄
(2)
n = − C1z

−2(n+1)−1
1

1 + C1(z1 − z−1
1 )−1z−2(n+1)

1

, (C.3.101)
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and substituting into (C.3.97a)–(C.3.97b) yields

βn = C1(z1 − z−1
1 )z−2n−1

1[
1 + C1(z1 − z−1

1 )−1z−2(n+1)
1

] [
1 + C1(z1 − z−1

1 )−1z−2n
1

] (C.3.102a)

αn = 1 + C1(z1 − z−1
1 )z−2(n+1)

1[
1 + C1(z1 − z−1

1 )−1z−2(n+1)
1

]2 . (C.3.102b)

Note that αn can be written as

αn = 1 + z21 + z−2
1 − 2[

Azn+1
1 + (Azn+1

1 )−1
]2 , (C.3.103)

where

A = C−1/2
1

∣∣z1 − z−1
1

∣∣1/2 . (C.3.104)

When βn is identically zero (e.g., the case of the nonlinear ladder network), the
inverse problem is given by (C.3.95a)–(C.3.95c), which, in the reflectionless case,
reduce to

N̄
′
n(z) = 1 + 2

J∑
j=1

z−2n+1
j

z2 − z2j
N̄

′
n

(
z−1
j

)
C j j = 1, . . . , J (C.3.105a)

N̄
′
n

(
z−1
�

) = 1 + 2
J∑

j=1

z−2n+1
j

z−2
� − z2j

N̄
′
n

(
z−1
j

)
C j (C.3.105b)

�−1
n = 1 − 2

J∑
j=1

z−2n−1
j N̄

′
n

(
z−1
j

)
C j . (C.3.105c)

Moreover, (C.3.87) gives

N̄ n(z) ∼ 1 +�n N̄
′(2)
n z2 + · · ·,

which implies that

N̄
(2)
n = −2

J∑
j=1

z−2n−3
j N̄ n

(
z−1
j

)
C j . (C.3.106)

Therefore, taking into account (C.3.97b),

αn = 1 + 2
J∑

j=1

z−2n−1
j

[
N̄ n−1

(
z−1
j

)− z−2
j N̄ n

(
z−1
j

)]
. (C.3.107)

For J = 1, equations (C.3.105a)–(C.3.105b) give

N̄
′
n

(
z−1
1

) = 1

1 + 2
(
z21 − z−2

1

)−1
C1z

−2n+1
1

�−1
n = 1 + 2C1

(
z21 − z−2

1

)−1
z−2n−3
1

1 + 2C1

(
z21 − z−2

1

)−1
z−2n+1
1

;
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therefore, from (C.3.87) we get

N̄ n

(
z−1
1

) = 1

1 + 2C1

(
z21 − z−2

1

)−1
z−2n−3
1

,

and then from (C.3.107) it follows that

αn = 1 + 2C1

(
1 − z−2

1

)
z−n−1
1[

1 + 2C1

(
z21 − z−2

1

)−1
z−2n−2
1

] [
1 + 2C1

(
z21 − z−2

1

)−1
z−2n−3
1

] . (C.3.108)

In order to get a real and nonsingular potential, the norming constant C1 has to be real
and of the same sign as z1, that is, C1 > 0 if z1 ∈ (1,+∞). If we write z1 in the form
z1 = eω for some ω > 0, then the potential becomes

αn = 1 + 2C1

(
e−(2n+1)ω − e−(2n+3)ω

)
[
1 + C1

sinh 2ω e
−(2n+1)ω

] [
1 + C1

sinh 2ω e
−(2n+3)ω

]
or

αn = 1 + sinhω sinh 2ω

cosh
[(
n + 1

2

)
ω + x0

]
cosh

[(
n + 3

2

)
ω + x0

] , (C.3.109)

where

ex0 =
(
sinh 2ω

C1

)1/2

. (C.3.110)

C.3.3 Gel’fand–Levitan–Marchenko equations

We can also provide a reconstruction for the potentials by means of Gel’fand–
Levitan–Marchenko integral equations. Indeed, let us represent the eigenfunctions ψn

and ψ̄n in terms of triangular kernels,

ψn(z) =
+∞∑
j=n

z− j K (n, j) |z| > 1 (C.3.111a)

ψ̄n(z) =
+∞∑
j=n

z j K̄ (n, j) |z| < 1. (C.3.111b)

Note that, due to the symmetry (C.2.64), K̄ (n, j) = K (n, j). Moreover, taking into
account (C.2.27b) and the asymptotics (C.2.40), we get K̄ (n, n) = K (n, n) = 1. We
write equation (C.2.56a) in the form

φn(z)a
−1(z) − ψ̄n(z) = ψn(z)ρ(z), (C.3.112)

with ρ given by (C.2.60), and apply the operator 1
2π i

∮
|z|=1 dz z−m−1 for m > n to

equation (C.3.112). Taking into account the asymptotics (C.2.26a), (C.2.26b) and the
analytic properties of the eigenfunctions and of the transmission coefficient a−1(z), as
well as the triangular representations (C.3.111a)–(C.3.111b), we obtain the discrete
integral equation (Gel’fand–Levitan–Marchenko equation)

K (n,m) + F(n + m) +
+∞∑

j=n+1

K (n, j)F(m + j) = 0 m > n, (C.3.113)
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where

F(n) =
J∑

j=1

z−n−1
j C j + 1

2π i

∮
|z|=1

z−n−1ρ(z)dz. (C.3.114)

Comparing the representation (C.3.111a) for the eigenfunctions with (C.3.96) and
recalling (C.3.97a) and (C.3.97b), we obtain the reconstruction of the potentials in
terms of the kernels of GLM equations, that is,

βn = K (n, n + 1) − K (n − 1, n) (C.3.115a)

αn = 1 + K (n, n + 2) − K (n − 1, n + 1) − βnK (n, n + 1). (C.3.115b)

C.4 Time evolution and solitons for the Toda lattice and
nonlinear ladder network

C.4.1 Toda lattice

Let us consider the time differential-difference equation relative to the Toda lattice
(C.1.13), namely, equation (C.1.18),

d

dt
vn = Anvn+1 + Bnvn (C.4.116)

with An ,Bn given by (C.1.21a)–(C.1.21b) and A(0)
∞ = 1, A(1)

∞ = B(0)
∞ = B(1)

∞ = 0,
that is,

An = an Bn =
n∑

k=−∞
∂t log ak−1. (C.4.117)

We rewrite (C.4.116) in terms of the eigenfunction ϕn of the scattering problem
(C.1.11), that is, by means of the transformations (C.1.14)–(C.1.16), thus obtaining

d

dt
ϕn = αnϕn+1, (C.4.118)

where we took into account that, due to (C.1.16), Bn = −∂t log Sn and αn = a2
n .

Equation (C.4.118) determines the evolution of the Jost functions. From this we
deduce the time-dependence of the scattering data.

First we observe that, since αn → 1 as |n| → ∞, the eigenfunctions fixed by the
boundary conditions (C.2.26a)–(C.2.26b) are not compatible with the time evolution
(C.4.118). Therefore we define the time-dependent functions

�n(z, t) = eztφn(z, t), �n(z, t) = ez
−1tψn(z, t) (C.4.119)

to be solutions of the time-dependence equation (C.4.118). Such solutions are
compatible with the boundary conditions (C.2.26a)–(C.2.26b) and by virtue of
(C.2.56a), (C.2.64) satisfy the relation

�n(z, t) = b(z, t)e(z−z−1)t �n(z, t) + a(z, t)�n(z
−1, t). (C.4.120)

To find the expression for the evolution of the scattering data, we first differentiate this
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equation with respect to t to obtain

d

dt
�n(z, t) = e(z−z−1)t

{[
bt (z, t) + (z − z−1

)
b(z, t)

]
�n(z, t) + b(z, t)

d

dt
�n(z, t)

}

+ at (z, t)�n(z
−1, t) + a(z, t)

d

dt
�n(z

−1, t).

Taking into account that both �n and �n solve (C.4.118), we get

bt (z, t) = − (z − z−1
)
b(z, t) at (z, t) = 0,

that is,

b(z, t) = e−(z−z−1)t b(z, 0) a(z, t) = a(z, 0), (C.4.121)

and, consequently, for the reflection coefficient defined in (C.2.60)

ρ(z, t) = e−(z−z−1)tρ(z, 0). (C.4.122)

Analogously, one obtains the evolution of the norming constants (C.3.82),

C j (t) = e−
(
z j−z−1

j

)
tC j (0). (C.4.123)

Finally, in the case of a purely discrete spectrum, the soliton solutions are
computable in closed form. A one-soliton solution corresponding to a single
eigenvalue z1 is obtained by introducing the explicit time-dependence into (C.3.102b).
Indeed, recalling (C.1.16) and (C.1.22c), we get from (C.3.102b)

e−(Qn−Qn−1) = 1 + z21 + z−2
1 − 2

A(t)zn+1
1 + (A(t)zn+1

1

)−1 , (C.4.124)

where, due to (C.4.123), A(t) = C−1/2
1 (0) exp

((
z1 − z−1

1

)
t/2
) |z1 − z−1

1 |1/2. Setting
z1 = σeω, σ = ±1, reduces this to

e−(Qn−Qn−1) = 1 + sinh2 ω sech2 (ω(n − n0) + σ sinhωt) , (C.4.125)

where n0 is a constant depending only on C1, z1. We note that, since σ = ±1, this
soliton solution may travel in either the positive or the negative n direction.

C.4.2 Nonlinear ladder network

The time differential-difference equation relative to the nonlinear ladder network
(C.1.24) is obtained from (C.1.18) with An , Bn given by (C.1.21a)–(C.1.21b) and
A(1)

∞ = 1, B(0)
∞ = −4, A(0)

∞ = B(1)
∞ = 0 and bn = 0, that is,

An = an λ̃ Bn = −a2
n +

n∑
k=−∞

∂t log ak−1. (C.4.126)

We rewrite (C.1.18) in terms of the eigenfunction ϕn of the scattering problem
(C.1.11), that is, by means of the transformations (C.1.14)–(C.1.16), thus obtaining

d

dt
ϕn = λ̃αnϕn+1 − αnϕn . (C.4.127)
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As before, we define the time-dependent functions

�n(z, t) = A(t)φn(z), �n(z, t) = B(t)ψn(z) (C.4.128)

and determine A(t), B(t) such that �n and �n solve the time-dependence equation
(C.4.127) and are compatible, respectively, with the boundary conditions
(C.2.26a)–(C.2.26b). Since αn → 1 as |n| → ∞, we get

�n(z, t) = ez
2tφn(z), �n(z, t) = ez

−2tψn(z). (C.4.129)

Moreover, from (C.2.56a) and (C.2.64) it follows that �n and �n satisfy the relation

�n(z, t) = b(z, t)e(z
2−z−2)t �n(z, t) + a(z, t)�n(1/z, t). (C.4.130)

To find the expression for the evolution of the scattering data, we first differentiate this
equation with respect to t to obtain

d

dt
�n(z, t) = e(z

2−z−2)t

{[
bt (z, t) + 2

(
z2 − z−2

)
b(z, t)

]
�n(z, t) + b(z, t)

d

dt
�n(z, t)

}

+ at (z, t)�n(1/z, t) + a(z, t)
d

dt
�n(1/z, t).

Taking into account that both �n and �n solve (C.4.127), we get

bt (z, t) = − (z2 − z−2
)
b(z, t) at (z, t) = 0, (C.4.131)

that is,

b(z, t) = e−(z2−z−2)t b(z, 0) a(z, t) = a(z, 0) (C.4.132a)

and, consequently, for the reflection coefficient defined in (C.2.60)

ρ(z, t) = e−(z2−z−2)tρ(z, 0). (C.4.132b)

Analogously, one obtains the evolution of the norming constants (C.3.82),

C j (t) = e−
(
z2j−z−2

j

)
tC j (0). (C.4.132c)

Finally, introducing the explicit time-dependence of the norming constant into
(C.3.109), we obtain the expression for the pure one-soliton solution of the ladder
network. Indeed, recalling (C.1.16) and (C.1.23), we get from (C.3.109)

e−un = 1 + sinhω sinh 2ω

cosh
[(
n + 1

2

)
ω + x0 − 2(sinhω)t

]
cosh

[(
n + 3

2

)
ω + x0 − 2(sinhω)t

] .
(C.4.133)
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Nonlinear Schrödinger systems with
a potential term

D.1 Continuous NLS systems with a potential term

The modified NLS equation with a generic potential term

iqt = qxx + 2
[|q|2 + V (x, t)

]
q (D.1.1)

was studied by Chen and Liu [52] and Balakrishnan [26]. It describes, for instance, the
propagation of envelope solitons in inhomogeneous media – an example being that of
electromagnetic waves in an inhomogeneous plasma.V (x, t) = 0 corresponds to a
homogeneous plasma. This case is the standard NLS equation, which is known (see
Chapter 2) to support a soliton traveling with constant velocity. The presence of
V (x, t) has the effect of introducing a potential barrier in the path of the soliton. The
equation is also relevant in the context of Davydov’s alpha-helix solitons [61], which
are responsible for energy transport along molecular chains. V (x, t) would then
represent inhomogeneities in the arrangement of molecules along the chain.

Chen and Liu showed that, if V (x, t) is a linear function of x, then the IST is
applicable and soliton solutions exist. The presence of the potential forces the spectral
parameter k occurring in the corresponding scattering problem to develop a
dependence on both x and t. k(x, t) itself satisfies a certain nonlinear evolution equation
involving V(x, t).

We note that if q(x, t) satisfies the modified NLS equation (D.1.1) with a real
potential term of the form considered below, namely,

V (x, t) = E(t)x + F(t),

the transformation of variables

u (y, t) = e−iθ(x,t)q(x, t) y = x − v(t), (D.1.2)

with θ (x, t) a real function linearly depending on the space variable x and v a function
of t, yields for u the standard NLS

iut = uyy + 2 |u|2 u
provided

v′ = −2θx , θt = θ2x − 2(Ex + F ), (D.1.3)

where ′ denotes derivative with respect to t. Therefore, writing

θ (x, t) = − 1
2v

′x + δ(t),

229
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one has to determine v and δ such that

v′′ = 4E δ′ = 1
4

(
v′)2 − 2F,

that is,

v(t) = 4
∫ t

0
dτ
∫ τ

0
dτ ′E(τ ′) (D.1.4)

δ(t) = 2
∫ t

0

[
2

(∫ τ

0
E(τ ′)dτ ′

)2

− F(τ )

]
dτ. (D.1.5)

Let us consider the system

iqt = qxx − 2 [qr − V (x, t)] q (D.1.6)

−irt = rxx − 2 [qr − V (x, t)] r, (D.1.7)

which reduces to the single PDE (D.1.1) under the reduction r = −q∗, as the
compatibility condition of the following linear equations:

vx =
(−ik q

r ik

)
v (D.1.8)

and

vt =
(

A B
C −A

)
v. (D.1.9)

The conventional formalism (cf. [21]) assumes k is a constant. Allowing for the
possibility k = k(x, t) leads to the constraints

−ikt = Ax − qC + r B (D.1.10a)

qt = Bx + 2ikB + 2q A (D.1.10b)

rt = Cx − 2ikC − 2r A. (D.1.10c)

The comparison with the Lax pair for the standard NLS system (2.2.3)–(2.2.4)
suggests introducing functions W, Y, Z such that

A = iqr + 2ik2 − iV (x, t) + W (D.1.11a)

B = −iqx − 2kq + Y (D.1.11b)

C = irx − 2kr + Z , (D.1.11c)

where W = W (x, t, k) and likewise for Y and Z. Inserting (D.1.11a)–(D.1.11c) into
(D.1.10a)–(D.1.10c), we find

Wx − qZ + rY = 0 (D.1.12a)

Yx + 2ikY + 2qW + 2kxq = 0 (D.1.12b)

Zx − 2ikZ − 2rW − 2kxr = 0 (D.1.12c)

and also a nonlinear evolution equation for the spectral parameter

kt = −2
(
k2
)
x
+ Vx . (D.1.12d)

We see that kx = 0 impliesVx = 0 or Vx =const, that is, V (x, t) is a linear function of
x. These cases can be handled directly without modifying the conventional IST
formalism, and therefore we will restrict ourselves to them. If we only allow the
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spectral parameter to be time-dependent, that is, kx = 0, equations (D.1.12a)–(D.1.12c)
are satisfied by simply taking W = Y = Z = 0. Therefore, for potentials of the form

V (x, t) = E(t)x + F(t), (D.1.13)

the auxiliary spectral problem (D.1.9) for the system of equations (D.1.6)–(D.1.7) can
be chosen as

vt =
(
2ik2 + iqr − iV (x, t) −2kq − iqx

−2kr + irx −2ik2 − iqr + iV (x, t)

)
v (D.1.14)

and (D.1.12d) fixes the time-dependence of the spectral parameter as

k(t) = k0 +
∫ t

0
E(t ′)dt ′. (D.1.15)

Since k = k(t), the direct and inverse problems for the system (D.1.6)–(D.1.7) are
therefore the ones described in Chapter 2 for the standard NLS. For potentials q, r
decaying as |x | → ∞, the time-dependence asymptotically satisfies

∂tv =
(
2ik2 − iV 0

0 −2ik2 + iV

)
v as x → ±∞. (D.1.16)

However, the fixed (in time) boundary conditions of the Jost functions (2.2.5)–(2.2.6)
are not compatible with the time-dependence (D.1.16). Therefore, we introduce the
time-dependent functions

�(x, t) = eig(t)φ(x, t), �̄(x, t) = e−ig(t)φ̄(x, t) (D.1.17a)

�(x, t) = e−ig(t)ψ(x, t), �̄(x, t) = eig(t)ψ̄(x, t), (D.1.17b)

where the function g(t) has to be determined such that (D.1.17a)–(D.1.17b) solve
asymptotically the time-differential equation (D.1.16). Making use of the boundary
conditions (2.2.5)–(2.2.6) for the asymptotic form of v in (D.1.16), one obtains

gt = 2k2 − V + kt x,

which, taking into account (D.1.15) and (D.1.13), yields

g(t) =
∫ t

0
(2k2(t ′) − F(t ′))dt ′. (D.1.18)

From (2.2.24a)–(2.2.24b) one gets

�(x, t) = �̄(x, t)a(t) + e2ig(t)�(x, t)b(t) (D.1.19a)

�̄(x, t) = �(x, t) ¯a(t) + e−2ig(t)�̄(x, t)b̄(t), (D.1.19b)

and differentiating with respect to t yields

∂�

∂t
= ∂�̄

∂t
a + �̄

∂a

∂t
+ 2igt e

2ig(t)�b + e2ig(t)
∂�

∂t
b + e2ig(t)�

∂b

∂t
∂�̄

∂t
= ∂�

∂t
ā +�

∂ ā

∂t
− 2igt e

−2ig(t)�̄b̄ + e−2ig(t) ∂�̄

∂t
b̄ + e−2ig(t)�̄

∂ b̄

∂t
.

Hence, taking into account (D.1.16),

∂t a(k) = 0, ∂t ā(k) = 0

∂t b(k) = (−4ik2 + 2iF) b(k), ∂t b̄(k) = (4ik2 − 2iF) b̄(k)
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or, explicitly,

a(k, t) = a(k(0), 0), ā(k, t) = ā(k(0), 0) (D.1.20a)

b(k, t) = e−2i
∫ t
0 (2k2−F)dτb(k(0), 0), b̄(k, t) = e2i

∫ t
0 (2k2−F)dτ b̄(k(0), 0). (D.1.20b)

The evolution of the reflection coefficients is given by

ρ(k, t) = ρ(k(0), 0)e−2i
∫ t
0 (2k2−F)dτ , ρ̄(k, t) = ρ̄(k(0), 0)e2i

∫ t
0 (2k2−F)dτ,

(D.1.20c)

and this also gives the evolution of the norming constants,

C j (t) = C j (0)e
−2i

∫ t
0

(
2k2j−F

)
dτ
, C̄ j (t) = C̄ j (0)e

2i
∫ t
0

(
2k̄2j−F

)
dτ
. (D.1.20d)

Note that the Gel’fand–Levitan–Marchenko integral equations are the same as in
(2.2.62) and (2.2.64), but the time-dependence of the scattering data is now given by
(D.1.20c)–(D.1.20d). For instance, equations (2.2.60a)–(2.2.60b), which reconstruct
the potential, read

r (x, t) = 1

π

∫
Ct
ρ(k(0), 0)e2ik(t)x+2ig(k(t),t)N (2)(x, k(t))dk (D.1.21a)

q(x, t) = 1

π

∫
C̄t
ρ̄(k(0), 0)e−(2ik(t)x+2ig(k(t),t)) N̄

(1)(x, k(t))dk, (D.1.21b)

where Ct (resp. C̄t ) is a contour from −∞ to +∞ that passes above all the zeros of
a(k(t), t) (resp. below all the zeros of ā(k(t), t)) at time t. Note that the latter equations
depend on both E(t) and F(t) (via k(t) and g(k(t), t)).

In order to obtain the one-soliton solution for the equation (D.1.1), we first note that
a discrete eigenvalue evolves in time according to (D.1.15). Assuming the potential
term V (x, t) is real, that is, both E(t) and F(t) in (D.1.13) are real, k1(t) ≡ ξ (t) +
iη(t) = ξ (t) + iη0, where k1(0) = ξ0 + iη0 and

ξ (t) = ξ0 +
∫ t

0
E(τ )dτ.

Taking into account the time-dependence of C1 as given by (D.1.20d), we obtain from
(2.3.86)

q(x, t) = 2η0e
−2iξ (t)x+4i f (t)−iψ0 sech

[
2η0x − 8η0

(
ξ0t +

∫ t

0
dτ
∫ τ

0
E(τ ′)dτ ′

)
− 2δ0

]
(D.1.22)

with

f (t) =
∫ t

0

[
ξ (τ )2 − η20 − 1

2
F(τ )

]
dτ

and ψ0 and δ0 given by (2.3.89).
Note that this is related to the one-soliton solution of the NLS by means of the

variable transformation (D.1.2).
The previous results are generalized straightforwardly to the multicomponent case,

that is, for a modified matrix nonlinear Schrödinger system,

iQt = Qxx − 2 [QR+ V (x, t)IN ]Q (D.1.23a)

−iRt = Rxx − 2 [RQ+ V (x, t)IM ]R, (D.1.23b)
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where Q = Q(x, t) is an N × M matrix; R = R(x, t) is an M × N matrix; and IN , IM
are N × N and M × M identity matrices, respectively.

The Lax pair for such a system is naturally obtained from the matrix generalization
of equations (D.1.8) and (D.1.14), that is,

vx =
(−ikIN Q

R ikIM

)
v, (D.1.24a)

and

vt =
( [

2ik2 − iV (x, t)
]
IN + iQR −2kQ− iQx

−2kR+ iRx − [2ik2 − iV (x, t)
]
IM − iRQ

)
v (D.1.24b)

again with

V (x, t) = E(t)x + F(t)

and the time-dependence of the scattering data results to be the same as in
(D.1.20a)–(D.1.20d).

The Gel’fand–Levitan–Marchenko integral equations are the same as in (4.2.61a)
and (4.2.61c), but the time-dependence of the scattering data is now given by
(D.1.20c)–(D.1.20d). For instance, equations (4.2.59a)–(4.2.59b), which reconstruct
the potential, read

R(x, t) = 1

π

∫
Ct
ρ(k(0), 0)e2ik(t)x+2ig(k(t),t)N(dn)(x, k(t))dk (D.1.25a)

Q(x, t) = 1

π

∫
C̄t
ρ̄(k(0), 0)e−(2ik(t)x+2ig(k(t),t))N̄(up)(x, k(t))dk, (D.1.25b)

where Ct (resp. C̄t ) is a contour from −∞ to +∞ in the complex k-plane that passes
above all the zeros of det a(k(t), t) (resp. below all the zeros of det ā(k(t), t)) at time t.
Note that the latter equations depend on both E(t) and F(t) (via k(t) and g(k(t), t)).
The vector–soliton solution for the modified matrix NLS equation is given by (4.3.84),
once the explicit time-dependence is taken into account, that is,

q(x, t) = 2η0e
−2iξ (t)x+4i f (t)−i π2 sech

[
2η0x − 8η0

(
ξ0t +

∫ t

0
dτ
∫ τ

0
E(τ ′)dτ ′

)
− 2δ0

]
p

(D.1.26)

with

p = CH
1 (0)

‖C1‖ f (t) =
∫ t

0

[
ξ (τ )2 − η20 − 1

2
F(τ )

]
dτ (D.1.27)

and δ0 given by (4.3.85).

D.2 Discrete NLS systems with a potential term

In [46] and [110], the dynamics of a nonlinear Schrödinger chain in a time-varying
spatially uniform electric field is shown to be integrable. In the limit of a static electric
field, the system exhibits a periodic evolution that is a nonlinear counterpart of Bloch
oscillations.
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The governing differential-difference equation for the chain system is

i
d

dτ
Qn = Qn+1 + Qn−1 − 2Qn + µ (Qn+1 + Qn−1) |Qn|2 − 2νQn |Qn|2 + VnQn,

(D.2.28)

where Vn(τ ) is a potential. The µ term can be viewed as the first-order correction to
the intersite overlap integral taking into account the nonlinearity as the induced
self-interaction.

In general, the system (D.2.28) is not integrable, and when the potential term is
time-dependent, the system is no longer conservative. In [46], Cai et al. analyzed the
system with a potential of the form Vn = E(τ )n, where E(τ ) is any function of time.
This potential corresponds to a time-dependent, spatially uniform electric field along
the chain direction. When ν = 0 and the potential is of this form, it can be shown that
equation (D.2.28) is exactly integrable. The general case with ν �= 0 can be treated
perturbatively.

We consider the system (D.2.28) with ν = 0, µ = 1, and Vn of the form

Vn(τ ) = E(τ )n + F(τ ), (D.2.29)

which admits the Lax pair

vn+1 =
(

z Qn

Rn z−1

)
vn (D.2.30)

d

dτ
vn =

(
i
[
QnRn−1 − 1

2 (z
2 + z−2) + fn

] −i zQn + i z−1Qn−1

i z−1Rn − i zRn−1 −i
[
RnQn−1 − 1

2 (z
2 + z−2) + fn

] ) vn
(D.2.31)

with

fn(τ ) = − 1
2E(τ )n + G(τ ), G(τ ) = 1

4E(τ ) − 1
2F(τ ) + 1. (D.2.32)

Indeed, as in Section D1, allowing the spectral parameter z to be time-dependent,
the compatibility condition between (D.2.30) and (D.2.31) gives

i
d

dτ
Qn = Qn+1 + Qn−1 − RnQn(Qn+1 + Qn−1) − ( fn+1 + fn)Qn, (D.2.33a)

−i
d

dτ
Rn = Rn+1 + Rn−1 − QnRn(Rn+1 + Rn−1) − ( fn+1 + fn)Rn, (D.2.33b)

and

d

dτ
z = i z( fn+1 − fn). (D.2.34)

Therefore the spectral parameter in the above IST problem depends on time according
to

z = z0%(τ ), %(τ ) = e− i
2

∫ τ
0 E(t)dt , (D.2.35)

and this requires some modifications to the usual isospectral theory of the IST. It can
be solved by generalizing the approach formulated in [26] and [52] to the lattice.

The operator (D.2.31) determines the evolution of the eigenfunctions. From this we
deduce the time evolution of the scattering data. Since we have assumed that
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Qn, Rn → 0 as n → ±∞, then the time-dependence is asymptotically of the form

∂τ vn =
(− i

2 (z
2 + z−2 − 2 fn) 0

0 i
2 (z

2 + z−2 − 2 fn)

)
vn as n → ±∞, (D.2.36)

where both fn and the spectral parameter z depend on time.
However, the fixed (in time) boundary conditions of the eigenfunctions (3.2.8a)–

(3.2.8b) are not compatible with the time-dependence (D.2.36), and therefore we
introduce the time-dependent functions

�n(z, τ ) = e−ig(τ )φn(z, τ ), �̄n(z, τ ) = eig(τ )φ̄n(z, τ ) (D.2.37a)

�n(z, τ ) = eig(τ )ψn(z, τ ), �̄n(z, τ ) = e−ig(τ )ψ̄n(z, τ ), (D.2.37b)

where g(τ ) has to be determined in such a way that (D.2.37a)–(D.2.37b) are solutions
of the time-dependence equation (D.2.36). Making use of the boundary conditions
(3.2.8a)–(3.2.8b) for the asymptotic form of v in (D.2.36), one obtains

∂τ g = −inz−1∂τ z + 1

2
(z2 + z−2 − 2 fn),

which, taking into account (D.2.29), (D.2.32), and (D.2.34), yields

g(τ ) = 1

2

∫ τ

0

[
z2(τ ′) + z−2(τ ′) − 2G(τ ′)

]
dτ ′. (D.2.38)

These τ -dependent functions satisfy the relations

�n(z, τ ) = e−2ig(τ )�n(z, τ )b(z, τ ) + �̄n(z, τ )a(z, τ ) (D.2.39a)

�̄n(z, τ ) = e2ig(τ )�̄n(z, τ )b̄(z, τ ) +�n(z, τ )ā(z, τ ), (D.2.39b)

which are obtained from equations (3.2.59a)–(3.2.59b). Differentiating (D.2.39a)–
(D.2.39b) with respect to τ and using (D.2.36) yields for the time evolution of the
scattering data

d

dτ
a(z(t), t) = 0,

d

dτ
b(z(τ ), τ ) = 2igτb(z(τ ), τ )

d

dτ
ā(z(t), t) = 0,

d

dτ
b̄(z(τ ), τ ) = −2igτ b̄(z(τ ), τ )

or, explicitly,

a(z(τ ), τ ) = a(z(0), 0), b (z(τ ), τ ) = b (z(0), 0)&(τ ) (D.2.40a)

ā(z(τ ), τ ) = ā(z(0), 0), b̄ (z(τ ), τ ) = b̄ (z(0), 0) &̄(τ ), (D.2.40b)

where

&(τ ) = ei
∫ τ
0 dt(z2+z−2−2G), &̄(τ ) = e−i

∫ τ
0 dt(z2+z−2−2G). (D.2.41)

Consequently, the reflection coefficients and the norming constants evolve in time
according to

ρ (z(τ ), τ ) = ρ (z(0), 0)&(τ ), ρ̄ (z(τ ), τ ) = ρ̄ (z(0), 0) &̄(τ ) (D.2.42a)

C j (τ ) = C j (0)%(τ )&(z j (τ ), τ ) (D.2.42b)

C̄�(τ ) = C̄�(0)%(τ )&̄(z̄�(τ ), τ ), (D.2.42c)
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where z j is the j-th zero of a(z, t) and z̄� is the �-th zero of ā(z, t). When Rn = −Q∗
n ,

according to (3.2.86)–(3.2.87), z̄ j = (z∗
j

)−1
and C̄ j = C∗

j /(z
∗
j )
2.

Note that the Gel’fand–Levitan–Marchenko equations are the same as in (3.2.120a)–
(3.2.120b), but the time-dependence of the scattering data is now given by (D.2.42a)–
(D.2.42b). For instance, equations (3.2.104a)–(3.2.104b), which reconstruct the
potential, are given by

Rn(τ ) = 2
J∑

j=1

C j (τ )z j (τ )
−2(n+1)N ′(2)

n (z j (τ ))

+ 1

2π i

∮
|w|=1

w−2(n+1)ρ(w)&(τ )N ′(2)
n (w)dw (D.2.43a)

Qn−1(τ ) = −2
J̄∑

j=1

C̄ j (τ )z̄ j (τ )
2(n−1) N̄ ′(1)

n (z̄ j (τ ))

+ 1

2π i

∮
|w|=1

w2(n−1)ρ̄(w)&̄(τ )N̄ ′(1)
n (w)dw. (D.2.43b)

As far as the one-soliton solution is concerned, from (D.2.35) and (D.2.42b),

z1(τ ) = eα1(τ )+iβ1(τ ) = z1(0)e
− i

2

∫ τ
0 E(t)dt , (D.2.44a)

z̄1(τ ) = e−α1(τ )+iβ1(τ ) = z̄1(0)e
− i

2

∫ τ
0 E(t)dt , (D.2.44b)

α1(τ ) = α1(0) β1(τ ) = β1(0) − 1

2

∫ τ

0
E(t)dt, (D.2.44c)

and

C1(τ ) = C1(0)e
2i
∫ τ
0

[
cosh 2α1(0) cos 2β1(t)−1+i sinh 2α1(0) sin 2β1(t)+ 1

2F(t)− 1
2 E(t)

]
dt
.

Hence, substituting this explicit time-dependence into (3.2.109a) with D1 = C∗
1 yields

Qn(τ ) = − sinh (2α1(0)) e
2i(n+1)β1(τ )−i f (τ )sech [2α1(0) (n + 1) − 2v(τ ) − δ(0)] ,

(D.2.45)

where

v(τ ) = − sinh 2α1(0)
∫ τ

0
sin 2β1(t)dt (D.2.46)

f (τ ) = ψ0 + 2
∫ τ

0

[
cosh 2α1(0) cos 2β1(t) − 1 + 1

2
F(t) − 1

2
E(t)

]
dt. (D.2.47)

Note that, for F → 2h2F , E → 2h3E , Qn = hqn , and t = h2τ , in the limit h → 0,
nh → x , one obtains the one-soliton solution of the continuous problem (D.1.22).

Now let us consider the system of equations

i
d

dτ
Qn = Qn+1 − 2Qn + Qn−1 −Qn+1RnQn −QnRnQn−1 + VnQn (D.2.48a)

−i
d

dτ
Rn = Rn+1 − 2Rn + Rn−1 − Rn+1QnRn − RnQnRn−1 + VnRn, (D.2.48b)

where Qn and Rn are, respectively, N × M and M × N matrices and Vn is a real,
time-varying scalar function. In the absence of the field Vn , the system corresponds to
(5.1.1a)–(5.1.1b).
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We consider potentials of the form (D.2.29). The system (D.2.48a)–(D.2.48b) with
such Vn given by (D.2.29) results from the compatibility condition of the following
linear equations:

vn+1 =
(
zIN Qn

Rn z−1IM

)
vn (D.2.49)

d

dτ
vn =(
i
[
QnRn−1 − 1

2 (z
2 + z−2)IN + fnIN

] −i zQn + i z−1Qn−1

i z−1Rn − i zRn−1 −i
[
RnQn−1 − 1

2 (z
2 + z−2)IM + fnIM

]
)
vn,

(D.2.50)

where, as usual, IN is the N × N identity matrix, IM is the M × M identity matrix, and
fn is given by (D.2.32) provided that the spectral parameter z depends on time
according to (D.2.35).

As was discussed in Chapter 5, the system (D.2.48a)–(D.2.48b) does not, in general,
admit the reduction Rn = ∓QH

n . However, if one takes M = N and restricts Rn and
Qn to be such that

RnQn = QnRn = αnIN (D.2.51)

and αn is real when Rn = ∓QH
n , then this symmetry is a consistent reduction of

(D.2.48a)–(D.2.48b), which reduces to the single (matrix) equation

i
d

dτ
Qn = Qn+1 − 2Qn +Qn−1 − αn (Qn+1 +Qn−1) + VnQn . (D.2.52)

For instance, in the case N = 2, the matrices

Qn =
(

Q(1)
n Q(2)

n

(−1)n R(2)
n (−1)n+1R(1)

n

)
, Rn =

(
R(1)

n (−1)nQ(2)
n

R(2)
n (−1)n+1Q(1)

n

)
(D.2.53)

satisfy the condition (D.2.53) with

RnQn = QnRn = αnI = (R(1)
n Q(1)

n + R(2)
n Q(2)

n

)
I,

and equation (D.2.52) gives the vector generalization of (D.2.28) with Qn →(
Q(1)

n , Q(2)
n

)
and |Qn|2 → ‖Qn‖2.

The scattering theory for the system of equations (D.2.48a)–(D.2.48b) is therefore
the same as in the absence of the external potential, and we only need to determine the
time-dependence of the scattering data.

The operator (D.2.50) determines the evolution of the eigenfunctions. From this we
deduce the time evolution of the scattering data. Since we have assumed that Qn,
Rn → 0 as n → ±∞, then the time-dependence is asymptotically of the form

∂τvn =
(− i

2 (z
2 + z−2 − 2 fn)IN 0

0 i
2 (z

2 + z−2 − 2 fn)IM

)
vn as n → ±∞,

(D.2.54)

where both fn and the spectral parameter z depend on time. Like in the scalar case, this
yields for the time evolution of the scattering data,

b(z, τ ) = &(τ )b(z(0), 0) a(z, τ ) = a(z(0), 0) (D.2.55)

ā(z, τ ) = ā(z, 0) b̄(z, τ ) = &̄(τ )b̄(z(0), 0) (D.2.56)

with & and &̄ given in (D.2.41).
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The evolution of the norming constants follows from the definitions (5.2.75),
(5.2.77) and the relations (D.2.55)–(D.2.56), that is,

C j (τ ) = %(τ )&(τ )C j (0)|z=z j , C̄ j (τ ) = %(τ )&̄(τ )C̄ j (0)|z=z̄ j . (D.2.57)

The discrete vector–soliton solution, for instance, in the case of fundamental
solitons, is obtained from (5.2.139a), once the explicit time-dependence is taken into
account, that is,(

Q(1)
n (τ )

Q(2)
n (τ )

)
= − γ1(0)

||γ1(0)|| sinh (2α1(0))

× e2i(n+1)β1(τ )−i f (τ )sech [2α1(0) (n + 1) − 2v(τ ) − δ(0)]

(D.2.58)

with the same v(τ ) and f (τ ) as in (D.2.46)–(D.2.47).
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NLS systems in the limit of large amplitudes

The limit of large amplitude (also called the strong coupling limit) of the system
(4.1.1a)–(4.1.1b) is obtained by letting q, r become arbitrary large. For instance,
positing q = q̃/ε, r = r̃/ε, t = ε2 t̃ , where ε is a small real parameter, and dropping
the ˜, one obtains the following equations:

iqt = −2qrq (E.1.1a)

−irt = −2rqr. (E.1.1b)

The general solution is readily obtained since, multiplying the first equation from the
right by r, the second from the left by q, or vice versa, and subtracting, yields

∂

∂t
(qr) = 0,

∂

∂t
(rq) = 0,

and hence

(qr)(x, t) = (qr)(x, 0), (rq)(x, t) = (rq)(x, 0).

Following [20], the inverse scattering transform for the system (4.1.1a)–(4.1.1b) can
be shown to reduce to the obtained solution via perturbation.

We consider now the IDNLS system (3.1.2a)–(3.1.2b) in the limit of large
amplitude, that is,

i
d

dτ
Qn = −QnRn (Qn+1 + Qn−1) (E.1.2a)

−i
d

dτ
Rn = −QnRn (Rn+1 + Rn−1) . (E.1.2b)

In this case, it is convenient to consider the quantities QnRn−1 and Qn−1Rn , which,
according to (E.1.2a)–(E.1.2b), satisfy the following evolution equations:

i
d

dτ
(QnRn−1) = −QnRn−1 (Qn+1Rn − Qn−1Rn−2) (E.1.3a)

−i
d

dτ
(Qn−1Rn) = −Qn−1Rn (QnRn+1 − Qn−2Rn−1) . (E.1.3b)
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In their turn, these equations can be reduced to

i
d

dτ
sn = esn−1 − esn+1 (E.1.4a)

i
d

dτ
s̃n = −es̃n−1 + es̃n+1 , (E.1.4b)

where

sn = log (QnRn−1) , s̃n = log (Qn−1Rn) , (E.1.5)

that is, the nonlinear ladder network equation (C.1.24) up to the change τ → iτ and a
trivial change of sign in the potentials. Then, from (E.1.2a)–(E.1.2b) it follows that

i
d

dτ
Qn = −Qn (sn+1 + s̃n) (E.1.6a)

−i
d

dτ
Rn = −Rn (s̃n+1 + sn) , (E.1.6b)

which implies that the initial-value problem for the IDNLS system in the strong
coupling limit can in principle be solved in terms of the solutions of two decoupled
nonlinear ladder networks.

In Appendix C we gave a detailed description of the IST of the discrete linear
Schrödinger equation (C.1.9), which is associated to the nonlinear ladder network. We
notice that the potentials sn and s̃n in (E.1.5) are not necessarily real, which has to be
taken into account when applying the IST machinery. In particular, for certain initial
data, the solution could blow up in finite time.

We can write explicitly the one-soliton solution for this system. According to
(C.4.133), we have

sn(τ ) = −1 − sinh(ω + iθ ) sinh 2(ω + iθ )

pn(τ )pn+1(τ )
, (E.1.7)

where

pn(τ ) = cosh
[(
n + 1

2

)
ω + x0 + 2(coshω)(sin θ)τ

]
× cos

[(
n + 1

2

)
θ − 2(sinhω)(cos θ )τ

]
+ i sinh

[(
n + 1

2

)
ω + x0 + 2(coshω)(sin θ )τ

]
× sin

[(
n + 1

2

)
θ − 2(sinhω)(cos θ )τ

]
and

s̃n(τ ) = −sn(−τ ),
where we have taken into account that, for complex potentials, the discrete eigenvalues
for the discrete linear Schrödinger scattering problem (C.2.25) are not necessarily
real, that is, ω → ω + iθ (see Section C.1.3), and performed the substitution t → iτ
that is required to reconduct (E.1.4a)–(E.1.4b) to the nonlinear ladder network
equation (C.1.24). From (E.1.6a), we finally have

Qn(τ ) = Qn(0)e
i sinh(ω+iθ ) sinh 2(ω+iθ )

× exp

{
i
∫ τ

0

[
1

pn+2(τ ′)pn+1(τ ′)
− 1

pn(−τ ′)pn+1(−τ ′)

]
dτ ′
}
. (E.1.8)
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We now turn to the discrete matrix NLS system. In the matrix case, the
corresponding equations (5.1.1a)–(5.1.2b) in the limit of large amplitude are reduced to

i
d

dτ
Qn = −Qn+1RnQn −QnRnQn−1 (E.1.9a)

−i
d

dτ
Rn = −Rn+1QnRn − RnQnRn−1, (E.1.9b)

which, in terms of the quantities

sn = QnRn−1, s̃n = RnQn−1, (E.1.10)

become

i
d

dτ
sn = snsn−1 − sn+1sn (E.1.11a)

i
d

dτ
s̃n = −s̃n s̃n−1 + s̃n+1s̃n, (E.1.11b)

that is, a matrix (nonabelian) generalization of the nonlinear ladder equation.
In analogy with the scalar case, one can relate this matrix nonlinear ladder to a

discrete analog of the matrix Schrödinger spectral problem,

snvn+1 + vn−1 = λvn, (E.1.12)

with an associated time evolution equation of the form

d

dt
vn = Anvn+1 + Bnvn . (E.1.13)

Taking the time derivative of (E.1.12) and using (E.1.12) itself to solve for vn+2 and
vn−1, we find two equations by setting the coefficients of the terms vn and vn+1,
respectively, to zero (and assuming the spectral parameter λ to be time-independent):

dsn
dt

+ λsnAn+1s−1
n+1 + snBn+1 − Bn−1sn = λAn (E.1.14a)

−snAn+1A−1
n+1 + An−1 + λBn−1 = λBn . (E.1.14b)

Expanding An and Bn in the form

An = A(1)
n λ+ A(0)

n Bn = B(1)
n λ+ B(0)

n ,

and requiring the coefficients of the different powers in λ to vanish, we obtain

dsn
dt

= −snB(0)
n+1 + B(0)

n−1sn (E.1.15a)

A(0)
n = snA(0)

n+1s
−1
n+1 + snB(1)

n+1 − B(1)
n−1sn (E.1.15b)

A(1)
n = snA(1)

n+1s
−1
n+1 (E.1.15c)

A(0)
n−1 = snA(0)

n+1s
−1
n+1 (E.1.15d)

B(0)
n = −snA(1)

n+1s
−1
n+1 + A(1)

n−1 + B(0)
n−1, (E.1.15e)

which are satisfied by

A(1)
n = −sn, A(0)

n = 0 (E.1.16)

B(1)
n = −0, B(0)

n = sn, (E.1.17)



242 Appendix E

that is, one can take as an associated time evolution

d

dt
vn = −λsnvn+1 + snvn . (E.1.18)

The IST for the discrete matrix Schrödinger spectral problem was given in [44]. In a
subsequent paper, Bruschi et al. also found the hierarchy of evolution equations
associated with the discrete matrix Schrödinger equation [45]. From (E.1.9a)–(E.1.9b)
it then follows that

i
d

dτ
Qn = −sn+1Qn −Qn s̃n (E.1.19a)

−i
d

dτ
Rn = −s̃n+1Rn − Rnsn, (E.1.19b)

where sn and s̃n are considered to be known in terms of their initial value once the IST
for the two decoupled matrix nonlinear ladder network equations have been solved via
the IST.
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Ablowitz–Ladik scattering problem, 48
AKNS method, 5
AKNS spectral problem, 19

Bose–Einstein condensate, 16
Bound state, 41, 63, 86, 117, 192;

see also Discrete eigenvalue

Collision induced timing jitter, 13
Conserved quantities, 6, 17, 19, 42, 47, 87, 91,

128, 129, 201, 203
Coupled NLS equation, 6;

see also VNLS equation

Davey–Stewartson equation, 5
Davydov’s alpha-helix solitons, 229
Diffraction-managed solitons, 16
Diffraction management, 16
Discrete eigenvalue, 36, 64, 66, 70, 73, 78, 80,

102, 103, 105, 111, 114, 159, 161, 171,
176, 177, 179, 182, 191, 194, 232, 240;
see also Bound state

Discrete NLS equation (DNLS), 8, 15
Discrete Schrödinger equation (operator), 208
Dispersion, 10–13
Dispersion managed (DM) solitons, 13, 16
Dispersion management, 13

Eigenfunction, 4, 17, 20
for IDMNLS, 133, 144, 146, 153, 159

asymptotics in z, 139
existence and analyticity, 136, 137, 138
inverse problem, 160, 161, 169

Fermi–Pasta–Ulam problem, 1
Four wave mixing (FWM), 13
Fredholm integral equations, 37, 81, 112,

183

Gel’fand–Levitan–Marchenko (GLM)
equation

for IDMNLS, 178, 179, 183
for IDNLS, 47, 76, 77, 81
for MNLS, 90, 108, 109, 112
for NLS, 18, 34, 37
for the discrete Schrödinger equation, 225

Gordon–Haus jitter, 13
Green’s function, 21, 50, 51, 52, 55, 65, 94,

134, 135, 211
Group velocity dispersion (GVD), 10

Hamiltonian structure, 42, 43, 45, 87, 88, 91,
128, 129

Integrable discrete NLS (IDVNLS) equation,
8, 132, 190

Integrable discrete NLS equation (IDNLS), 5,
8, 16, 46

Inverse scattering transform (IST), 2–5, 9, 17,
43, 76

for IDMNLS, 132, 133–185
for IDNLS, 46, 48–83
for MNLS, 90, 91–113
for NLS, 6, 18, 19–39
for the discrete Schrödinger equation, 209
for VNLS, 90

Jost function
for IDNLS, 49, 50, 62, 63, 72, 81

asymptotics in z, 57, 59
existence and analyticity, 53, 55–57
symmetries, 65

for MNLS, 92–95, 105, 112
asymptotics in k, 97
existence and analyticity, 95

for NLS, 20–22, 31, 37
asymptotics in k, 25
existence and analyticity, 22
symmetries, 28
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Kadomtsev–Petviashvili equation (KP), 5
Kerr effect, 10, 14
Korteweg–de Vries equation (KdV), 1

Lax pair, 3, 8, 91, 230

Matrix nonlinear Schrödinger equation
(MNLS), 7, 16

Maxwell’s equations, 12, 14

Neumann series, 22, 23, 25, 53–56, 95, 96,
136–138, 205, 213, 214

Nonlinear ladder network, 5, 17, 209, 210,
217, 224, 226–228, 240–242

Nonlinear optics, 9, 16
Norming constant

for IDMNLS, 146, 148, 166, 172, 176, 177,
185, 191, 192, 198

symmetries, 149, 153, 154, 156, 158
time-dependence, 184

for IDNLS, 63, 64, 65, 72, 75, 78, 83
symmetries, 64, 65, 66, 67
time-dependence, 82

for MNLS, 101, 102, 105, 114, 117
symmetries, 104
time-dependence, 113

for NLS, 27, 28, 31
time-dependence, 38

for the discrete Schrödinger equation,
220–222, 225, 227, 228

Optical amplifiers, 10, 11
Optical fiber, 6, 7, 9, 13, 14
Optical formats (“NRZ, RZ”), 11, 12

Parseval’s identity, 37, 80, 111, 182
Poisson brackets, 43–45, 89, 129
Polarization shift, 3, 17, 91, 125, 196, 201
Polarization vector, 91, 114, 115, 117, 120,

121, 190, 191, 194
Projection operator, 32, 71, 106, 162, 169,

170, 221

Quasi-linear modes, 13

Reflection coefficient
for IDMNLS, 146, 149, 159

symmetries, 151, 153, 154, 156–158, 171
time-dependence, 184

for IDNLS, 63
symmetries, 66
time-dependence, 82

for MNLS, 101, 105
symmetries, 102
time-dependence, 113

for NLS, 27, 31
time-dependence, 38

for the discrete Schrödinger equation, 216,
221, 227, 228

Reflectionless potential
discrete Schrödinger equation, 221, 223, 224
IDMNLS, 172, 173
IDNLS, 74, 83
MNLS, 169
NLS, 40

Riemann–Hilbert problem, 4, 17, 19, 31, 47,
69, 70, 90, 104, 105, 146, 160, 161, 220

Scattering data, 3, 4, 17, 18
for IDMNLS, 142, 146, 164

characterization equations, 144
inverse problem, 161, 169
reflctionless case, 172
symmetries, 148, 154, 157, 160
time-dependence, 183, 184

for IDNLS, 47, 59, 61, 65, 83
inverse problem, 68, 71
reflectionless case, 74, 83
symmetries, 65, 75, 76
time-dependence, 81

for MNLS, 97, 102
characterization equations, 101, 104
inverse problem, 105, 106
reflectionless case, 113, 116
symmetries, 103

for NLS, 25, 39
characterization equation, 26
inverse problem, 31
reflectionless case, 40
symmetries, 29
time-dependence, 37

for the discrete Schrödinger equation, 215,
216, 217, 221, 226, 228

Self-dual Yang–Mills equations (SDYM), 2
Solitary wave, 1, 2, 8, 16
Soliton, 1, 2, 3, 6, 8, 11, 12, 38

IDMNLS, 185, 186
composite, 177, 185
fundamental, 177, 185, 190, 191

IDNLS, 47, 83, 84, 85
IDNLS with a potential term, 240
NLS, 39
NLS with a potential term, 232
nonlinear ladder network, 228
Toda lattice, 227
VNLS, 91, 113, 114

Soliton phase shift, 3, 10, 19, 42, 47, 87, 91
Spectral (scattering) parameter, 4, 33, 63, 64,

146, 220, 229, 230, 231, 234, 235, 237,
241

Strong coupling, 239, 240
Symmetry reduction

for IDMNLS, 164, 165
for IDNLS, 64, 65
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for MNLS, 102, 155
for NLS, 8, 28

Time-independent Schrödinger equation
(operator), 209

Toda lattice equation, 5, 17, 209, 210,
226

Trace formula, 29, 31, 67, 104, 159
Transmission coefficient, 41, 86, 114, 117,

186, 190, 192, 194, 206, 225

Vector nonlinear Schrödinger equation
(VNLS), 6–8, 16; see also Coupled
NLS equation

Volterra integral equations, 22, 25, 95

Wavelength-division-multiplexing (WDM), 12
Wronskian, 25, 26 59, 61, 66, 97, 98, 142, 147,

151, 215, 216

Zakharov–Shabat (ZS) spectral problem, 19
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