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Preface

Nonlinear systems are generic in the mathematical representation of physical
phenomena. It is unusual for one to be able to find solutions to most nonlin-
ear equations. However, a certain physically significant subclass of problems
admits deep mathematical structure that further allows one to find classes of
exact solutions. Solitons are a particularly important subclass of such solutions.
Solitons are localized waves that, in an appropriate sense, interact elastically
with each other. They have proved to be extremely interesting to physicists and
engineers due, in part, to their localized and stable nature.

This broad field of study is sometimes called “soliton theory” or “integrable
systems.” This field has witnessed numerous important developments, which
have been studied intensively worldwide over the past 30 years. Some of the
directions that researchers have pursued include the following: direct methods
to find solutions; studies of the underlying analytic structure of the equations;
associated Painleve-type solutions and relevant generalizations; tests to locate
integrable systems; studies of the underlying geometric structures inherent in
integrable systems; Biacklund and Darboux transformations, which can be used
to produce new classes of solutions; and so on.

In principle, one would like to be able to solve the general initial-value prob-
lem associated with these special nonlinear soliton systems. Depending on the
boundary conditions under consideration, sometimes this is feasible. More-
over, in some cases, the mathematical representation is constructive, useful,
and indeed elegant. The case for which the Cauchy problem admits a complete
solution and the qualitative properties of the solution are well understood cor-
responds to initial data decaying sufficiently rapidly at infinity. Because of the
constructive and relatively explicit nature of the solution, this case has received
considerable attention. The method of solution is usually referred to as the
inverse scattering transform (IST). The IST applies to many interesting nonlin-
ear soliton systems, including nonlinear partial differential equations in 1 + 1

vii
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(one space—one time) and 2 + 1 (two space—one time) dimensions, nonlin-
ear discrete (difference) evolution equations, and singular integro-differential
equations. A discussion of the IST as it applies to many of these cases can be
found in various monographs (cf. [6]).

Nevertheless, there are particular problems that, because of their wide appli-
cability, deserve special attention. It is the purpose of this book to investigate one
such important set of equations: nonlinear Schrodinger (NLS) systems. NLS
systems in continuous media have been studied heavily since the mid-1960s.
The continuous scalar NLS equation arises in the prototypical situation govern-
ing slowly varying waves of small amplitude (cf. [30]). In the early 1970s, it was
shown [91] that the NLS equation governs the long-distance pulse propagation
in optical fibers. In the late 1980s and 1990s, it was discovered [131], [122]
that vector NLS systems govern the propagation of polarized waves in optical
fibers. Today, these NLS equations, with suitable modifications and additional
terms, are used routinely to make predictions about the transmission of infor-
mation in fibers. Without doubt, wave transmission in optical fibers, used for
communication purposes, is an application of critical importance.

In recent years there has developed significant interest in the study of non-
linear waves in media that are governed by nonlinear semi-discrete evolution
systems (discrete in space—continuous time). Once again there is a class of
physically interesting nonlinear systems that includes the so-called discrete
NLS equations. These discrete NLS equations reduce to the continuous NLS
equation when the discretization parameter vanishes.

For certain scalar- and vector-continuous and discrete NLS systems, the IST
method can be applied in an effective and complete way. The initial-value prob-
lem, for given data decaying sufficiently rapidly at infinity, can be linearized
in terms of integral equations. Multisoliton solutions can be obtained in all
cases. This is described in detail in this book. In an appendix we also describe
the IST associated with another class of important discrete equations: the Toda
lattice [165] and the so-called nonlinear ladder network [121], [98]. While the
research literature has many (but not all) of the results obtained here, it requires
researchers to access numerous papers. Early fundamental research on NLS sys-
tems appears in the papers of Zakharov and Shabat [192], who first analyzed
the scalar-continuous NLS equation; Manakov [120], regarding the continuous-
vector NLS equation; and by Ablowitz and Ladik [11, 12], who introduced the
scalar integrable discrete NLS equation. The vector extension of the discrete
NLS system is more recent (cf. [18]). The unified description of these phys-
ically interesting integrable discrete and continuous NLS systems within the
context of the IST methodology does not appear anywhere else. One of our mo-
tivations in writing this book was to develop the direct and inverse scattering
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formalism based on the Riemann—Hilbert approach. From a pedagogical point
of view, readers will find that the structure follows the one laid out for the
Korteweg—de Vries equation in the monograph of Ablowitz and Clarkson [6].
Here we have also attempted to include many of the mathematical details, to
make the book suitable for students as well as researchers who wish to study
this topic.

We gratefully acknowledge support for these studies by the National Sci-
ence Foundation, the Air Force Office of Scientific Research, and the Colorado
Commission on Higher Education.






Chapter 1

Introduction

1.1 Solitons and soliton equations

Ever since the observation of the “great wave of translation” in water waves,
by J. Scott Russell in 1834 [146, 147] while he rode on horseback near a nar-
row canal in Edinburgh, localized (nonoscillatory) solitary waves have been
known to researchers studying wave dynamics. Despite Russell’s detailed ob-
servations, it was many years before mathematicians formulated the relevant
equation, now known as the Korteweg—de Vries (KdV) equation that governs
those waves (cf. [38, 39, 112]). From the period 1895-1960, the study of water
waves was essentially the only application in which solitary waves were found.
However, in the 1960s it was discovered that the KdV equation is a relevant
model in many other physical contexts, such as plasma physics, internal waves,
lattice dynamics, and others. Critically, in their study of the Fermi—Pasta—Ulam
lattice equation [75] Zabusky and Kruskal (1965) found that the KdV equation
was the governing equation (cf. [189]). Moreover, in a wholly new discovery,
Zabusky and Kruskal observed that the solitary waves of KdV are “elastic”
in their interaction. That is, the solitary waves pass through one another and
subsequently retain their characteristic form and velocity. Zabusky and Kruskal
called these elastically interacting solitary waves solifons. The work of Gardner,
Green, Kruskal, and Miura [82] showed how direct and inverse scattering tech-
niques could be used to linearize the initial-value problem of KdV. The soli-
tons also were shown to correspond to eigenvalues of the time-independent
Schrodinger equation. The remarkable discovery of the soliton was the first
in a chain of events that culminated in a mathematical theory of solitons in
KdV. This work opened a rich vein of research that continues today, more than
35 years later. Further discussion of both the historical background and subse-
quent development of soliton theory can be found in [21].
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Subsequent to the development of a mathematical theory of the solitons of
KdV, further research revealed that solitons, with their distinctive elastic in-
teractions, arise in numerous important physical systems. These systems are
governed, respectively, by a diverse collection of evolution equations that are
characterized mainly by the fact that they admit soliton solutions. For example,
soliton solutions have been found in a number of nonlinear partial differential
equations in 1 4 1 dimensions (i.e., one space and one time dimension) and
2 4+ 1 (i.e., two spatial dimensions and one time dimension). In addition, soli-
ton solutions have been found in semi-discrete (discrete in space, continuous
in time) and doubly discrete (discrete in space and time) nonlinear evolution
equations and in nonlinear singular integro-differential equations, among oth-
ers. A survey of some of these can be found in [6]. It should also be noted
that there is a four-dimensional system, referred to as the self-dual Yang—-Mills
(SDYM) equations, that plays an important role in the study of soliton theory or
integrable systems. Indeed, the SDYM equations can be viewed as a “master”
integrable system from which virtually all other systems can be obtained as spe-
cial reductions (cf. Atiyah and Ward [25]; Ward [181, 182, 183]; Belavin and
Zakharov [29]; Mason et al. [124, 125]; Chakravarty et al. [50, 51]; Maszczyk
et al. [126]; Ablowitz et al. [5]).

Researchers in physics and engineering have understood that stable localized
solitary waves, even those that do not have the special property of elastic inter-
action, have many important applications, and their study has led to substantial
research in specialized fields (e.g., nonlinear optics) all by itself. Nevertheless,
the systems in which the solitary waves interact elastically, the “true” soliton
systems, are important special cases. Moreover, there is an intrinsic richness in
the mathematical theory of these soliton systems. Accordingly, the field of re-
search associated with integrable systems has grown, developed, and expanded
in many directions. One centrally important issue is the method of solution,
sometimes referred to as the inverse scattering transform (IST), for these soli-
ton equations. For a number of physically significant equations, the IST can
be carried out in an explicit, effective, and illuminative manner. In particular,
the IST is a fruitful approach, and it is the basis for the study of the nonlinear
Schrodinger systems described in this book.

There are numerous books, review articles, and edited collections (see, for
instance, [6, 21, 47, 65, 74, 140]) that delve widely and deeply into the theory
of integrable systems. In this book, we give a detailed description of both the
IST and the soliton solutions of integrable nonlinear Schrodinger systems,
which are mathematically and physically important soliton equations. The
collection of systems examined in this book comprises both continuous and
semi-discrete systems of equations. As will be described in Section 1.4, these
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particular systems arise in the modeling of a wide array of physical wave phe-
nomena. In this book, we present most of the known results for these nonlinear
Schrodinger systems, as well as some new ones, in a comprehensive, unified
framework built with the mathematical machinery of the inverse scattering
transform.

1.2 The inverse scattering transform — Overview

The IST is a method that allows one to linearize a class of nonlinear evolution
equations. In doing so one can obtain global information about the structure of
the solution. In many respects, one can view the IST as a nonlinear version of
the Fourier transform.

The solution of the initial-value problem of a nonlinear evolution equation
by IST proceeds in three steps, as follows:

1. the forward problem — the transformation of the initial data from the original
“physical” variables to the transformed “scattering” variables;

2. time-dependence —the evolution of the transformed data according to simple,
explicitly solvable evolution equations;

3. the inverse problem — the recovery of the evolved solution in the original
variables from the evolved solution in the transformed variables.

In fact, with the IST machinery one can do more than solve the initial-value
problem; one also can construct special solutions of the evolution equation by
positing an elementary solution in the transformed variables and then applying
the inverse transformation to obtain the corresponding solution in the original
variables. In general, the soliton and multisoliton solutions of soliton equations
can be constructed in this way. In particular, in the subsequent chapters of this
book, we explicitly construct the soliton solutions of four different nonlinear
Schrodinger (NLS) systems. Moreover, one can in principle obtain the long-time
asymptotics of solutions. In this book, we obtain formulas for the collision-
induced phase shifts of solitons in NLS systems, including the polarization
shift of solitons in the vector systems, from the asymptotics of the associated
scattering data.

An essential prerequisite of the IST method is the association of the nonlinear
evolution equation with a pair of linear problems, a linear eigenvalue problem
and a second associated linear problem, such that the given evolution equation
results as the compatibility condition between them. The pair of linear operators
used to construct the associated linear problems is sometimes referred to as a
“Lax pair,” due to a formulation by Lax [115]. The solution of the nonlinear
evolution equation appears as a coefficient in the associated linear eigenvalue
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problem. For example, in the work of Gardner et al., the solution of the KdV
equation is associated with the potential in the linear Schrodinger equation. The
eigenvalues and continuous spectrum of this linear eigenvalue problem consti-
tute the transformed variables. The second associated linear problem determines
the evolution of the transformed variables.

The associated eigenvalue problem introduces an intermediate stage in both
the forward and inverse problems of the IST. In the forward problem, the first
step is to construct eigenfunction solutions of the associated linear problem.
These eigenfunctions depend on both the original spatial variables and the
spectral parameter (eigenvalue). Second, with these eigenfunctions, one deter-
mines scattering data that are independent of the original spatial variables. In
the inverse problem, the first step is the recovery of the eigenfunctions from the
(evolved) scattering data. Finally, one recovers the solution in the original vari-
ables from these (evolved) eigenfunctions. As noted previously, the evolution
of the scattering data is determined by the second associated linear operator
and can be computed explicitly.

The properties of the eigenfunctions are key to the formulation of the inverse
problem. In general, the solutions of the associated eigenvalue problem also
satisfy linear integral equations. For the NLS systems discussed here (as well
as other soliton equations in 1 4 1 dimensions), by using such integral equations
one can show that the eigenfunctions are sectionally analytic functions of the
spectral parameter. By taking into account the analyticity properties of the eigen-
functions, one can formulate the inverse problem (in particular, the recovery of
the eigenfunctions from the scattering data) as a generalized Riemann—Hilbert
problem. The Riemann—Hilbert problem is then transformed into a system of
linear algebraic—integral equations. Typically in the formulation of the IST, and
in particular for the nonlinear Schrodinger systems considered in this book, the
scattering data satisfy symmetry relations that are independent of the evolution.
These symmetries in the scattering data are essential and must be taken into
account in the solution of the inverse problem.

As explained previously, to apply the IST to a nonlinear evolution equation,
one must first find a pair of linear operators that can be associated with the
nonlinear equation. However, the general method of construction of the Lax
pair for a given evolution equation remains on open problem. Nevertheless, for
several equations of physical and mathematical interest, such a pair has been
found and the IST developed.

In a major step forward, following the works of Gardner et al. [82] and Lax
[115],in 1972 Zakharov and Shabat [192] showed that the method also could be
applied to another physically significant nonlinear evolution equation, namely,



1.3 Nonlinear Schrodinger systems 5

the nonlinear Schrodinger equation (NLS). Subsequently, Manakov extended
this approach to the solution of a pair of coupled NLS equations [120]. In fact,
Manakov’s work applies equally well to a system of N coupled NLS equations,
a system that we refer to as vector NLS (VNLS). Using these ideas, Ablowitz,
Kaup, Newell, and Segur developed a method to find a rather wide class of
nonlinear evolution equations solvable by this technique [10]. In their work
they named the technique the inverse scattering transform (IST). Later, Beals
and Coifman analyzed the direct and inverse scattering associated with higher
order systems of linear operators [28].

The IST has been extended to semi-discrete nonlinear evolution equations
(discrete in space and continuous in time) as well as doubly discrete (discrete in
both space and time) systems. Flaschka adapted the IST to solve the Toda lattice
equation [79], and Manakov used a similar formulation to solve a nonlinear
ladder network [121]. Subsequently, Ablowitz and Ladik developed a method
to construct families of semi-discrete and doubly discrete nonlinear systems
along with their respective linear operator pairs, as required for the solution of
the nonlinear systems via the IST [11, 12] (see also [21]). Included in the for-
mulation of Ablowitz and Ladik are an integrable semi-discretization of NLS
(which we refer to as integrable discrete NLS, or IDNLS) as well as a doubly
discrete integrable NLS. In Chapter 5 we will further extend the IST method to
an integrable semi-discretization of the VNLS that was introduced in [18].

While the work mentioned in the preceding paragraphs consists of applica-
tions of the IST method to 1 + 1-dimensional evolution equations, since the
early 1980s significant progress has also been made in the extension of the
IST approach to 2 + 1-dimensional systems. For example, the Kadomtsev—
Petviashvili equation [100], which is a 2 4+ 1-dimensional generalization of
the KdV equation, and the Davey—Stewartson equation [59], which is a natural
2 4+ 1-dimensional integrable extension of the NLS equation, can be solved via
the IST. However, the extension of the IST to such systems is beyond the scope
of this book. A review of some developments in the application of the IST to
2 4+ 1-dimensional systems can be found in [6].

It should also be noted that IST for periodic and other boundary conditions
has been considered, but we will not discuss this here. Additional references
can be found in the Bibliography.

1.3 Nonlinear Schrodinger systems

The scalar nonlinear Schrodinger (NLS) equation

igr =g £219I° q (1.3.1)
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is a physically and mathematically significant nonlinear evolution equation. It
results from the coupled pair of nonlinear evolution equations

iqr = qxx — 2rq” (1.3.2a)
—iFr = Fyy — 2qr2 (1.3.2b)

if we let r = Fq*.

The NLS equation (1.3.1) arises in a generic situation. It describes the evolu-
tion of small amplitude, slowly varying wave packets in nonlinear media [30].
Indeed, it has been derived in such diverse fields as deep water waves [190, 31];
plasma physics [191]; nonlinear optical fibers [91, 92]; magneto-static spin
waves [194]; and so on. Mathematically, it attains broad significance because
it is integrable by the IST [192], it admits soliton solutions, it has an infinite
number of conserved quantities, and so on.

We also note that the form of the NLS equation (1.3.1) with a minus sign in
front of the nonlinear term is sometimes referred to as the “defocusing” case. The
defocusing NLS equation does not admit soliton solutions that vanish at infinity.
However, it does admit soliton solutions that have a nontrivial background
intensity (called dark solitons) [92, 193]. We will only discuss the IST for
functions decaying sufficiently rapidly at infinity.

The vector nonlinear Schrodinger equation,

ig" =q® +2 (g1 +19?1) ¢ (1.3.3a)
ig?? =q2 +2 (14" +19?1P) 42, (1.3.3b)

arises, physically, under conditions similar to those described by the NLS when
there are two wavetrains moving with nearly the same group velocities [144,
185]. Moreover, VNLS models physical systems in which the field has more
than one component; for example, in optical fibers and waveguides, the propa-
gating electric field has two components that are transverse to the direction of
propagation. Manakov [120] first examined equation (1.3.3) as an asymptotic
model for the propagation of the electric field in a wageguide. Subsequently,
this system was derived as a key model for lightwave propagation in optical
fibers (cf. [72], [122], [131], [179]).

In the literature, the system (1.3.3) is sometimes referred to as the coupled
NLS equation. This system admits vector—soliton solutions, and the soliton col-
lision is elastic. Moreover, the dynamics of soliton interactions can be explicitly
computed [120]. (In [142] a different point of view is discussed.) Vector—soliton
collisions are analyzed in Sections 4.3 (continuous) and 5.3 (discrete). In these
sections, the elasticity of vector—soliton interactions and the order-dependence
of these interactions are described in detail.
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Both the VNLS equation (1.3.3) and its generalization,
iq; = g £ 21lq/° q. (1.3.4)

where q is an N-component vector and || - || is the Euclidean norm, are integrable
by the IST. In [120] only the case N = 2 is studied, but the extension to more
components is straightforward. The N-component equation can be derived,
with some additional conditions, as an asymptotic model of the interaction of
N wavetrains in a weakly nonlinear, conservative medium (cf. [144]).

In optical fibers and waveguides, depending on the physics of the particular
system, the propagation of the electromagnetic waves may be described by
variations of equation (1.3.3). Note that the VNLS equation is the ideal (exactly
integrable) case. For example, a model with physical significance is [131, 132,
150, 184, 187]

ig" = ¢ +2 (191 + Blg® ) ¢ (1.3.50)

ig® =q@ +2(BlgVP +19?1%) ¢, (1.3.5b)

which is equivalent to equation (1.3.3) when B = 1. However, based on the
properties of equations (1.3.5), apparently it is not integrable when B # 1 (see
the discussion in [18]).

The VNLS (1.3.4) has a natural matrix generalization in the system

iQI = Qxx - 2(21{(2 (13621)
—iR; = Ry — 2RQR, (1.3.6b)

where Qand Rare N x M and M x N matrices, respectively. When R = Q!
(here and in the following, the superscript H denotes the Hermitian, i.e., con-
jugate transpose), the system (1.3.6a)—(1.3.6b) reduces to the single matrix
equation

iQ, = Q. £2QQ"Q, (1.3.7)

which we refer to as matrix NLS or MNLS. The VNLS corresponds to the
special case when Q is an N-component row vector and R is an N-component
column vector, or vice versa. In particular, we obtain the system (1.3.3) when
M=1and N =2.

Both the NLS and the VNLS equations admit integrable discretizations that,
besides being used as the basis for constructing numerical schemes for the
continuous counterparts, also have physical applications as discrete systems
(see, e.g., Aceves et al. [22, 23]; Braun and Kivshar [40]; Christodoulides
and Joseph [54]; Claude et al. [55]; Darmanyan et al. [57, 58]; Davydov [60,
61, 62]; Eilbeck et al. [69]; Eisenberg et al. [70, 71]; Flach et al. [76, 77];
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Its et al. [97]; Kenkre et al. [102, 103]; Kivshar, Kivshar, and Luther-Davies
[106, 107]; Ledereretal. [116, 117]; Malomed and Weinstein [118]; Morandotti
et al. [136, 137, 138]; Scott and Macneil [148]; Vakhnenko et al. [173, 174]).

A natural discretization of NLS (1.3.1) is the following:

i%Qn = % (Gn+1 = 2gn + qu—1) £ Iq,,|2 (Gnt+1 + Gn-1) (1.3.8)

which is referred to here as the integrable discrete NLS (IDNLS). It is a O (h?)
finite-difference approximation of (1.3.1) that is integrable via the IST and has
soliton solutions on the infinite lattice [11], [12]. We note that, if we change
the nonlinear term in (1.3.8) to 2 |qn |2 qn, the equation, which is often called
the discrete NLS (DNLS) equation, is apparently no longer integrable, and it
has been found that in certain circumstances chaotic dynamics results [19]. It
should be remarked that the (apparently nonintegrable) DNLS equation arises
in many important physical contexts (cf. [22], [23], [40], [54], [70], [71], [76],
[104], [107], [116], and [136]-[138]). See also [17], [68], [105] for additional
useful references.

Correspondingly, we will consider the discretization of the VNLS given by
the following system:

.d 1
l%qn = ﬁ (qn+1 - 2qn + qn—l) — I, qy (qn+1 + qn—l) (1393)

d 1

—i—r, = —= @1 —2r, +T,_1) — ¥, -, (Tpp1 +T0_1), 1.3.9b
i hz( +1 1) qn (Tnt1 D, ( )
where q, and r, are N-component vectors and - is the inner product. Under
the symmetry reduction r, = Fq); (here and in the following * indicates the

complex conjugate), the system (1.3.9a)—(1.3.9b) reduces to the single equation

d 1
i = (@u+1 — 260 + Q1) £ 1G I* (@1 + Qu1) (1.3.10)

which, for q,, = q(rh) in the limit # — 0, nh = x, gives the VNLS (1.3.4).
In [18] it was shown that its solitary wave solutions interact elastically and
that (1.3.10) admits multisoliton solutions. Thus the expectation was that the
discrete vector NLS system (1.3.10) is indeed integrable. We refer to (1.3.10)
as the integrable discrete vector NLS (IDVNLS).

An associated pair of linear operators (Lax pair) for the system (1.3.9a)—
(1.3.9b) was constructed in [170]. In fact, the Lax pair for the vector system
(1.3.10) is a reduction of a matrix generalization of the Lax associated with
IDNLS. The matrix analog of the vector system (1.3.9) is given by

. d
IEQH = Qn+l - ZQn + AQn + QnB + Qn—l - Qn+anQn - QanQn—l
(1.3.11a)
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d
_ld_Rn = Rn+1 - 2Rn + BRn + RnA + Rnfl - Rn+1Qan - RnQanfla

T
(1.3.11b)

where Q,, R, are N x M and M x N matrices, respectively, A is an N x N
diagonal matrix, and B is an M x M diagonal matrix. A and B represent a
gauge freedom in the definition of the integrable discrete MNLS (IDMNLS)
that will be used in the following. In [83], [84] the IST for an eigenvalue problem
that is equivalent to the scattering problem considered in [18], [19], [167], [170]
had been formulated.

Note that the system (1.3.11a)—(1.3.11b) does not, in general, admit the
reduction

R, = :FQf. (1.3.12)
However, for N = M one can restrict R, and Q,, to be such that
RnQn = Qan = o, Iy, (1.3.13)

where Iy is the identity N x N matrix and ¢, is a scalar, and with this res-
triction R, = :FQf is a consistent reduction of the system (1.3.11a)—(1.3.11b)
that results in the single matrix equation

d
i—-Qu=Qu1 —2Q, +AQ, + QB+ Q1 F Q. Q7 (Qu+1 +Qui).
(1.3.14)

Similarly, the IST for (1.3.14) follows the same lines as that for (1.3.11a)-
(1.3.11b) with additional symmetry conditions imposed. The additional sym-
metry (1.3.13) (which has no analog in the continuous case) has essential con-
sequences for the IST, which are discussed in detail in Section 5.2.2.

1.4 Physical applications

As indicated in the previous section, NLS systems have broad application in
physical problems. In this section we briefly describe how certain NLS systems
arise in nonlinear optics. We choose to discuss nonlinear optics because of its
many scientific and technological applications. Here we will only sketch the
key ideas behind the derivation of the NLS equations for some of the nonlinear
optics applications. Interested readers will be able to find additional details and
applications in the cited references. It should also be noted that this section can
be read independently from the text describing the IST analysis.

We begin with a discussion of pulse propagation in optical fibers. Among
the physical properties of optical fibers, nonlinearity and dispersion are serious
sources of signal distortion. Signal loss in fibers was also a major limitation;



10 1 Introduction

however, in the 1980s this was largely overcome due to the development of
all-optical amplifiers (cf. [24]).

Dispersion originates from the frequency dependence of the refractive index
of the fiber and leads to frequency-dependence of the group velocity; this is
usually called group velocity dispersion or simply GVD. Due to GVD, different
spectral components of an optical pulse propagate at different group velocities
and thus arrive at different times. This leads to pulse broadening, resulting in
signal distortion.

Fiber nonlinearity is due to the so-called Kerr effect, where the refractive
index depends on the intensity of the optical pulse. In the presence of GVD and
Kerr nonlinearity, the refractive index is expressed as

n(w, E) = no(w) + m| E|?, (1.4.15)

where @ and E represent the frequency and electric field of the lightwave,
respectively; ng(w) is the frequency-dependent linear refractive index; and
the constant n,, referred to as the Kerr coefficient, has a value of approxi-
mately 102> m?>/W. Even though fiber nonlinearity is small, the nonlinear ef-
fects accumulate over long distances and can have a significant impact due to
the high intensity of the lightwave over the small fiber cross section. By itself,
the Kerr nonlinearity produces an intensity-dependent phase shift that results
in spectral broadening during propagation.

In the usual transmission process with lightwaves, the electric field is modu-
lated into a slowly varying amplitude of a carrier wave. Concretely, a modulated
electromagnetic lightwave is written as

E(z, 1) = E(z, 1)e!®oimah) 4 ¢ ¢ (1.4.16)

where c.c. denotes complex conjugation, z the distance along the fiber, ¢ the
time, ko = ko(wp) the wavenumber, wy the frequency, and £(z, t) the envelope
of the electromagnetic field.

Hasegawa and Tappert [91] first derived the NLS equation in the context
of fiber optics. Detailed derivations can be found in texts (cf. Hasegawa and
Kodama [90] and references therein). A simplified derivation is conveniently
obtained from the nonlinear dispersion relation:

w 2
k. E) = — (no(@) +mlEP?). (1.4.17)

where ¢ denotes the speed of light.
A Taylor series expansion of k(w, E) around the carrier frequency w = wy
yields

k" (o)

k — ko = K (wo)(@ — wp) + (@ — wo) + @uﬂz, (14.18)
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where ' represents the derivative with respect to @ and kg = k(wy). Replac-
ing k — ko and w — wy by their Fourier operator equivalents i9/dz and i9/9d¢,
respectively, using k — ko = %no(a)), and letting equation (1.4.18) operate on
€ yields

o€ Kl (wp) 8°E )
- — = 1.4.1
(a T Ky 2 ) SO EPE =0, (1419

where v = ‘C";’\"é and A, is the effective cross-section area of the fiber (the factor

1/ Aesr comes from a more detailed derivation that takes into account the finite
size of the fiber; the factor 1/A¢ is needed to account for the variation of field
intensity in the cross section of the fiber). We note that k,(wo) = 1/v,, where
v, represents the group velocity of the wavetrain.

In order to obtain a dimensionless equation, it is standard to introduce
a retarded time coordinate t.., =t — ky(wg)z =t — z/v, and dimensionless
variables t’ = t,;/ty, 7 = z/74, and g = £ // Py, Where t,, z,., P, are the char-
acteristic time, distance, and power, respectively. Substituting this coordi-
nate transformation, choosing the dimensionless variables as z, = 1/v Py, tf =
Z«| — k" (wyp)|, and dropping the prime yields the NLS equation

g sgn(=k(w)) d%q
az 2 B2

+1q*q = (1.4.20)

There are two cases of physical interest depending on the sign of —k( (o). The
so-called focusing case occurs when —k{(wo) < 0; this is called “anomalous”
dispersion. The defocusing case is obtained when the dispersion is “normal”:
—k{(wp) > 0. In the anomalous case we will see later, in Chapter 2, that
equation (1.4.20) has a special soliton solution given by

q(z, 1) = 2ne  HEHUE—e—20gechop(t — 267 — 19)  (1.4.21)

(see equation (2.3.88) and note the redefinition of variables and the factor of %
difference between equations (1.4.20) and (2.3.88)).

Since solitons are stable localized pulses, Hasegawa and Tappert (1973) sug-
gested their use as the “bit” format for the transmission of information in
optical fiber systems. Remarkably, in 1980 scientists at Bell Laboratories ob-
served the solitons described by the NLS equations (1.4.19)—(1.4.20) in optical
fibers [135]. One of the serious difficulties however was fiber loss. Fortuitously,
in the mid-1980s scientists developed all-optical amplifiers (erbium-doped am-
plifiers: EDFAs, [127, 64]). This development allowed for the transmission of
information optically over long distances (e.g., 10,000 km, which is roughly
the distance from the United States to Japan).
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With damping and amplification included, the NLS equation (1.4.20) takes

the form
" 2

ig—z + w% +8@lqlPg =0, (1.4.22)
where g(z) = ag exp(—2I'z/z4), 0 < z < z, and periodically extended there-
after, with I the normalized damping coefficient and a determined by < g >=
% [ 8(z/za)dz = 1 with z, = l,/z4, I, being the amplifier length. Typically
Zq 1s small, approximately 0.1. Asymptotic analysis shows that, to leading or-
der, q(z, t) still satisfies the NLS equation (1.4.20). Note that since g(z) is
rapidly varying, equation (1.4.22) is satisfied with g replaced by its averaged
value < g >= 1 in the period z, (cf. [90]).

The introduction of amplifiers, however, introduces small amounts of noise
to the system. This in turn causes the temporal position of the soliton to fluctu-
ate. In 1986, Gordon and Haus [88] showed that this fluctuation seriously limits
the distance signals could be reliably transmitted. Soliton control mechanisms
were introduced in the early 1990s to deal with these difficulties (cf. [108],
[129], [128], [134]). Due to these and other issues, all-optical transmission
systems in the 1990s employed a nonsoliton format referred to as “non-return-
to-zero” (NRZ). In the NRZ format a continuous wave is transmitted over the
total time slot of successive “1” bits, whereas in the RZ format, which includes
solitons, an individual pulse is transmitted for each “1” bit regardless of the se-
quence. NRZ pulses have a lower peak intensity than RZ pulses having the same
average power within a given bit slot. It should be noted, however, that the peak
intensity must be enhanced and the pulse width decreased accordingly as the
bit rate increases, since the average power within a bit slot must be maintained
at a certain level so that the signal is not buried by amplifier noise. Thus NRZ
pulses also suffer from nonlinearity, especially at high bit rates.

Importantly, the NLS equations (1.4.20) and (1.4.22) and related equations
with perturbations due to dispersion variations, higher order chromatic dis-
persion, and nonlinear effects are the central models used in fiber commu-
nications, regardless of the transmission format. It is not feasible to numeri-
cally simulate Maxwell’s equations over the distances required (thousands of
kilometers) due to the disparate scales inherent in the equations.

The development of all-optical transmission systems also took a major leap
forward in the 1990s with the advent of wavelength-division-multiplexing
(WDM) (cf. [89]). WDM is the simultaneous transmission of multiple sig-
nals in different frequency (or, equivalently, wavelength) channels. In terms
of soliton communications, this means that different solitons will travel at dif-
ferent velocities, thus causing interactions, some of which, such as frequency



1.4 Physical applications 13

and timing shifts due to WDM collisions, can be debilitating (cf. [133], [130],
[3]). One of the central problems that arises from interactions is unwanted
resonant amplifier induced instabilities in adjacent frequency channels ([119],
[2]). This phenomenon, called four-wave mixing (FWM), was so serious that
researchers began to investigate dispersion-managed (DM) transmission sys-
tems. DM systems also reduce other unwanted effects, such as Gordon—Haus
and collision-induced timing jitters.

In a dispersion-managed transmission system the fiber is composed of alter-
nating sections of positive (normal) and negative (anomalous) dispersion fibers.
The (dimensionless) NLS equation that governs this phenomena is

IRCLY

0z 2 o
where d(z) is usually taken to be a periodic, large, rapidly varying function of the
formd(z) = 8, + A(z) with |A(z)| >> 1 and having zero average in the period
Z, (the period is usually taken to be the same as that of the amplifier). There
has been considerable research in the field of dispersion-managed transmission
systems (cf. [89] and references therein).

Researchers have shown that equation (1.4.23) admits various types of op-
tical pulses, such as DM solitons [80, 4], quasi-linear modes [9], and so on.
Importantly, both types of pulses can be described via a unified framework
[9, 8]. We shall not delve into this matter any further here, because it would
take us well outside the scope of this book.

In many applications vector NLS systems are the key governing equations.
In optical fibers with constant birefringence (i.e., constant phase and group ve-
locities as a function of distance) Menyuk [131, 132] has shown that the two
polarization components of the electromagnetic field £ = (u, v)’ that are or-
thogonal to the direction of propagation, z, along the fiber asymptotically satisfy
the following nondimensional equations (assuming anomalous dispersion):

+ g(@lgl*q = 0, (1.4.23)

i(u; + 8up) + Ju + (ul* + afv)Hu =0 (1.4.24a)
i(v: — 8v) + v + (elul® + [v[Hu =0, (1.4.24b)

where 6 represents the group velocity “mismatch” between the u, v components
of the electromagnetic field and « is a constant that depends on the polariza-
tion properties of the fiber. In deriving equation (1.4.24) it is assumed that
the electromagnetic field is slowly varying (as in the scalar problem); certain
nonlinear (four-wave mixing) terms are neglected in the derivation of equation
(1.4.24) because the lightwave is rapidly varying due to large, but constant,
linear birefringence. In this context, birefringence means that the phase and
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group velocities of the electromagnetic wave in each polarization component
are different.

In a communications environment, due to the distances involved (hundreds
of thousands of kilometers), the polarization properties evolve rapidly and ran-
domly as the lightwave evolves along the propagation distance z. Not only does
the birefringence evolve, but it does so randomly, and on a scale much faster
than the distances required for communication transmission (birefringence po-
larization changes on a scale of 10—100 m). In this case, researchers (cf. [180],
[72], [122]) have shown that the relevant nonlinear equation is equation (1.4.24)
but with § = 0 and @ = 1. Indeed, this is the integrable vector NLS equation
first derived by Manakov (1974) and is studied in Chapter 4 of this book via
the IST method. Hence we see that both the scalar- and vector-continuous NLS
systems arise naturally in the field of nonlinear optical fiber communications.

Finally, we briefly mention some applications in discrete NLS systems. Our
prototype application is coupled nonlinear optical waveguides. In this case we
consider an optical material in which waveguides are “etched” into suitable
optical material and each waveguide is well separated from each other in, say,
the x-direction (or “n”-direction) with propagation occurring in the longitudinal,
say z, direction. (See, e.g., Figure 1.1.)

From Maxwell’s equations, we model the governing wave equation for the
electromagnetic field in the x-direction in Kerr nonlinear material to be [188]

W, + W, + (f(x) +8|¥HY =0, (1.4.25)

where |§| << 1 and f{x) models the linear index of refraction. One now expands
the solution W in terms of a suitable series of functions (cf. [16]); that is, W is

Figure 1.1
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expressed in the form

W= )" En(Z)Ym(x)e ™", (1.4.26)

m=—00

where Z = 6z, ¥, = ¥ (x — md), d is the spacing of the waveguide array (cf.
Figure 1.1), and v, has one boundstate eigenvalue Ao. We then substitute
equation (1.4.26) into equation (1.4.25), multiply the result by ¥* exp (i Ao2),
integrate over x (xranges from —oo < x < 00), and assume that ¥, (x) satisfies

dexVm + (fn(X) = AV =0, (1.4.27)

where f,,(x) = f(x — md) is a localized function. By carrying out these cal-
culations, we obtain

+00 00 aEm 82 m
> [ [—%axowmﬁ{%+(f(x)—xé)wm> E,

m=—oo Y —
(o]

+8 Y EmEm/E:l,,l//mI//mrw;,} Y =0. (1.4.28)

m',m"=—o00
Using (1.4.27), we find that

S dE, [ o
> —21'5108—2”’ f YV dx E,, f Afumidx

m=—00 —00 —00

T
m’,m

+ 6 Z EmEm’E::,”/ ¢m1%71'1/f,:"¢:dx:| =0, (1.4.29)
-0

where Af,, = f(x) — fi(x). The eigenfunctions are assumed to be localized
corresponding to waveguides that are well separated (see Figure 1.1). Maximal
balance is achieved when the relevant integrals are defined by

/ dx(f() = fuCNYul> = 8co
/ dx(f() = fusr Wty = b1
/dxwmr‘ = 530,

where cy, c1, go are O(1) constants and higher order terms in § are dropped.
The resulting equation turns out to be the discrete NLS (DNLS) equation in
the form

i07E, + c1(Eng1 + Eno1) + c0Ey + g0l EnE, = 0. (1.4.30)
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By transforming variables, one can put the equation in the form

10700 + (Pni1 + Puot — 200)/1* + 2| *h, = 0. (1.4.31)

The DNLS equation was first derived in the context of nonlinear optics by
Christodoulides and Joseph [54]. It was studied earlier by Davydov [60] in
molecular biology and by Su, Schieffer, and Heeger in condensed matter physics
[151]; there are numerous other applications as well (cf. [148], [149], [123]).
Various authors studied the interaction and collision processes associated with
the localized solitary wave solutions of the DNLS equation (cf. [22], [23],
[113]).

Experimentally, the solitary waves of the DNLS equation were observed
in a nonlinear optical array by Eisenberg et al. [70] and Morandotti et al.
[137]. Linear diffraction management of the optical array system was sub-
sequently studied by Eisenberg et al. [71] and nonlinear focusing and defo-
cusing by Morandotti et al. [138]. Theoretically speaking, diffraction-managed
solitons, whose width and peak amplitude vary periodically and which are
the discrete analog of dispersion-managed solitons, have been obtained [14].
More recently, DNLS equations have been proposed for Bose—Einstein con-
densation [166]. Vector extensions of the DNLS equation have also been
derived and studied (cf. [15], [16], [57]). While these DNLS equations are
not transformable to the integrable discrete systems studied in this book, the
integrable systems nevertheless provide useful insight into discrete equations
and solitary wave phenomena. For more information about DNLS equations,
related problems, and references, the reader may wish to consult the review
article [105].

1.5 Outline of the work

Chapter 2 is dedicated to the scalar NLS equation (1.3.1). Chapter 3 is con-
cerned with the IDNLS equation (1.3.8), which is the integrable discretization
of the NLS equation. Chapter 4 describes the IST for the matrix nonlinear
Schrodinger equation (MNLS) and, in particular, for the VNLS system (1.3.3),
and Chapter 5 describes the integrable discrete matrix NLS (IDMNLYS), that is,
the system (1.3.11a)—(1.3.11b) with special attention to the case where the sym-
metry (1.3.12)—(1.3.13) holds, including the reduction to the integrable discrete
vector NLS equation (1.3.10).

For pedagogical reasons we study separately the scalar and the vector cases.
We believe that understanding the scalar case is helpful in the comprehension
of the vector systems. We have followed a similar outline in each chapter.
For each system, we give explicit conditions on the solution of the evolution
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equation such that the eigenfunctions are analytic, and we show how to ob-
tain the scattering data from the analytic eigenfunctions. Moreover, for each
system, we determine symmetries in the scattering data that are induced by sym-
metries in the eigenfunctions, and, in the formulation of the inverse problem,
we include these symmetries in the scattering data. For the inverse problem, we
first formulate a generalized Riemann—Hilbert problem. Then we obtain a sys-
tem of linear algebraic—integral equations from the Riemann—Hilbert problem
(see also [6], where this approach is described for the KdV equation). These
algebraic—integral equations determine the eigenfunctions in terms of the scat-
tering data, and from these equations we also show how to obtain Gel’fand—
Levitan—-Marchenko (GLM) integral equations. Moreover, we prove that the
GLM equations do not have any homogeneous solutions. As a special case of
the inverse problem, the respective soliton solutions are constructed for each of
the nonlinear Schrodinger systems. The evolution of the solitons of each system
follows from the evolution of the scattering data, as determined by the associ-
ated linear time-dependence operators. Then soliton interactions are analyzed,
and, for the vector systems, the description of the soliton interactions includes a
determination of the polarization shift induced by soliton collisions. Finally, we
show how the IST machinery can be used to generate conserved quantities for
each of these systems. Beyond the basic outline, the parallel structure of these
chapters illustrates the generality of the IST approach for this class of systems.
From chapter to chapter, one can compare the IST for each of these systems.
Both discretization and extension from scalar to vector systems introduce some
additional complications in what is essentially the same IST scheme. We note
that an additional symmetry in the discrete vector system introduces a further
difficulty in the IST and in the solutions. A careful handling of this symmetry
is required for the correct formulation of the IST in this case.

In the appendices we have included, among other items, a detailed discus-
sion of the direct and inverse scattering associated with the linear discrete
Schrédinger equation. Importantly, this equation is connected to the IDNLS
equation. In fact, an appropriate linearization of the IDNLS leads to this linear
scattering problem. Moreover, the linear Schrodinger scattering problem forms
the basis of the IST for both the Toda lattice and the nonlinear ladder network.
Hence, for completeness we have included a discussion of the IST for these two
cases. Moreover, we have also briefly described the IST associated with NLS
systems with an additional potential term. Finally, we discuss the “extreme”
limit of large amplitude for these systems and show that they are integrable.



Chapter 2
Nonlinear Schrodinger equation (NLS)

2.1 Overview

In this chapter we develop the inverse scattering transform for the NLS
equation,

iq = qu 2197 q, 2.1.1)

on the infinite line. In particular, we formulate the IST procedure for the some-
what more general system (cf. [10])

iq = qux — 2rq* (2.1.2a)
—iry = ey — 2q1° (2.1.2b)

and then consider the reductions r = F¢™* as a special case.

The IST can be broken into three parts: (i) The direct problem — constructing
x-independent scattering data from the “potentials” g, r (see (2.2.3)). As far
as nomenclature is concerned, the term “potential” is used in reference to the
solution of a scattering problem such as (2.2.3). The functions ¢, r, supplemented
with suitable time-dependence, as will be described later, are the solution to the
nonlinear evolution equations (2.1.2). (ii) The inverse problem — reconstructing
the potentials from the scattering data. (iii) Time evolution — determining the
evolution of the scattering data by making use of the time-dependence operator
(see (2.2.4)). The IST procedure for solving the initial-value problem proceeds
by first constructing the scattering data at ¢ = #; from the initial data ¢(#;),
r(t;) — that is, step (i) — then computing the evolution of the scattering data from
t; tot # t; —step (iii) — and, finally, recovering g(¢), r(¢) by solving the inverse
problem — step (ii).

The treatment of the direct problem given here follows [6], [21] while
the inverse problem is formulated as a Riemann—Hilbert boundary-value
problem, following [6]. The Gel fand—Levitan—Marchenko integral equation

18
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formulation of the inverse problem follows from the Riemann—Hilbert
formulation.

As is typical for soliton equations, the soliton solutions of the NLS corre-
spond to the case in which the inverse problem reduces from a system of linear
algebraic—integral equations to a system of linear algebraic equations and can
be solved explicitly. By solving the algebraic system, we obtain an analytic
expression for a single soliton and an explicit formula for the phase shifts that
result from soliton interactions.

Finally, with the machinery of the inverse scattering transform, one can de-
rive infinitely many conserved quantities for the NLS. Among these is the
Hamiltonian of the NLS. We give an account of the formulation of the NLS as
a Hamiltonian system.

2.2 The inverse scattering transform for NLS
2.2.1 Operator pair

As noted previously, an essential prerequisite to the development of the IST for
a nonlinear evolution equation is the association of the evolution equation with
a pair of linear equations. The association of the scalar NLS equation (2.1.1)
with the linear equations

—ik

vy = ( g )v, (2.2.3)
r ik

sometimes referred to in the literature as Zakharov—Shabat or ZS/AKNS or

AKNS spectral problem, and

2ik> +iqr —2kq —iq,
= , 224
o (—Zkr +ir, —2ik? —igr )" 2.2.4)

where v is a two-component vector, v(x, 1) = (vV(x, 1), vP(x, t))T, is well
known (cf. [21], [140]). A straightforward calculation shows that the equality
of the mixed derivatives of v, that is, v,, = vy, is equivalent to the statement
that g and r satisfy the evolution equations (2.1.2a)—(2.1.2b), if , the scattering
parameter, is independent of x and ¢. For this reason, the evolution equations
(2.1.2a)—(2.1.2b) are sometimes referred to as the compatibility condition of
equations (2.2.3)—(2.2.4). We refer to the equation with the x derivative, equation
(2.2.3), as the scattering problem and the equation with the f derivative, equation
(2.2.4), as the time-dependence.
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2.2.2 Direct scattering problem
Jost functions and integral equations

We refer to solutions of the scattering problem (2.2.3) as eigenfunctions with
respect to the parameter k. When the potentials g, r — 0 rapidly as x — 400,
the eigenfunctions are asymptotic to the solutions of

. — —ik O ’
L0 ik
when |x| is large. Therefore it is natural to introduce the eigenfunctions defined

by the following boundary conditions:

o(x, k) ~ (é) e ik, d(x, k) ~ (?) ek asx — —oo  (2.2.5)

. _ 1 .
Y(x, k) ~ (?) e, U(x, k) ~ <0> e ik asx — +o0o. (2.2.6)
In the following analysis, it is convenient to consider functions with constant
boundary conditions. Hence, we define the Jost functions as follows:

M(x, k) = e*¢(x, k), M(x, k) =e ®p(x, k), (2.2.7a)
N(x, k) = e *y(x, k), N(x, k) = ™y (x, k). (2.2.7b)

If the scattering problem (2.2.3) is rewritten as

v = ((kJ + Q) v, (2.2.8)

(=10 _(0gq
J_(O ]), Q_<r0>’ (2.2.9)

and I denotes the 2 x 2 identity matrix, then the Jost functions M(x, k) and
N(x, k) are solutions of the differential equation

where

XX, k) =1k +Dx(x, k) + (Qx) (x, k), (2.2.10)
while N(x, k) and M (x, k) satisfy
Xa(x, k) = ik(J —Dx(x, k) + (QF) (x, k) (2.2.11)

with the constant boundary conditions

M(x, k) — (é), M(x, k) — (?) asx — —oo  (2.2.12a)

N(x, k) — (?) N(x, k) — <(1)) asx — +oo. (2.2.12b)
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Solutions of the differential equations (2.2.10)—(2.2.11) can be represented by
means of the following integral equations:

+00

x(x, k) =w+ G(x —x', k) (Qx) (x', k)dx'
+00

F(x, k)= + Gx —x', k) (Qx) (x, k)dx'

or, in component form, for j = 1, 2,

. . +w 2 .
X(J)(x7 k) = wW +/ ZG(JK)(X —x' k) (QX)(L’) ', k)dx'
00 =1
+oo 2
X(j)(x’ k) = ) 4+ ZG(H)(X —x' k) (Qx)(f) ', k)dx',
00 =1

T B . , .
where w = (w,0)", & = (0, ®®)" and the (matrix) Green’s functions

G(x, k) = (G(ﬂ)(x, k))j 11, and G(x, k) = (G(ﬂ)(x, k))j = satisfy the dif-
ferential equations

LoG(x, k) = §(x)I, LoG(x, k) = 8(0)I (2.2.13)

Lo=T10, —ik(J+1D), Lo =18, —ik(J —1). (2.2.14)

The Green’s functions are not unique, and, as we will show later, the choice
of the Green’s function and the choice of the inhomogeneous term together
uniquely determine the Jost function and its analytic properties.

By using the Fourier transform method, it is easy to find

1 p~! 0 i
G, k)= — PYd
(-x7 ) 27_[1 c ( 0 (p—Zk)l)e P

- 1 +2670 0\
Sintr= o [T ) ran

where C and C are appropriate contours. It is natural to consider G(x, k) and
G..(x, k) defined by

1 p‘1 0 ;
Go(x, k) = — ipxg
sk =5 Ci( 0 (p—2k)1)e p
~ 1 (p+20)71 0
Gox,h)= — P,
+(x, k) 27”./@( 0 p)erar

where C are the contours from —oo to 4-oo that, respectively, pass below and
above both the singularities at p = 0 and p = 2k (see Figure 2.1).
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4 — o~
C_ V V
p=0 p=2k
Figure 2.1: The contours C and C_
Therefore,
1 0 ~ e2ikx
Gi(x, k) = £0(%x) 0 e2itr ) G (x, k) = F0(Fx) 0o 1)
(2.2.15)

where 6(x) is the Heaviside function ((x) = 1ifx > 0 and 6(x) = 0if x < 0).
The “ +” functions are analytic in the upper half-plane of k and the “ —” func-
tions are analytic in the lower half-plane. By taking into account the boundary
conditions (2.2.12a)—(2.2.12b), we obtain the following integral equations for
the Jost solutions:

+o0
M(x, k) = <(l)> + Gi(x —x',k)(QM) (x', k)dx'  (2.2.16a)

—0Q

+00
N(x, k) = <0) + G.(x —x',k)(QN) (x', k)dx'  (2.2.16b)

1 oo

+00
M(x, k) = <?> +/ G_(x —x', ) (QM) (', k)dx'  (2.2.16¢)

oo

+00
N(x, k) = <(1)> + G_(x —x', k) (QN) (', kydx".  (2.2.16d)
—00

Equations (2.2.16a)—(2.2.16d) are Volterra integral equations. We show in the
following Lemma 2.1 that if ¢, r € L'(R), the Neumann series of the integral
equations for M and N converge absolutely and uniformly (in x and k) in the
upper k-plane, while the Neumann series of the integral equations for M and N
converge absolutely and uniformly (in x and k) in the lower k-plane. These facts
immediately imply that the Jost functions M (x, k) and N (x, k) are analytic func-
tions of kforImk > 0 and continuous forIm k > 0, while M(x, k), and N (x, k)
are analytic functions of k for Im k < 0 and continuous for Im & < 0.

Lemma 2.1 If g, r € L' (R), then M(x, k), N(x, k) defined by (2.2.16a)—
(2.2.16b) are analytic functions of k for Im k > 0 and continuous for Im k > 0,
while M(x, k), N(x, k) defined by (2.2.16¢c)—(2.2.16d) are analytic functions of
k forImk < 0 and continuous for Imk < 0. Moreover, the solutions are unique
in the space of continuous functions.
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Proof We prove the result for M (x, k). The proofs are analogous for the re-
maining eigenfunctions.
The Neumann series

M(x. k)= Cj(x.k). (2.2.17)
j=0
where
+00
Cipi(x, k) = G.(x —x, 0 (QC)) (x', kydx'  (2.2.18a)
Co(x, k) = <(1)) (2.2.18b)

is, formally, a solution of the integral equation (2.2.16a). In component form,

C (x. k) =/

X

q(HCP ' kydx’
]

c®

(k) = f A0 kdx'.
—0Q0

Because C(()z) = 0, we have for any integer j > 0

c

— @ _
2j+1 =0, G =0.

Using the identities

1 [x § J
ﬁ/,m @) [/w |f($/)|d§’] d

1 4T [f A
:<j+1>!/ooEUoo|f@)|d$} @

1 x Jj+1
=m[/ If(é)ldé} , (22.19)

where f € L'(R), one can show by induction that for Im k£ > 0

[ laGn]ax’)! (f5 [rn] dx')™

@, 0] < 4

j! G+ 1!
X / d / J X / d / j
)C%)(x’k)‘ S (/ s Iq(;>| ) ([ !r(;)| )

Therefore, if ¢, r € L'(R), the series (2.2.17) is majorized in norm by a uni-
formly convergent power series. Hence, the Neumann series (2.2.17) is itself
uniformly convergent for Im k > 0. It follows that M(x, k) is analytic for
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Im k > 0because a uniformly convergent series of analytic functions converges
to an analytic function (cf. [7]). Similarly, M (x, k) is continuous for Im k£ > 0.

A proof of the uniqueness of the solution for the integral equation (2.2.16a)
can be obtained as follows. Assume M;(x, k) and M,(x, k) both solve the inte-
gral equation (2.2.16a). Then their difference, m(x, k) = M;(x, k) — M(x, k),
is such that

+00
mix, k) = / G (x — £, 1) (Qm) (€. K)d

oo

or, explicitly,

X &
m" (x, k) = / dg q(&) / dg' P HErEym (' k)

mP(x, k) = / ' 2D Eym D (g, k)dE.

The first equation yields the bound

Im® (x, k)| 5/

X

3
dt 1q(®)| / dg’ [rE)| [m O b))

and iterating once

Im® (x, k)| 5/

X

&
d& Iq(éﬁ)lf d&] |r(&))|

& &
X/ 3 Iq(éz)lf dg; |r&)] [m&, bl .

Assuming that m((x, k) is bounded, that is, |m®(x, k)| < C, and using the

identity (2.2.19), we obtain the bound

(v ae @) (172 as re)
2 2 '

|m (x, k)| < C
Iterating n times yields

(/72 s tq@1)" (/12 de 1r@r)’

ImV(x, k)| <C
n! n!

Since the right-hand side tends to 0 as n — oo, m(x, k) is identically zero
and the solution of the integral equation (2.2.16a) is unique in the space of
continuous functions.

Simply requiring g, r € L'(R) does not yield analyticity on the real axis;
more stringent conditions must be imposed. For instance, using the ideas in
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Lemma 2.1, one can show that if
Ir(o)] < Ce > M jg(x)] < Ce KM,

where C and K are some positive constants, then M and N are analytic for all
k with Im k > —K and M, N are analytic for all k¥ with Im k < K. Having
r, q vanishing faster than any exponential as |x| — oo implies that all four
eigenfunctions are entire functions of k. We recall that (Volterra equations on a
finite interval always have absolutely convergent Neumann series solutions.)
From the integral equations (2.2.16a)—(2.2.16d) we can compute the asymp-
totic expansion for large k of the Jost functions. Integration by parts yields

_ 1 / ’ /
Moy = (T IS 0O o 50 00m)
21kr(x)
+00 / /
N(x, k) = Pt Je” aGOr G + 0K (2.2.20b)
21kr(x)
574 (X)
N(x, k) = 2;’;q L0k (22200)
" (1 2,kf+ q(x’)r(x’)dx) ¢
La(x)
M(x, k) = 2k F 0K, (2220d
" ( f"wqw)r(x’)dx) O 02200

Scattering data

The two eigenfunctions with fixed boundary conditions as x — —oo are lin-
early independent, as are the two eigenfunctions with fixed boundary condi-
tions as x — +00. Indeed, if u(x, k) = (uV(x, k), uP(x, k))T and v(x, k) =
WD(x, k), vP(x, k))T are any two solutions of (2.2.3), we have

d
—W(u,v) =0, (2.2.21)
dx
where the Wronskian of u and v, W(u, v), is given by
W, v) = uPv® — @O, (2.2.22)
From the asymptotics (2.2.5)—(2.2.6) it follows that
w (¢, ¢_>) = lim W (¢(x, k), d(x, k)) =1 (2.2.23a)
xX——00
w (zﬁ, 1/}) = lim W (w(x, k), U(x, k)) =1, (2.2.23b)
xX—+00

which proves that the functions ¢ and ¢ are linearly independent, as are v and .
Therefore, we can write ¢(x, k) and ¢(x, k) as linear combinations of ¥ (x, k)



26 2 Nonlinear Schrédinger equation

and ¥ (x, k), or vice versa. The coefficients of these linear combinations depend
on k. Hence, the relations

$(x, k) = b)Y (x, k) + a(k)y(x, k) (2.2.24a)
B(x, k) = atk)y(x, k) + b(k)y(x, k) (2.2.24b)

hold for any k such that all four eigenfunctions exist. In particular,
(2.2.24a)—(2.2.24b) hold for Im k& = 0 and define the scattering coefficients
a(k), a(k), b(k), and b(k). Comparing the asymptotics of W (¢, ¢) asx — +o0
with equations (2.2.24a)—(2.2.24b) shows that the scattering data satisfy the fol-
lowing characterization equation:

a(k)ak) — b(k)bk) = 1. (2.2.25)

The scattering coefficients can be represented as Wronskians of the Jost
functions. Indeed, from equations (2.2.24a)—(2.2.24b) it follows that

a(k) = W(e, v), atk) = —W(@, V) (2.2.26a)
bky=-W (¢, %),  bk)=W(d,v). (2.2.26b)

Therefore, as long as ¢, r € L'(R), Lemma 2.1 and equations (2.2.26a) imme-
diately imply that a(k) is analytic in the upper k-plane while a(k) is analytic
in the lower k-plane. In general, b(k) and b(k) cannot be extended off the real
k-axis.

Alternatively, one can derive the following integral relationships for the scat-
tering coefficients:

+00

ak) =1+ / g(xXYMP(x', k)dx' (2.2.27a)
+o00 > o

b(k) = / e (YMO (', k)dx' (2.2.27b)
- +o00 _a

atk)y =1+ / reHM P, k)dx' (2.2.27¢)

_ +ooioo‘ , _ 0

b(k) = f 2R (M (', kdx, (2.2.27d)
—00

where M, M"Y for j = 1,2 denote the j-th component of vectors M and M,
respectively.
Indeed, let us introduce

Alx, k) = M(x, k) —a(k)N(x, k).
Using the integral equations (2.2.16a), (2.2.16d) for M and N and the relation

0 eZ[kx

G+<x,k)—G(x,k>=(1 0 )
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we can write

+o00
Alx, k) — f G_(x —x', k) (QA) (x', k)dx’

o0

_(1—al) _/*“ q(xYMP(x', k) o a0
_( 0 ) o <625k(xx’)r(x/)M(l)(x,’k) x. (2.2.28)

From the other side, the scattering equation (2.2.24a) yields
A(x, k) = b(k)e* N (x, k),

and then

0

+00
A(x, k) - / G_(x — )C/, k) (QA) (x/’ k) dx' = (b(k)e,Zikx

o0

), (2.2.29)

where we used the integral equation (2.2.16b) for N (x, k) as well as the identity
G_(x, k) = &G (x, k).

By comparing (2.2.28) and (2.2.29) we get the integral representations (2.2.27a)
and (2.2.27b). Equations (2.2.27¢) and (2.2.27d) are derived analogously, by
considering A(x, k) = M(x, k) — a(k)N(x, k).

From the integral representations (2.2.27a) and (2.2.27¢) and the asymptotics
(2.2.20a), (2.2.20d), it also follows that

1 +00
atk)y=1— — g(xyr(xNdx' + 0k  Imk>0 (2.2.30a)
2ik J_o
1 +o00
atk)y =1+ i g(xyr(x)dx' + 0k  Imk <0. (2.2.30b)
l —00
Note that equations (2.2.24a) and (2.2.24b) can be written as
w(x, k) = N(x, k) + p(k)e* ™ N(x, k) (2.2.31a)
a(x, k) = N(x, k) + p(k)e 2 N(x, k), (2.2.31b)

where we introduced
w(x, k) = M(x, k)a='(k), alx, k) = M(x, k)a ' (k) (2.2.32)
and the reflection coefficients
p(k) = b(k)a™" (k), p(k) = b(k)a~" (k). (2.2.33)

Proper eigenvalues and norming constants

A proper eigenvalue of the scattering problem (2.2.3) is a complex value
of k (Im k 5 0) corresponding to a bounded solution v such that v — 0 as
x — %oo0.
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Suppose a(k;) =0 for some k; =&; +in;, n; > 0. Then from (2.2.26a)
it follows that W(¢(x, k;), ¥ (x, k;)) = 0, and therefore ¢;(x) = ¢(x, k;) and
¥ ;(x) = ¥(x, k;) are linearly dependent, that is, there exists a complex constant
¢; such that

@j(x) = c;¥;(x). (2.2.34)
Hence, by (2.2.5) and (2.2.6) it follows that

¢j(x) ~ (é) e TiE as x — —oo

0 A
;(x)=c;j¥;(x)~c; <1> e NixHigx as x — +o00,

and therefore k; is a proper eigenvalue. On the other hand, if a(k) # 0, then any
solution of the scattering problem blows up in one or both directions. Hence,
the proper eigenvalues in the region Im k£ > 0 are the zeros of a(k).

Similarly, the eigenvalues in the region Im k < 0 are the zeros of a(k), and
these zeros k; = &; +in;, 7; < Ofor j =1,..., J, are such that

¢;(x) =72 ;(x) (2.2.35)

for some complex constant ¢ ;, where, as before, ¢ ;(x) = ¢(x, k;)and ¥/ ; (x) =
¥ (x, k;). The coefficients {c J'},J‘:1 and {¢ j}]{:l are called norming constants.
In terms of the eigenfunctions with fixed boundary conditions, the norming

constants are defined by
Mj(x) = M5 Ny(x), M j(x) = e 25 N (x). (2.2.36)

In the following we assume that all the eigenvalues are simple zeros of a(k)
and a(k). If the eigenvalues are not simple zeros, one can study the situation by
the coalescence of simple poles (see [192]).

Note that if the potentials are rapidly decaying such that equations (2.2.24a)—
(2.2.24b) can be analytically extended off the real axis, then

~i

cj = b(k)), j=1,....0 & =bk), I=1,...,

Symmetry reductions
The evolution equation (2.1.1) is a special case of the system (2.1.2a)—(2.1.2b)
under the symmetry reduction

r = Fq*. (2.2.37)

This symmetry in the potential induces a symmetry between the Jost functions
analytic in the upper k-plane and the Jost functions analytic in the lower k-plane.
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In turn, this symmetry of the Jost functions induces a symmetry in the scatter-
ing data.

Indeed, if v(x, k) = (v (x, k), v@(x, k))” satisfies equation (2.2.3) and sy-
mmetry (2.2.37) holds, then d(x, k) = (V@ (x, k*), FvP(x, k*)H also satisfies
equation (2.2.3). Taking into account the boundary conditions (2.2.5)—(2.2.6),
we get

B _ W(Z)(x’ k) * _ 3 :F¢(2)(x’ k) *

1ﬂ(x, k) = <:Fw(1)(x’ k*)) s qb(x, k) = ( ¢(1)(X, k*) > (22383)
_ (NP, k% . (FMOG Y

Nl = <:FN(1)(x,k*)) ’ M(x’k)_< MO (x, k) )

(2.2.38b)

Then, from the integral representations (2.2.27a)—(2.2.27d) for the scattering
data, it follows that

a(k) = a* (k") (2.2.39a)
b(k) = Fb*(k*) (2.2.39b)

and consequently
plk) = Fp*k) Imk =0. (2.2.40)

From (2.2.39a) it follows that k; is a zero of a(k) in the upper k-plane iff k7 is
a zero for a(k) in the lower k-plane. Therefore, due to (2.2.36), J = J and
lEjzk;‘, E,-::chf j=1,...,J. (2.2.41)

Note that when r = g*, the operator (2.2.3) is Hermitian. In this case, the
spectrum lies on the real axis, and from the characterization equation (2.2.25)
and (2.2.39a)—(2.2.39b) it follows that

la@®)P? — b =1, £eR, (2.2.42)

so that |a(§)| > 0. Moreover, the problem is self-adjoint; hence |a(k)| > O for
any k in the upper k-plane. This implies that, for ¢ — 0 sufficiently rapidly as
|x] — oo, there are no eigenvalues with Im k 5 0.

Trace formula

We assume that a(k) and a(k) have the simple zeros {k; : Imk; > O};:1 and

{kj « Imk; < O}jj‘:w respectively. Moreover, we define
J J 7
k—k k—k
at) =[] = otk at =[] 7= atk. (2.2.43)

m=1 m m=1 m
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a(k) is analytic in the upper k-plane, where it has no zeros, while @(k) is
analytic in the lower k-plane, where it has no zeros; moreover, due to (2.2.30a),
a(k), a(k) — 1 as |k| — oo in the respective half-planes. Therefore we have

400 1
loga(k) = o /;oo Z_gf(lf)dé forImk > 0,
1 [T log&
—f 080®) 1o 0 forimk > 0,
mi) . E—k
1 [T log&
log &@(k) = — —— 029E) 1o forlmk <0,

i) E—k
1 *t° log ()

27wi J_ o E—k

Subtracting the equations from one another and using (2.2.43), we obtain

loga(k) = ijlog <k — km)
= k— ki

1 [ log (a®)a(()) d
270 J_oo E—k

— ! k— Em
loga(k) = Zlog e
m=1 " m

L [T log (@(®)a()) J

270 J_oo E—k

d¢ =0 forIm k < 0.

£, Imk>0 (2.2.44a)

g, Imk < 0. (2.2.44b)

This allows one to recover a(k), a(k) from knowledge of {k;, Imk; > O}JJ.= .
{k;, Imk; > O}]J.:l, and a(&)a) = (1 + p&)p€))~". In particular, if r =
—q*, then from (2.2.39a)—(2.2.41) it follows that «(£)& (§) = a(§)a*(€), and

consequently (2.2.44a) can be written as

loga(k) = i log (k — km)
— k— ki

_ L log (L4 1pGF)
27mi ) £E—k

g, Imk>0. (2245

Note that, by writing

+00
Vn
loga(k) = —_— 2.2.46
ga(k) ;QMM (2.2.46)
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+00 xn+l
n=0 n+1°

and using the well-known expansion for log(1 —x) = —
obtain from (2.2.44a) and (2.2.46) the relation

L[ @ike)"™ = Qik,y '] 1t
=2 [( ) —_— - [ _ (2i€) logla()a®)s.
(2.2.47)

one can

m=1

which is usually referred to as the trace formula.

2.2.3 Inverse scattering problem

The inverse problem consists of constructing a map from the scattering data,
that is, (i) the reflection coefficients p(k) and p(k) on the real axis, (ii) the
eigenvalues {kj};:l and {Ej};zl, and (iii) the norming constants {cj}j:] and
{5 j}]J.zl, back to the potentials. First we use these data to recover the Jost
functions. Then we recover the potentials in terms of these Jost functions.

In the previous section, we showed that the functions N(x, k) and N(x, k)
exist and are analytic in the regions Im k& > 0 and Im k& < O, respectively, if
g, r € L'(R). Similarly, under the same conditions on the potentials, the func-
tions u(x, k) and fi(x, k) defined by (2.2.32) are meromorphic in the regions
Im k£ > 0 and Im k < O, respectively. Therefore, in the inverse problem we
assume that the unknown functions are sectionally meromorphic. With this as-
sumption, equations (2.2.31a)—(2.2.31b) can be considered to be the jump con-
ditions of a Riemann-Hilbert problem. To recover the sectionally meromorphic
functions from the scattering data, we convert the Riemann—Hilbert problem to
a system of linear integral equations with the use of the Plemelej formula [7].

Case of no poles

We begin by solving the Riemann—Hilbert problem in the case where w and &
have no poles. Introducing the 2 x 2 matrices

m. (x, k) = (u(x, k), N(x, k), m_(x, k) = (N(x, k), i(x, k),
(2.2.48)
we can write the “jump” conditions (2.2.31a)—(2.2.31b) as

m, (x, k) — m_(x, k) = m_(x, k)V(x, k), (2.2.49)

where

. _ - —2ikx
p(OpK)  —plk)e ) (2.2.50)

V(x, k) = .
()C ) <,O(k)€2’kx 0

and

my(x, k) —> 1



32 2 Nonlinear Schrédinger equation

as |k| — oo in the proper half-plane. We consider the projection operators

+ _ /+oo f©)
P=(f)k) = i) TG0 —(k:l:iO)dg' (2.2.51)

If f1(k) is analytic in the upper/lower k-plane and f1(k) — O as |k| — oo for
Im k 2 0, then

PE(fe)(k) = 0, PE(fa)k) = £ fi(k).

Applying P~ to (2.2.49) yields

~+00
m_(x, k)_I+—/ %dé, (2.2.52)

which allows one, in principle, to find m_(x, k). Note that, as |k| — oo,

1 +00
m_(x,k)=1— ik | m_(x, E)V(x, £)dE + O(k?). (2.2.53)
Taking into account the asymptotics (2.2.20a)—(2.2.20d), the definitions
(2.2.49)—(2.2.50), and comparing with equation (2.2.53) we obtain the po-
tentials in terms of the scattering data, that is,

1 +00 )
r(x) = — / p(k)e*™ NP (x, k)dk (2.2.54a)
7)o
1 +00 ) _q
gx) = — f p(k)e 2 NV (x, kydk. (2.2.54b)
T J-x
Case of poles

Suppose now that the potential is such that a(k) and a(k) have a finite number
of simple zeros in the regions Im k > 0 and Im k < 0, respectively, which we
denote as {k;, Imk; > 0}/J.=1 and {k;, Imk; < O}IJ.ZI. We shall also assume
that a(§) # 0, a(&¢) # 0 for any £ € R. As before, we apply P~ to both sides
of (2.2.31a) and P to both sides of (2.2.31b). Taking into account the analytic
properties of N, N, u, and & and the asymptotics (2.2.20a)—(2.2.20d) and using
(2.2.36), we obtain

_ J C o2ik; xN (x)
N(x,k):( >
]21: (k —kj)
L[ p(§)e* " N(x,§)

wi) . e (2.2.55)
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J A 721kx
N(x,k):( ) ZC]e(k kN) )

L[ pE)e YN, §)
2mi ) o E—(k+i0)

dt, (2.2.55b)

where N;(x) = N(x, k;), N;(x) = N(x,k;), and we introduced

Cj - Ci
C- = J s C = Z y 2256
T dl (k) T aky) ( )

with ’ denoting the derivative with respect to the spectral parameter k. Note that
the equations defining the inverse problem for N(x, k) and N (x, k) now depend
on the extra terms {N j()c)}jj.=1 and {N l(x)}ljzl. In order to close the system,
we evaluate equation (2.2.55a) at k = k; forany [/ = 1, ..., J and (2.2.55b) at
k=kjforany j =1,...,J, thus obtaining

2ik;x
= () 3 e

| p(é)ez’ExN(x £,

i) A (2.2.57a)

J C‘ 72i12mem
v = (1)« =T

1 [ p(E)e 2 N(x, &)
5] % (2.2.57b)

Equations (2.2.552)—(2.2.55b) and (2.2.57a)—(2.2.57b) together constitute a lin-
ear algebraic—integral system of equations which, in principle, solve the inverse
problem for the eigenfunctions N(x, k) and N (x, k).

By comparing the asymptotic expansions at large k of the right-hand sides of
(2.2.55a) and (2.2.55b) to the expansions (2.2.20b) and (2.2.20c), respectively,
we obtain

J +00
r(x) =2 y 7 C;NP(x) + % / p(E)¥E N (x, £)dE  (2.2.58a)

j=1

J +o00
o - 1 P
gx) =2iy e NP + = / p(E)e 2 NV, £)d,
- T
J:] —00
(2.2.58b)
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which reconstruct the potentials and thus complete the formulation of the in-
verse problem (as before, the superscript £ denotes the £-th component of the
corresponding vector).

If the potentials decay rapidly enough at infinity, so that p(k) can be analyti-
cally continued above all poles {k j» Imk; > _O};:] and p(k) can be analytically
continued below all poles {IE_,-, Im IEj < O}JJ.:l, then the system of equations

(2.2.552)—(2.2.55b) and (2.2.57a)—(2.2.57b) can be simplified as follows:

1) 1 p(E)e* N (x, E)dg (2.2.59)

o)t CO £E—k
o) [ AN, )
1 27i Je, E—k

N(x, k) = (

N(x, k) = ( d&, (2.2.59b)
where Cy is a contour from —oo to 400 that passes above all zeros of a(k) and
Co is a contour from —oo to +oo that passes below all zeros of a(k).
With the same hypothesis, equations (2.2.58a)—(2.2.58b) can be written as

r(x) = % p(£)FE NP (x, £)de (2.2.60a)
Co

1 - —2i&x 37D
q(x)=;  pE)TEN (x, £)dE. (2.2.60b)
Co

Gel’fand—Levitan—Marchenko equations

We can also provide a reconstruction for the potentials by developing the
Gel’fand-Levitan—Marchenko integral equations, instead of using the projec-
tion operators (cf. [21], [192]). Indeed, let us represent the eigenfunctions in
terms of triangular kernels,

0 +00 )
N(x, k)= < ) +/ K(x, S)efzk(xfs)ds

1
s>x, Imk>0 (2.2.61a)
_ 1 too _ .
N(x,k) = (0> +f K(x, s)e* " ds
s>x, Imk<O. (2.2.61b)

Applying the operator 5= [ "> dk ="~ for y > x to the equation (2.2.5%a),

o0
we obtain

400
K(x,y)+ (?) F(x +y) +/ K(x,s)F(s + y)ds =0, (2.2.62)
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where
1 . Lo S
Fx) = Z/(;Op(é)e dé = E/;oo p(&)e>"ds —i ;:1 Cje™".
(2.2.63)

Analogously, operating on equation (2.2.59b) with ﬁ fj;o dk "= for y >
x gives

+o0
K(x,y)+ (é) F(x +y) +f K(x,)F(s+y)ds =0, (2.2.64)

where
Foo =5 [ pee s = o [ T p@e e i3 ¢
x)=— | pE&)e = — p(&)e i et
2w Je, 2 J_ = !
(2.2.65)

Equations (2.2.62) and (2.2.64) constitute the Gel’fand—Levitan—-Marchenko
(GLM) equations.

Inserting the representations (2.2.61a)—(2.2.61b) for the eigenfunctions into
equations (2.2.60a)—(2.2.60b), we obtain the reconstruction of the potentials in
terms of the kernels of GLM equations, that is,

g(x) = —2KV(x,x),  r(x) = —2KP(x, x), (2.2.66)

where, as usual, K and K" for j = 1,2 denote the j-th component of the
vectors K and K, respectively.

If the symmetry r = F¢* holds, then, taking into account (2.2.392)—(2.2.41),
it is easy to check that

F(x) = FF*(x) (2.2.67)
and consequently
’ KOG, y) "
K(x,y) = (zFK(”(x, y)) . (2.2.68)

In this case, equations (2.2.62)—(2.2.64) solving the inverse problem reduce to

+o0 400
KV, y)=+F*(x+y)F / ds/ ds'KV(x, s"VF(s + s)F*(y + 5),
' ' (2.2.69)

and the potentials are reconstructed by means of the first of (2.2.66).

Existence and uniqueness of solutions

The question of existence and uniqueness of solutions of linear integral equa-
tions is usually examined by the use of the Fredholm alternative. For example,
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under suitable assumptions on the decay of the potentials, the restriction
r = Fq* is sufficient to guarantee that the solutions of (2.2.62) and (2.2.64)
exist and are unique. To show this, consider the homogeneous equations
corresponding to (2.2.62) and (2.2.64) (y > x):

+00
h(y) + / ha(s)F(s + y)ds =0 (2.2.70)

+00
ha(y) + f hi(s)F(s 4+ y)ds = 0. (2.2.71)

Suppose h(y) = (h1(y), ha(y)) is a solution of (2.2.70)—(2.2.71) that vanishes
identically for y < x. Multiply (2.2.70)—(2.2.71) by (h}, h3), integrate in y, and
use

o0 o0
/ |hj(y)|2dy=/ |h;(y)*dy.
X —0Q0
One obtains

/ {Ihl(y)l2 + [ ()P + / [h2(s)hT(Y)F (s + y)

+ hi ()R E(s + y)] ds} dy =0. (2.2.72)

If r = —g*, then the symmetry condition (2.2.67) allows the latter equation to
be written as

f {|h1(y)|2 + o) + 2i Im/ ha()h () F (s + y)dS} dy =0.

o]

The real and imaginary parts must both vanish, from which it follows that
h(y)=0.

Second, if 7(x) = ¢*(x), using (2.2.67), equation (2.2.72) becomes

o0 o0
/ {Ihl(y)l2 + [ (V)P + 2Re/ ha(s)h () F (s + y)dS} dy =0.
—00 —00
(2.2.73)
Moreover, in this case, the scattering problem is formally self-adjoint and there
are no discrete eigenvalues; therefore

+00
F(x) = 1 / p(E)eS dE. (2.2.74)

21 J_ o

The Fourier transform of £ ;(y) is

hie) = / hy(y)e S dy,
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which satisfies Parseval’s identity

*° 1 e
f |hj(y)|2dy = Z/ |/’lj(§)|2d«§ (2.2.75)

Substituting these results into (2.2.73) and reversing the order of integration
yields

Rl (A " b . A
[ {Ihl(—é)l2 + 11551 4+ 2Re [;(%‘)hl(—&)h;(é)} } d§ =0. (2.2.76)

o0

Since |(b/a)(&)| < 1, we have

<2 (=ENR5E)] < [ (=E)* + [ha(8) ],

b N N
2Re [;(s)hl(—é)hz@)}

and hence
h(y)=0.

We conclude that, when r = F¢g*, the integral equations (2.2.62), (2.2.64)
admit no homogenous solutions except the trivial one. The complete study of
the inverse scattering problem is outside the scope of this book. However, we
can say that when the kernel F'(x + y) is compact, as it would be when the
class of potentials is suitably restricted, then the Gel’fand—Levitan—Marchenko
equations are Fredholm. In this case, the Fredholm alternative applies, and
the latter equation implies that the solution of (2.2.62), (2.2.64) exists and is
unique.

Note that existence and uniqueness issues regarding the inverse problem have
been considered in a more general context in [27], [28].

2.2.4 Time evolution

We now show how the time evolution of solutions of the NLS can be obtained.
We do this by calculating the evolution of the scattering data. Then, by the
method of the previous section, one can reconstruct the evolution of the solution.

The operator (2.2.4) determines the evolution of the Jost functions, which

can be written as
A B
v = (C —A) v, 2.2.77)

where B, C — 0 as x — =00 (since we have assumed that g, — 0 as x —

400). Then the time-dependence must asymptotically satisfy

v = <A0°° _200> v as x — oo, (2.2.78)
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where

As = lim A(x, k) = 2ik>. (2.2.79)

|x]—>o00

The system (2.2.78) has solutions that are linear combinations of

et _ 0
) ()

However, such solutions are not compatible with the fixed boundary condi-
tions of the Jost functions (2.2.5)—(2.2.6). Therefore we define time-dependent
functions
D(x, 1) = e~ p(x, 1), d(x, 1) =e >p(x,t) (2.2.80a)
W(x, 1) =e A~"y(x, 1), W(x, 1) =e~"P(x,t) (2.2.80b)

to be solutions of the time-differential equation (2.2.77). Then the evolution
equations for ¢ and ¢ become

(A — Ay B ;[ A+ A B -
(2.2.81)
so that, by taking into account equations (2.2.24a)—(2.2.24b) and evaluating
(2.2.81) as x — +00, one obtains
dra(k) =0, dak) =0
3,b(k) = —2Ab(k), 3,b(k) = 2Ab(k)
or, explicitly,
atk,t) = ak,0), a(k,t) = a(k,0) (2.2.82a)
bk, 1) = e 4 bk, 0), bk, 1) = e bk, 0). (2.2.82b)
From (2.2.82a) it is clear that the eigenvalues (i.e., the zeros of a(k) and a(k)) are
constant as the solution evolves. Not only the number of eigenvalues, but also
their locations, are fixed. Thus, the eigenvalues are time-independent discrete
states of the evolution. In fact, this time invariance is the underlying mech-
anism of the elastic soliton interaction in the NLS (2.1.1) and in integrable

soliton equations in general. On the other hand, the evolution of the reflection
coefficients is given by

plk, 1) = p(k, 0™ p(k, 1) = plk, D) (2.2.83)
and this also gives the evolution of the norming constants:

Ci(1)=C;(0e™ 5", C;(1) = C;0)e*h". (2.2.84)
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The expressions for the evolution of the scattering data allow one to solve
the initial-value problem for the NLS. The procedure is the following: (i) The
scattering data are calculated from the initial time the (e.g., at + = 0) according
to the procedure illustrated in Section 2.1.1; (ii) the scattering data at later
time (say, ¢t = t1) is determined by formulas (2.2.82a)—(2.2.84); and (iii) the
solution at ¢ = #; is recovered from the scattering data using, for instance, the
reconstruction formulas (2.2.55a)—(2.2.58b).

2.3 Soliton solutions

In the case where the scattering data comprise proper eigenvalues, but p(§) =
p(&) = 0 for all £ € R, the algebraic—integral system (2.2.55a)—(2.2.55b) and
(2.2.572)—(2.2.57b) reduces to the linear algebraic system

B _ C e21k XN (.X)
Ni(x) = ( ) + ]Z: - (2.3.852)
Cme—Zlk,,,xN (.X)
Nj(x) = ( > + Z BT (2.3.85b)
m=1

The one-soliton solution is obtained for J = J = 1. In the relevant physical
case, when the symmetry » = —g™ holds, by taking into account (2.2.38b) and
(2.2.41), we get

-1
C* . C 2 2i(ki—ki)x
Nfl)()c)z——1 e 2ikix 1——| 17e 3
ki—k (ki —K7)
-1
Cy |2 2itki—k)x
NO(x) = |:1_ [Cil7e i ’
(ki — &7)

where, as usual, N;(x) = (N\"(x), NP (x))T. Then from (2.2.58b) it follows
that

*

g(x) = =2in IC | e 2% sech(2nx — 26), (2.3.86)
1
where
C
ky=¢&+in,  *= sl] (2.3.87)
2n

and, taking into account the time dependence of C; as given by (2.2.84), one
finally gets the well-known one-soliton solution of the scalar NLS equation,

q(x, 1) = 2pe HERHAE = —iGotT/Dgech(Onx — 8Ent — 28)  (2.3.88)
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with
e?h0 = IC;_;O)I, Yo = arg C1(0) (2.3.89)
or, equivalently,
C1(0) = 2neotivo, (2.3.90)

Note that the velocity of this solution is 4& and its amplitude is 27. Therefore,
unlike the KdV solitons, in the NLS equation the height and the speed of a soliton
may each be specified independently. As a consequence, it is also possible to
construct a solution having two (or more) peaks with different amplitudes each
traveling at the same speed. In this case, the peaks will oscillate periodically in
amplitude and the separation between peaks will not increase in the long-time
limit [192]. Such a solution is considered a special two-soliton solution and not
a “breather” solution because the corresponding scattering data do not consist
of a minimal set of eigenvalues (i.e., there are four eigenvalues, not two).

We now consider the solution of the NLS ( r = —g*) corresponding to the
scattering data

{kj =& +in;, nj >0, C;}]_ Ulp§) =0for e R},

which is sometimes referred to as a reflectionless state. The reflectionless state
with 2J eigenvalues is a pure J-soliton solution of NLS. In order to get the
pure J-soliton solution, one can in principle solve the linear system (2.3.85a)—
(2.3.85b).

The problem of a J-soliton collision can be investigated by looking at the
asymptotic states as t — F00 and proceeding in a similar way as in [192]
or [120]. If &; # & for j # [, then for t — Fo0 the potential breaks up into
individual solitons of the form (2.3.88), that is,

J
¥ x. )~ gi(x.t)  t— oo (2.3.91)
j=1
with

qf(x, t) = 217_,e’zif/‘”“"(?/@*”?)[*i(‘/’.z'i+”/2)sech(2n_,-x —8&jn;t — 28?).
(2.3.92)

Let us fix the values of the soliton parameters such that §; < &, < --- < &;.
Then, as t — —oo, the solitons are distributed along the x-axis in the order
corresponding to &7, §5_1, ..., &;; the order of the soliton sequence is reversed
ast — +o00.In order to determine the result of the interaction between solitons,
we trace the passage of the eigenfunctions through the asymptotic states. We
denote the “soliton coordinates” (i.e., the center of the soliton) at the instant of
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time ¢ by x;(¢) (|¢| is assumed large enough so that one can talk about individual
solitons). If t — —o0, then x; < x;_; < --- < x1. The function ¢(x, k;) has
the form ¢(x, k;) ~ e % (1, 0)T whenx < x,. After passing through the J-th
soliton, it will be of the form ¢(x, k;) ~ a;(k;)e~*i* (1, 0)", where a; (k) is the
transmission coefficient relative to the J-th soliton. By repeating the argument,
we find

ﬂkx
P(x, kj) ~ ]_[ a,(k)( ) Xjp1 L X L Xj.

I=j+1

Upon passing through the j-th soliton, since the corresponding state is a bound
state, we get

P(x, k;) ~S; ]_[ a,(k)( ) X)L x L xjy. (2.3.93)

I=j+1

On the other hand, starting from x > x| and proceeding in a similar way, we
find for the eigenfunction v the following asymptotic behavior:

Y(x, k; )~]_[az(k )( m) X; L x L xjy, (2.3.94)

where we have used (2.2.24a)—(2.2.24b) and solved for ¥, ¥ in terms of ¢, .
Then, comparing (2.3.93) and (2.3.94) and recalling (2.2.34) and (2.2.56), we
get

S; ]_[ aik;) = a'(k;)C; Ha,(k) (2.3.95)

I=j+1

From (2.3.90) we deduce that
Sj(t) — 27]j€74[k?t+25j+[1//j ,

where §; and v; are real functions of time. Equation (2.3.95) yields

Ci(t) ~ 21eHH 4V — ,(k) H ai(k )]_[am(k e
I=j+1

where §;, ¥, denote the asymptotics of the functions §;, ¥; as t — —oo.
By proceeding in a similar fashion as ¢t — 400 and taking into account that
the order of solitons is reversed, we get

Cj(0) ~ 2nje T ,(k)l"[amk) [T a1+
m=j+1
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therefore we conclude that

j—1 J
Q20 =S+~ Hal(kj)2 1—[ am(kj)‘z.
=1 m=j+1

Using formula (2.2.45) for the pure one-soliton transmission coefficient, we
obtain

j—1 2 J £\ 2

. - ki—k ki —k

267 =8+ V) =| | ot M | | L _m) 2.3.96

¢ =1 (kj_kl*> —; (kj_k ) ( )
= m=j+1 m

According to (2.3.89), (2.3.92), this last formula provides the phase shift of the
Jj-th soliton on the transition between the asymptotic states ¢ — =00 due to the
interaction with the other solitons.

For instance, in the two-soliton case we obtain

ky — k3
5f =87 = — (55 —8;) =log ki — ki (2.3.97a)
ky — k3 : ki —ka ’
F—y = e Ty, = ——— ). (2397b
v - arg(kl_b) Vi -V, arg(kf_kz) (2:397b)

2.4 Conserved quantities and Hamiltonian structure

Equation (2.2.82a) shows that a(k, t) and a(k, t) are conserved in time. Recall-
ing (2.2.6) and (2.2.24a), we have

alk) = lim ¢V(x, k)e'*, (2.4.98)
X—>—+00
where ¢ = (¢V, ¢(2))T satisfies the scattering problem (2.2.3) with bound-

ary condition (2.2.5). Eliminating ¢® from the scattering problem (2.2.3) and
substituting

dV(x, k) = e~ikxté (2.4.99)
results in a Riccati equation for y = ¢ :

2iky =2 —qr 44 (g) . (2.4.100)

X

Because ¢ vanishes as [k| — co (Im k > 0), we may expand

o Vn(-xa t)
L ik

y(x, 1) = (2.4.101)
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Substituting this into (2.4.100) and matching the corresponding power of 2ik
yields

Y1 = —qr, Y2 = —qrx
Y n—1
Yn+l = 4 (_n) + Z YkVYn—k-
4/x =1

From (2.2.46) and the fact that ¢ vanishes as x — —o0, it follows that

+00 Fn

loga(k) =  ——, 2.4.102
oga(k) ; i (24.102)
where
~+00
r, = / Va(x)dx. (2.4.103)
—00

But log a(k) is time-independent (for all k£ with Im k£ > 0), so I, must be time-
independent as well. Thus we get an infinite set of (global) constants of the
motion, and the first few are

I - / gr(ody,  Th=— f gQorddx,  (2.4.104a)

I3 = / (42 ()2 (x) + (q(x)r(x))) dx, (2.4.104b)

and so on. With the reductions r = Fg*, these constants of the motion can be
written as

r = j:/ lg(x)|>dx, I, = :I:/q(x)q;‘(x)dx, (2.4.105a)

rs = f (Fax (g ) + lg()]Y) dx, (2.4.105b)

and so on.

It is known that the equations solvable by the IST are completely integrable
Hamiltonian systems and IST amounts to a canonical transformation from phys-
ical variables to (an infinite set of) action-angle variables. The phase space M
is an infinite-dimensional real linear space with complex coordinates defined by
pairs of functions g(x), r(x). By analogy with finite-dimensional coordinates
labeled by a discrete parameter, the variable x may be thought of as a coordinate
label.

On the algebra of smooth functionals on the phase space M one can define
(see, for instance, [74]) a Poisson structure by the following Poisson brackets:

+o00
{F,G}:i/ (8F 06 _ 9F 4G )dx, (2.4.106)
—oo \8q(x)dr(x)  dr(x)dq(x)
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where the variational derivative is defined according to

6F(q,r)=F(q+éq,r+dér)— F(q,r)

_ [T (F 5F .\
_/,oo <6q(x> 109% 5 ’(x)) -

Obviously, the bracket (2.4.106) possesses the basic properties of Poisson brack-
ets, namely, it is (i) skew-symmetric:

{F,G}=—{G, F}, (2.4.107)
(ii) linear, that is, for any constants a, b:
{aF +bG,H}=a{F,H}+b{G, H}, (2.4.108)
and (iii) satisfies the Jacobi identity:
{F.{G,H}}+{H,{F,G}} +{G,{H, F}} =0. (2.4.109)

The bracket (2.4.106) is the infinite-dimensional generalization of the usual
Poisson bracket in the phase space R?* with real coordinates py, gi for k =

1,...,n:
~(df dg  df g
{f,g}=z<a—————>-
= \9qx Opx  Opi gk

The coordinates g(x), r(x) themselves may be considered as functionals on
M. Their variational derivatives are generalized functions,

dq(x) dr(x)
= 8(x — y), = (x — 24.110
5400 (x—y) 520) (x—y) ( )
8qtx) _ drlx) _ 2.4.111)

sr(y)  8q(y)
where §(x — y) is the Dirac §-function. Substituting (2.4.110) into (2.4.106)
gives
{g(x), g} ={r(x), r(y»)} =0
{g(x), r(y)} = id(x — ).
These formulas also yield
SF §F
—_— —1 F _— = —1 F .
54 i{F, r(x)}, 500 i{F, q(x)}

A dynamical system is said to be Hamiltonian if it is possible to identify
generalized coordinates ¢, momenta p, and a Hamiltonian H (p, g, t) such that
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the equations of motion of the system can be written as

i)
8_‘: = {q. H) (2.4.112a)
9

a_lt’ = {p, H}, (2.4.112b)

where {, } denotes the Poisson brackets. Equations (2.4.112a)—(2.4.112b) are
called Hamilton’s equations of motion, and the variables (p, g) are called
conjugates.

The dynamical system (2.1.2a)—(2.1.2b) is Hamiltonian, as may be seen from
the identifications:

coordinates (g) : q(x,t) (2.4.113a)

momenta (p) : r(x,t) (2.4.113b)
+00

Hamiltonian (H) : i/ (qxrx + (qr)z) dx (2.4.113¢)
—00

with the canonical brackets

{glx, ), r(y, 1)} = id(x — y) (2.4.114a)
{gx,t),q(y, )} = {r(x, 1), r(y,t)} = 0. (2.4.114b)

Note that the Hamiltonian is given by the conserved quantity (2.4.104b).

In the case when the initial data satisfy the additional symmetry r = Fg*, we
identify coordinates g (x, ), momenta g™ (x, t). The corresponding Hamiltonian
and brackets are given by

+00
H =i/ (F lg:1* + IqI*) dx (2.4.115)
lax. 0, q* (v, D)} = id(x — y) (2.4.116)

g, 0. g, 0} = {g"(x, 0. 4" (v, 0} = 0. (2.4.117)



Chapter 3

Integrable discrete nonlinear Schrodinger
equation (IDNLS)

3.1 Overview

In general, any given discretization of an integrable PDE is most likely to be
nonintegrable. Even though the integrable PDE is the compatibility condition
of a linear operator pair, there is, in general, no pair of linear equations cor-
responding to a generic discretization. Furthermore, given a discretization that
appears to be integrable — for example, one for which numerical simulations
suggest the elastic interaction of solitons — there is no algorithmic method
to construct the associated linear pair from the discrete system. However, the
IDNLS,

.d 1 2
i = 75 @1 = 200 + @) £ |9, @ns1 +@n-1). B.LD)

is a straightforward discretization of the NLS (2.1.1), for which there is such an
associated operator pair (see equations (3.2.4)—(3.2.5)). With this operator pair,
the initial-value problem for the IDNLS can be solved via the inverse scattering
transform. In this chapter, we formulate the IST, on the doubly infinite lattice
(i.e., —00 < n < 400), for the somewhat more general system

d
iEQn = Qn+1 - 2Qn + Qn—l - Qan (Qn+l + Qn—l) (3123)

d
_id_Rn = Rpy1 — 2R, + R,—1 — Ou R, (Rus1+ Ru—1) (3.1.2b)
T

and include the IDNLS (3.1.1) as a special case.

The essential outline of the IST for the IDNLS (3.1.1) matches step-by-step
the IST for the NLS as described in Chapter 2. Moreover, the continuum lim-
its of the key equations in the IST for the IDNLS have as their continuum
(i.e., h — 0) limit the corresponding equations in the IST for the NLS. While
there are important differences in the details, the steps described in Chapter 2
provide a useful guide for this formulation of the IST for the IDNLS. By

46
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comparing the corresponding sections of Chapters 2 and 3, the reader can iden-
tify the modifications required to adapt the IST to the discrete equation.

The treatment of the direct problem given here closely mirrors that in [11]
(see also [21]). However, here we allow the potential to have infinite support on
the lattice, whereas [11] formulates the direct problem for potentials with finite
support. Indeed, we show that the direct problem is solvable if Q, and R, are
such that || Q,|l;, l|R.|l; < oo, where || Q.|| = ,j;";w | Q| is the (discrete)
¢'-norm. This extension to potentials with infinite support is significant in
light of the fact that the soliton solutions, while decaying (exponentially) as
n — =00, have infinite support.

We formulate the inverse problem as a Riemann—Hilbert boundary-value
problem, in analogy with the inverse problem for the differential scattering prob-
lem associated with the NLS, as described in Chapter 2 [6]. As in the inverse
problem for the NLS, the Gel’ fand-Levitan—Marchenko integral equations fol-
low from the Riemann—Hilbert problem. The Riemann—Hilbert approach was
partially developed in [41], but no solutions were explicitly calculated. Here,
we show how to obtain solutions concretely, including the soliton solutions,
from the Riemann—Hilbert approach to the inverse problem.

Just as in the IST for the NLS, the soliton solutions for the system (3.1.2a)—
(3.1.2b) and the IDNLS (3.1.1) correspond to the case in which the inverse
problem reduces to a linear—algebraic system of equations that can be solved
explicitly. Hence, we solve this system to obtain the soliton solutions. In particu-
lar, we show that nonsingular soliton solutions can exist even when R, # — Q7
(i.e., when (3.1.2a)—(3.1.2b) does not reduce to IDNLS). Instead, we iden-
tify conditions on the scattering data that are sufficient for the existence of a
nonsingular soliton solution. Soliton solutions for which R, # — Q}; are a gen-
eralization of the usual soliton solutions of the IDNLS. Moreover, for the case
R, = —Q;, we obtain a formula for the soliton phase shifts that result from
soliton interactions.

The IDNLS has infinitely many conserved quantities and a Hamiltonian
structure. As in the case of the NLS, the conserved quantities are derived from
the IST machinery. We describe these in the final part of this chapter.

‘We encourage the reader to also consult some of the references (e.g., Ablowitz
et al. [1, 13]; Black et al. [32]; Bobenko et al. [33, 34]; Boiti et al. [35-
37]; Bruschi et al. [42, 43, 45]; Case et al. [48, 49]; Chiu and Ladik [53];
Common [56]; Doliwa and Santini [66, 67]; Gerdjikov et al. [86]; Herbst and
Weideman [93]; Hirota [94-96]; Kac and van Moerbeke [98, 99]; Konotop
et al. [109, 111]; Nihoff and Capel [139]; Orfanidis [141]; Ramani et al. [143];
Suris [156-160]; Taha and Ablowitz [161-164]; Tsuchida et al. [168—-172];
Vakhnenenko et al. [173]; Vekslerchik [175, 176] ; Veselov and Shabat [177]
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and references therein) for related studies involving discrete integrable systems
from various perspectives.

3.2 The inverse scattering transform for IDNLS
3.2.1 Operator pair

One approach to the construction of integrable semi-discrete nonlinear evolu-
tion equations is to compute the compatibility condition of a spatially discrete
scattering problem and a time-dependence equation. In particular, in order to
construct an integrable spatial discretization of an integrable PDE, one can first
discretize the scattering problem associated with the PDE. Then, by suitably
expanding the time-dependence matrix in powers of the scattering parameter,
one can derive compatible systems of ODEs. This method was used success-
fully in [11] to construct the integrable discretization of NLS, that is, the IDNLS
(3.1.1).
A natural discretization of the scattering problem (2.2.3) is

Un+1 — Un _ (_lk qn

2
p ik > U + O(h2), (3.2.3)

where v, = v(nh) = (v} vf,z))r, gn = q(nh),and r, = r(nh). We rewrite this

finite difference as
z Oy
Upt1 = <Rn Z_l> Un, 3.2.4)

where
On=hq,, Ry=hr,, z=e¢ " =1—ikh+ Oh?>),
=M =1 +ikh + 0%
and then drop terms of O(h?) and higher. The scattering problem (3.2.4) is

sometimes referred to as the Ablowitz—Ladik scattering problem. Given the
scattering problem (3.2.4) and the time-dependence equation (cf. [21])

d ] anf_L -z i n - n—
- Uy = lQ. ~1 2(Z ‘ ) . l(ZQ Z, Q 1_)1 2 Un, (325)
dt l(Z Rn - ZRnfl) _an anl + E(Z —Z )

the discrete compatibility condition dirvnﬂ = ((;1_'[ Um),_, .1 isequivalent to the

evolution equations (3.1.2a)—(3.1.2b).
In order to obtain the IDNLS (3.1.1) from the system (3.1.2a)—(3.1.2b), we
change variables as follows:

0, — hq,, R, — hr,, T—>ht (3.2.6)
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Then the system (3.1.2a)—(3.1.2b) becomes
. 1
lEQn = ﬁ (Gn+1 = 2¢n + Gu—1) — quTn (@ny1 + qu—1) (3.2.72)
4 : ( 2ry +rn-1) (rpt1 +rp—1),  (3.2.7b)
1Ty = 75 Fn+1 — 2Fn T Tp—1) — gntn Iy Tn—1), e
dr p2 ol 1) = qn"n i1 1

which corresponds to the IDNLS (3.1.1) under the reduction r, = Fq;;.

In the limit 2 — 0,nh — x, the system (3.2.7a)—(3.2.7b) becomes (2.1.2a)—
(2.1.2b). Moreover, in this limit the time-dependence equation (3.2.5) becomes
(2.2.4), that is, the time-dependence equation for the NLS. It is noteworthy
that the usual form of the time-dependence matrix does not have a convergent
continuum limit (cf., e.g., [21]), but here we have chosen the gauge so that the
continuum limit exists. Also, the discrete scattering problem (3.2.4) becomes,
in the continuum limit, the scattering problem (2.2.3) associated with the NLS.

3.2.2 Direct scattering problem
Jost functions and summation equations

We refer to solutions of the discrete scattering problem (3.2.4) as eigenfunctions
with respect to the parameter z. When the potentials |Q,|, |[R,| = 0 asn —
400, the eigenfunctions are asymptotic to the solutions of

z 0
Upt1 = 0 Z,I Up.

Therefore, it is natural to introduce the eigenfunctions defined by the following
boundary conditions:

¢u(z) ~ 7" ((1)> . @)~z <(1)> asn — —oo (3.2.8a)

Yu(2) ~ 27" (?) ) Vn(2) ~ 2" (é) asn — +o0o. (3.2.8b)

In the following analysis, it is convenient to consider functions with constant
boundary conditions. Hence, we define the Jost functions as follows:

M,(2) = 27" Pu(2), M, (z) = 7"¢,(2), (3.2.9a)
N,y(z) = 2"Ya(2), N,.(2) = 27" Y (). (3.2.9b)

If the scattering problem (3.2.4) is rewritten as

Upny1 — Zvn = ann»
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where
Z O I O Qn
7= = , 2.1
(2) a=(2%) e
then the Jost functions are solutions of the difference equations
Myi1(2) — 27 ZM(2) = 7' Qu M, (2) (3.2.11a)
Mn+1(Z) - ZZMn(Z) - ZQnMn(Z) (3211b)
Ny41(2) — 2ZN,(2) = 2Qu Nu(2) (3.2.11¢)
Nut1(z) — 27'ZN,(2) = 27" QuN,(2) (3.2.11d)

with the constant boundary conditions

M,(z) — <(l)> ) M,(z) —> ((1)) asn — —oo  (3.2.12a)

Nu(2) — <(1)) N,(2) - (é) asn — 400. (3.2.12b)

In analogy with the continuous case, we use the method of Green’s functions
to construct a set of summation equations whose solutions satisfy, respectively,
the difference equations (3.2.11a)—(3.2.11b) with the appropriate boundary con-
ditions (3.2.12a)—(3.2.12b).

The Green’s function corresponding to (3.2.11a), or, equivalently, (3.2.11d),
is a solution of the summation equation

G, — 2 '2G, =z77"60,1, (3.2.13)

where

s [0 n#0
0 =11 n=0.

Now, if v, satisfies the summation equation

+00
ve=w+ Y G Qe (3.2.14)

k=—00

where G,, is a solution of (3.2.13) and w satisfies
w—z"Zw =0, (3.2.15)

then v, is a solution of the difference equation (3.2.11a) or, equivalently,
(3.2.11d). The Green’s function is not unique, and, as we will show in the
following, the choice of the Green’s function and the choice of the inhomoge-
neous term w together determine the Jost function and its analytical properties.
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To find the Green’s function explicitly, we first note that the equations for the
components of (3.2.13) are uncoupled. Hence, the off-diagonal terms can be
set to zero and

(1)
_ (& 0
G, = < 0 gf?) , (3.2.16)
where, according to (3.2.13), g,(,j ) must satisfy
g =g =771, j=1,2 (3.2.17)
with
bV =1, pP =772 (3.2.18)
Next, we represent gg,j ) and 0. as Fourier integrals,
. 1 T 1 e
V=5 P2V (p)dp,  don=— p"ldp.
wi J, 2mi J,

pl=1 pl=1

Substituting these integrals into the difference equations (3.2.17), we obtain

) 1
50D .
§7(p =z b0
and

1 1 .

G) — 1 1 b -
2mi Ipl=1 p—b(j)p

gV =z" dp. (3.2.19)

The integral in (3.2.19) depends only on whether the pole b/’ is located inside
or outside the contour of integration. However, when |z| = 1 we have |b<‘>| =
‘b(z)‘ = 1, that is, the poles are on the contour |p| = 1. In analogy with the
approach used for the continuous scattering problem, we consider contours that
are perturbed away from | p| = 1 to avoid the singularities. Let C°" be a contour
enclosing p = 0 and p = b, and let C' be a contour enclosing p = 0 but not
p = b (see Figure 3.1).
Consequently, we get

n—1
r(lj),out _ ZAL. 1 _prldp = 7! (b(-’)) n>1
2mi cout P — b(]) 0 n < 0
(3.2.20)
and

. 1 1 0 n>1

(Ghin _ —1_~ _— pnlgp = 7! n— -
§ T mi Jow p—p0? T [—(b(f)) ' oa<o

(3.2.21)
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cout cin

Figure 3.1: The contours C°* and C™ for the integrals in (3.2.19) that avoid singularities
atp=0and p =772

By substituting one or the other of (3.2.20) or (3.2.21) into (3.2.16), with b’
given by (3.2.18), we obtain two Green’s functions satisfying (3.2.13), that is,

_ 1 0
sz(Z) =z ]0(}1 — 1) (0 Zz(n1)> (32223)
ald -1 1 0
Gn(Z) = —Z 9(_71) 0 Z_z(n_l) 5 (3222b)

where 6(n) is the discrete version of the Heaviside function, that is,

. 1 n>0
Oy =Y Sox = {0 2o (3.2.23)

k=—o00
Taking into account the boundary conditions (3.2.12a)—(3.2.12b) and the
relation (3.2.15) for the inhomogeneous term in (3.2.14), if Q,, R, — 0 as
n — 00, we obtain the following summation equations for M,,(z) and N, (z):

+00

M,(z) = (é) + Y Gl @QUM() (3.2.24a)
k=—00

_ 1 = ~ -

Na(2) = ( 0) + Y G @QUN(R). (3.2.24b)
k=—o00

A similar approach yields summation equations for M, (z) and N, (z):

+00
M,(z) = (?) + Y Gl @QuM(z) (3.2.24¢)

k=—00
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+00
Nu(z) = (?) + Z Gz,k(z)()ka(z), (3.2.244d)
k=—00
where
2n—1)
Gi(z) =z6(n —1) (Z 0 (1)> (3.2.25a)
2n—1)
G,Z(z)z—ze(—n)(Z 0 ?) (3.2.25b)

Existence and analyticity of the Jost functions

We now prove the existence and the sectional analyticity of the Jost functions.
We will make use of Lemmas A1l and A2 proved in Appendix A.

Lemma 3.1 If | Q] = Y73 [Qu| < 00 and ||R|ly = Y73 |Ru| < 00, then
M, (z), N,(z) defined by (3.2.24a), (3.2.24d) are analytic functions of z for
|z| > 1 and continuous for |z| > 1, and M,(z), N,(z) defined by (3.2.24b),
(3.2.24c) are analytic functions of z for |z| < 1 and continuous for |z| < 1.
Moreover, the solution of the summation equations (3.2.24a)—(3.2.24d) is
unique in the space of bounded functions.

Proof First we consider the Jost function M, (z). The Neumann series

M,(z) =) Ci), (3.2.26)
j=0
where
C(z) = (é) (3.2.27)
. I>® ~ .
CiM'@ =Y G @QUCl). j=o0. (3.2.28)
k=—o00

is, formally, a solution of the summation equation (3.2.24a). To make this
rigorous, we establish a bound on the C; such that the series representation
(3.2.26) converges absolutely and uniformly in » and uniformly in z in the
region |z| > 1.

The componentwise summation equation for M, (z) is

n—1
MP@)=1+z" ) M) (3.2.29a)
k=—o00
n—1
MP@) = Y O RM ), (3.2.29b)

k=—00
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and equation (3.2.28) in component form is

n—1
G =" Y 0P @),
k=—o00
) n—1 ]
C,{H’(z)(z) = 7! Z Z72(n—1—k)RkC]£,(1)(Z). (3.2.30)
k=—o00

Since C,?'(z) = 0, it follows also that C,zljfl’(l) =0, Cﬁj’(b =0 for any j > 0,
and we only need to find bounds for ¢y and C;7® . Then we prove by
induction on j that, for |z| > 1,

(Zi o r) (T 10ul)

. k=— k k=— k

|2+ )| < = = (3.2.31a)
G+ 1! il

+1 Jj+1
L rd) (S 1)
C2U+D.) ( = . (3.231b
G0l = Gy G+ 1! (32310

The inductive step is the application of (3.2.30) twice. One iteration yields

B k-1 Y
|C,3’“’(2>(z)|sk_z;|Rkl< L;‘;me') < @:leel)
(zi et & =

| Ry | I ;

< y
J: k=—00

then, applying Lemma A.2 completes the induction for (3.2.31a).
The next iteration of (3.2.30) yields for |z| > 1

n—1
|22 07| < Z 104 ’Czjﬂ,(z)‘
— J j+1
o (o) (SE L Ra)
< Y 10 - '
— J! G+ D!

_( k) Zi o (Et2l)’ ’Z—I,OOIQeI)»

(j+ D!

s

and we again use Lemma A2 to complete the induction.

The bounds (3.2.31a)-(3.2.31b) are absolutely and uniformly (in n)
summable if || Q|,, | R]l; < oo, where |||, is the £'-norm. Moreover, in this
case, the Neumann series (3.2.26) converges uniformly for all |z| > 1. Hence,
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since we have a uniformly convergent series of functions analytic in |z| > 1 and
continuous in |z| > 1, the function M, (z) exists and is analytic in the region
|z] > 1 and continuous for |z| > 1. Note that we originally constructed M,(z)
for |z| = 1, but the summation equation allows us to extend M,,(z) to the region
lz| > 1.

Because the Neumann series (3.2.26) converges absolutely, this yields a con-
vergent Laurent series in powers of 7! for the solution M,,(z). Thus, the bounds
(3.2.31a)—(3.2.31b) establish that M, (z) is analytic in the region |z| > 1 when
0,, R, €',

To prove the existence and analyticity of the Jost function N, (z), it is con-
venient to rewrite the difference equation (3.2.11d) as

(1 = QuRIN, —2Z7 "N,y = —2Q, Ny,

with Z and Q,, given in (3.2.10), and to define the modified Jost function as

Nn(z) =Cn Nn(z)’ (3.2.32)
where
400
e =[]0 - QxR0 (3.2.33)
k=n

Note that the product ¢, converges absolutely if || Q||;, | R]l; < oco. The modi-
fied Jost function Nn(z) must satisfy the difference equation

Ny =227 ' Ny = —2Qu Ny (3.2.34)
with the boundary condition

No(z) —> ((1)) asn — +00. (3.2.35)

By using the method of Green’s functions, we obtain the summation equation
. 1 =X A e
N, = (0) + k;oo G QN (3.2.36)
where
A 1 0
G, (z) = —z6(—n) (0 Z2">

for the solution of the difference equation (3.2.34) with the boundary condition
(3.2.35).

Now, to prove the existence of the Jost function N, (z), we first prove the
existence of the modified Jost function N,(z). As before, we construct the



56 3 Integrable discrete nonlinear Schrodinger equation

formal Neumann series,

A +oo A s
N =Y Cl, (3.2.37)
j=0
where
. 1
0 _
- ()
A s = A ~ A3
Citlo = > 6 Qb .  j=o0 (3.2.38)
k=—00

In the same way as before, one can show by induction that é‘,zlj LM _

0, C‘,%j’(z) = 0 for any j > 0 and that for |z] < 1

(02, 1R ™ (X000 10x1)

Fociante) < 3.2.39

|C P ()| < TE I ( )

. xR (S, 10)

|C5(J+1),(1)(Z)| < (Zkf"fl | "l) (Z"j" |Qk|) . (3.2.40)
(+n! G+ D!

The bounds (3.2.39)—(3.2.40) guarantee that, if || Q||;, [|R]|; < oo, then the
modified Jost function N, (z) — that is, the solution of the summation equation
(3.2.34) and the difference equation (3.2.34) — exists and is continuous in the
region |z| < 1. Moreover, N,(2) is analytic in the region |z| < 1. Then, from
(3.2.32) it follows that

Na(2) = ¢, ' Nu(2), (3.2.41)

where N, (z) is the solution of the summation equation (3.2.36) and ¢, is given
by (3.2.33), provided ¢,, # O for all n. Note that,if R, = —Q},then R, 0, <0,
and, therefore, ¢, > 0 for all n. Alternatively, if |R, Q,| < 1 for all n, then, also,
¢, > 0 for all n.

If, as we already assumed, the potentials are such that ||Q||;, ||R]l; < oo,

then the condition ¢, # 0V n € Z is equivalent to the condition

+00
o= [] U= QR #0 (3.2.42)
k=—o00
because all partial products sz(l — Qi Ry) are well defined and finite. Fur-
thermore, ¢, # 0 for all » if, and only if, (1 — O, R,) # 0 for all n. Moreover,
we will show that the quantity c¢_., is time-independent when the potentials
evolve according to (3.1.2a)—(3.1.2b) (cf. [11]). We conclude that, under the
assumptions || O], |R|l; < ocand (1 — Q,R,) # 0Vn € Z, N,(z) as defined
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by (3.2.41) satisfies the difference equation (3.2.11d) with the boundary con-
dition (3.2.12b) and the summation equation (3.2.24b). Finally, we note that
N ,.(2) is continuous in the region |z| < 1 and analytic in |z| < 1 since the series
is uniformly convergent and ¢, is independent of z.

Similar calculations show that N, (z) exists and is continuous in the region
|z] > 1, and that M, (z) exists and is continuous in the region |z| < 1 when
1OIl1, IR|l; < co. Moreover, under the same condition, N, (z) is analytic in
the region|z| > 1 and M, (z) is analytic in the region |z| < 1.

We remark that, as in the IST for the continuous NLS, the sectional an-
alyticity of the Jost functions is the key property in the formulation of the
inverse problem. Finally we note that M,,, M,, N,,, N, are unique in the space
of bounded functions. The proof of uniqueness described previously can be
applied to achieve this result (cf. Chapter 2).

Asymptotic behavior of the Jost functions in the complex z-plane
Because the Jost functions M, (z) and N,(z) are analytic in the region |z| >
1, they have a convergent Laurent series expansion about the point z = oo.
Similarly, because M, (z) and N,(z) are analytic in the region |z| < 1, they
have a convergent power series expansion about z = 0.

If we write the leading terms of the Laurent expansions of the components
of M, (z) as
(M) _ ap(D,0 4 _—1ps(1),~1 )
Mn - Mn tz Mn + O(Z )
2 2,0 4 —1372),—1 )
MP =MP0 4+ 7' MP T+ 0@,
then substituting these expansions into the componentwise summation
equations (3.2.29a)—(3.2.29b) and matching the powers of z ! yields

MO0\ (1 3243
mM>0) o0/’ G249
MO\ (YoM o (3.2.44
MO | = R,171M,§1_)’10 “\r,_, ) 2.44)
-~ n—1 (2),—1 n—
MO=2\ (ST 0umy (i QxR
v - P _ ) . (3.2.45)
n n—1 n

and so on. Moreover, one can show by induction that

M2t =0, MPH =0 Vj>0 (3.2.46)
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and that for any j > 1

n—1
My(£2),—2j+1 — Z RkM/EI)a—Z(J'HC—”) (3247)
k=n—j
] n—1 )
MO = N oM (3.2.48)
k=—00

so that the Laurent expansion of M, (z) as |z| — oo is of the form

14+ O(z 72, even)
M,(z) = , 3.2.49
@ <z1Rn1 +0(2, odd) (5:249)
where “even” indicates that the higher order terms are even powers of z~! while

“odd” indicates that the higher order terms are odd powers.
Analogously, one obtains for the coefficients of the power series expansion
of M,(z) about z = 0, that is,

— Ix .o . _ I L .
MY =>"7m, MY =3 P (3.2.50)
=0 =

the following relations:
M=o, mMP°=1, (3.2.51)
while for any integer j > 0

M;I),Zj — O, M;Z),Zj-&-l -0

andfor j > 1

D DY (3.2.52)

k=n—j

n—1
MP = 3 R (3.2.53)

k=—00

Therefore
- 20,1 + O(2*, 0dd)

M = . 2.54
n(@) ( 1 + O(z2, even) z=>0 (3.2.54)

A similar procedure gives the leading terms of the power series expansion
of N,(z) as well as the structure of the higher order terms. However, instead
of deriving the power series expansion of N ,(z) directly, we derive the power
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series expansion of the modified Jost function N,(z) (3.2.32). In the same
manner as before, one can show that

N 1 4+ O(z?%, even)

N,(z) =
@ (—an + 0(23, odd)

around z = 0. Recalling that N,(z) = cn’ll\A/n(z), where c,, given by (3.2.33),

is independent of z and by assumption ¢, # 0, we also have

_ '+ O(Z2, even)
n(2) = " ’ 2.55
Nal@) (—ch_an + o0&, odd)) (3.2.55)
around z = 0.
Similar calculations show that
—1,.-1 -3
_(=77¢, Qn+ O(z77, 0dd)
Nn(Z) = < C;1 + 0(172,even) ) |Z| > 1. (3256)

Scattering data

The two eigenfunctions with fixed boundary conditionsasn — —oo are linearly
independent, as are the two eigenfunctions with fixed boundary conditions as
n — 400. We show this by calculating the Wronskian of these solutions. Let

W, w) = det v, w| = vPw® — p@yp®

for any two vectors v = (v, V)T and w = (W, w?)7. The vector-valued
sequences v, and w, are linearly independent if W (v,, w,) # 0 for all n.

In particular, if v, and w, are any two solutions of the scattering problem
(3.2.4), their Wronskian satisfies the recursive relation

Wit Wag1) = (1 = Ry Qn) W (v, wn);

therefore, for any integer s > 1,

W (¢u(2), $,(2))

n—1
{ []a-R Qk)} W (bns(2). 6,-,(2)

k=n—s

n—1
{ []a-r Q@} W (M,—(2). M,_(2)).

k=n—s

and in the limit as s — 400 we get

n—1
W (a(2), $,(2) = [] (1 = Re Qo). (3.2.57)

k=—o00
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Recall that we have assumed that Q, and R,, are suchthat 1 — O, R,, # O for all
n, and therefore (3.2.57) proves that ¢,, ¢,, are linearly independent. Similarly,
for any integer s > 1,

n+s—1

W (9,2, ¥a(2)) = { [Ta- Rkar‘} W (¥4 (2): Yt (2)

k=n

n+s—1
= { []a-r QW} W (Nops(2), Nots(2)),

k=n

and the limit as s — 400, due to the boundary conditions (3.2.12b), yields

+00
W (¥,(). ¥a(2) = [ [ = Re@™". (3.2.58)
k=n

The discrete scattering problem (3.2.4) is a second-order difference equation.
Therefore, there are at most two linearly independent solutions for any fixed
value of z. Any other solution can be expressed as a linear combination of the
first two. Since both the “left” eigenfunctions, ¢,,(z) and ¢,(z), and the “right”
eigenfunctions, ¥, (z) and v, (z), are pairs of linearly independent solutions,
we can write ¢,(z) and ¢,(z) as linear combinations of v,(z) and V,(z), or
vice versa. The coefficients of these linear combinations depend on z. Hence,
the relations

$u(2) = b)Y (2) + a(2) ¥ ,(2) (3.2.592)
¢,(2) = a@)¥,(2) + bV, (2) (3.2.59b)

hold for any z such that all four eigenfunctions ¢,(z), ¢,(z), ¥,(z), and ¥, (z)
exist. In particular, (3.2.59a)—(3.2.59b) hold on |z| = 1 and define the scattering
coefficients a(z), @(z), b(z), and b(z).

Calculating W (#,(2), ¢,,(z)) using (3.2.592)~(3.2.59b) yields

W (¢0(2), 8, (2)) = [a(2)a(z) — b2)b() | W (V,(2), ¥a(2)) -

Using equations (3.2.57)—(3.2.58) to evaluate this as n — +00, we obtain

a(2)a(z) — b(z)b(z) = c_o (3.2.60)
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+o00
Cooo = lim ¢, = []a- R0 (3.2.61)

k=—00

This is a significant difference with respect to the continuous problem, where
the characterization equation (2.2.25) does not depend on the potentials.
Note that we can also introduce the “right” scattering data

Vn(2) = d(2)pn(2) + c(2)p,,(2) (3.2.62a)
V,(2) = E@2)pn(2) +d(2)p,(2), (3.2.62b)

which, according to (3.2.59a)—(3.2.59b) and (3.2.60), are related to the “left”
data through

400 +00
c@)= [[0-RQ0'a) )= [] (- RQ0az)

k=—00 k=—o0
(3.2.63a)
+00 _ _ +00
d)=—- [[ 1 -RQ0 () dx)=— [] (1 - RQ)'b(2).
k=—00 k=—00
(3.2.63b)

The scattering coefficients can be represented as Wronskians of the Jost
functions. Indeed, using (3.2.59a)—(3.2.59b), we obtain

b(z) = W (V,(2), $u(2)) = 2" cu W (N, (2), My(2))  (3.2.64)
b(z) = caW ($,(2), ¥u(2)) = 27", W (M4(2), Nu(2))  (3.2.64b)

a(z) = ca W ($u(2), ¥u(2)) = ca W (M,(2), Nn(2)) (3.2.64¢)
a@) = caW (¥,(2), $,(2)) = caW (Ny(2), My(2)),  (3.2.64d)

where ¢, is given by (3.2.33). Recalling the analytic properties of the Jost
functions, the expressions (3.2.64c)—(3.2.64d) show that a(z) has an analytic
extension in the region |z| > 1 while @(z) has an analytic extension in the
region |z| < 1. Because the Jost functions are continuous up to |z| = 1, the
functions a(z) and a(z) are also continuous up to |z| = 1. Moreover, substituting
the z- expansions of the Jost functions (3.2.49) and (3.2.54)—(3.2.56) into
(3.2.64¢)—(3.2.64d) immediately yields

a(z) = 1+ 0(z 72, even) as |z| —» oo (3.2.652)
a(z) = 1 + 0(z%, even) as |z| = 0. (3.2.65b)
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The scattering coefficients can also be written as explicit sums of the Jost
functions. The formulas are derived as follows. First, we obtain the relation

M,(z) — N,(2)a(z)

— +OO
:<1 oa(Z)>+ Y G @QUM) - 6, DQUNK()a()}

k=—00
by substituting the right-hand sides of the summation equations (3.2.24a) and
(3.2.24b) for M, (z) and N ,(z), respectively. Then, we use the identity

_, (10
G,(0=6,@+z" (0 Z2<nl)>

to get

+00

Mn(z)—Nn<z)a<z>=< “(Z)> D G (M)~ Rrtagaco)

+ Z ( 20— k)+l>QkMk(Z)-

Now, by the relation (3.2.59a), we can replace M,(z) — N,(z)a(z) with
272 N,(2)b(z) on both sides and use the identity (_};(z) = z’Z"G,’l(z) to obtain

+00
2" {Nn(z) - G;k<z>Qka(z)} b(z)

k=—00
1 —a(z) Xzt 0 B
- < Oa ) ) +k;oo (ZO 7 2n—h)+1 ) Qi Mi(2).

If we assume that the summation equation (3.2.24d) for N, (z) has a unique
solution, the term in curly braces is (0, 1)7, and then

+00
a@) =1+ Y ' OMP(2) (3.2.662)
k=—00
+00
b@) = Y ZHRMP (). (3.2.66b)
k=—o00

The same approach works for @(z) and b(z), and the corresponding expressions
are

+00
a@) =1+ Y R () (3.2.66¢)
k=—00
+00
b)= Y 0. (3.2.66d)

k=—00
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In the formulation of the inverse problem, we replace the Jost functions M,,(z)
and M, (z) with the functions

M) 1+0z?) )

/‘LH(Z) = a(z) = (Zanl + 0(273) (3267)
M@ (20,14 O@P)

fn(2) = 0 ( M ) (3.2.68)

Observe that 11,,(z) is meromorphic in the region |z| > 1 with poles correspond-
ing to the zeros of a(z), while fi,,(z) is meromorphic in the region |z| < 1 with
poles at the zeros of a(z). Also, we define the reflection coefficients

p(z) = @ p(z) = @ (3.2.69)
a(z) az)
so that the conditions (3.2.59a)—(3.2.59b) are equivalent to
Un(2) = Nu(@) = 27" p(2)Nu(2) (3.2.70a)
fn(2) = Nu(2) = 2" p(2)N 1 (2). (3.2.70b)

Note that (3.2.69), as well as the relations (3.2.70a)—(3.2.70b), are defined, in
the general case, only for |z| = 1.

Proper eigenvalues and norming constants

The discrete scattering problem (3.2.4) can possess discrete eigenvalues
(bound states). These occur whenever a(z ;) = 0 for some z; such that |z j| > 1
or a(zy) =0 for z, with |Z¢| < 1. Indeed, for such values of the spectral
parameter W(¢,(z;), ¥u(z;)) = 0 and W(¢,(Z¢), ¥,(Z¢)) = 0, and therefore
Gn(2)), ¥u(z;) and ¢, (Z,), ¥ ,(Z,) are linearly dependent, that is,

Gn(zj) = bjYn(z;), G0 (Z0) = beir,(Ze) (3.2.71)

for some complex constants b;, by. In terms of the Jost functions, (3.2.71) can
be written as

My(zj) =bjz; " Na(z),  MaG) =bZ)"NauE),  (32.72)

which hold if, and only if, z; and Z, are eigenvalues. Note that the bound-
ary conditions (3.2.8a) and (3.2.8b), together with (3.2.71), imply that
$n(z;), u(Ze) — O for [n| — oo.

We will assume that neither a(z) nor a(z) vanishes on the unit circle. Since
the eigenvalues correspond to zeros of the sectionally analytic functions a(z)
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and d(z), there are no accumulation points of eigenvalues in the regions of
analyticity, thatis, |z| > 1and |z| < 1, respectively. Moreover, because a(z) —
las|z] - ooanda(z) — 1asz — 0, there is only a finite number of eigenval-
ues in the regions |z| < A~!and |z| > A forany A > 1.If there were an infinite
number of zeros of either a(z) or of @(z) (i.e., an infinite number of eigenvalues),
these zeros would necessarily have an accumulation point on |z| = 1. Recall,
however, that a(z) and d@(z) are continuous, respectively, in the regions |z| > 1
and |z| < 1. Hence, the accumulation of zeros at a point on |z| = 1 implies that
there is a zero of a(z) or of a(z) on |z| = 1, which contradicts our previous
assumption. We conclude that, under the generic assumption a(z), @(z) # 0 on
|z| = 1, there is a finite number of eigenvalues.

We further assume that the eigenvalues are simple zeros of a(z) and a(z). If the
eigenvalues are not simple zeros, one can study the situation by the coalescence
of simple poles, in analogy with the continuous case [192].

Letusassume a(z) has Jsimple zeros {z; : |z;| > 1}]1:1 and a(z) has J simple
zeros at the points {Z; : |Z;| < 1} _{:, . Then, by equations (3.2.67)—(3.2.68) and
(3.2.72),

My(z;))  bj

Res(nz)) = ot = 202y oy = 2220 N(z;) (3273
es(ini27) d@) ) @) =27 CiMnG) Y

Res(fi,; Ze) = w = _,b—fZ%"Nn(Z_z) =7"CyN,(Zy), (3.2.73b)
azey  a'zy

where ' denotes the derivative with respect to the spectral parameter. We refer to
C; and C, as the norming constants associated with the eigenvalues z; and Z,

respectively. If the potentials decay rapidly enough as |n| — oo such that b(z)
and b(z) can be extended off the unit circle in correspondence of the discrete
eigenvalues z; and Zy, respectively, then the norming constants are simply

bz - bz
“=vey “Taay

Symmetries and symmetry reductions

First we note that the expansions of a(z) and @(z) in (3.2.65a)—(3.2.65b) contain
only even powers of z~! and z, respectively. Hence, if 7 ;j 1s a zero of a(z),
so is —z;, and the same holds for a(z). Therefore, the eigenvalues appear in
pairs £z, =Z,. Let us denote the norming constants associated with the paired
poles £z; as C;:. Similarly, we label the constants bf in (3.2.72) that are
associated with £z;. Given the expansions (3.2.49) and (3.2.56), we conclude
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that b; = —b;r. On the other hand, a(z) is even, so a’(z) is an odd function of z.
Thus,
b, —bT bT
Pod(=zp)  —ad(zy)  d(z)) !

Since the two norming constants associated with z; are equal, we will drop
the superscript &+ on the norming constant and refer to both norming constants
as C;. Similarly, one can show that

C,=C =0, (3.2.75)
for the norming constants C Zt associated with +Z,. Moreover, we also have

o(=2) = —p(2), p(=2) = —p(2). (3.2.76)

The eigenvalues {+z; }jJ.:], {xz };:l and the associated norming constants
{C; }jj‘:1 AC; }JJ.:I, together with the reflection coefficients (3.2.69), constitute
the set of the scattering data S(z).

The evolution equation (3.1.1) is a special case of the compatibility condi-
tion (3.2.7) where r, = F¢,;. This symmetry in the potentials induces a symme-
try between the Jost functions defined for |z| < 1, analytic in the region |z| < 1,
and the Jost functions defined for |z| > 1, analytic in the region |z| > 1. In turn,
this symmetry of the Jost functions induces a symmetry in the scattering data. In-
deed, a direct computation shows that the Green’s functions (3.2.22a)—(3.2.22b)

and (3.2.25a)—(3.2.25b) satisfy the identities
P (GL(1/2) P2 =G, Pr (G, (1/2) P =Gl (3277

A 0 F1
b= 7).
Moreover, under the symmetry reductions R, = FQ7, the matrix potential Qn
in (3.2.10) is such that

where

P_Q;P.' = Q,. (3.2.78)

and from (3.2.77)—(3.2.78) it follows that P M*(1/z*) and P N*(1/z*) satisfy,
respectively, the same summation equations as M,(z) and FN,(z), that is,
equations (3.2.24c) and (3.2.24b). Therefore, assuming that such equations
have unique solutions, we obtain the symmetries

M,(z) =P.M*(1/z%), N, =FP.N'(1/z) (3279
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or, equivalently,
bn(2) =Prr(1/2), V() =FPryi(1/z").  (3.2.80)

The symmetry of the scattering coefficients a(z), a@(z) and b(z), b(z) follows
from the symmetry of the Jost functions and the Wronskian formulas (3.2.64a)—
(3.2.64b), that is,

a(z) =a*(1/z") (3.2.81a)
b(z) = Fb*(1/z%) (3.2.81b)

when R, = F Q). From (3.2.81a)—(3.2.81b) one obtains the symmetry between
the reflection coefficients, namely

p(z) = Fp*(1/25). (3.2.82)

Note that (3.2.81b) and (3.2.82) hold, in general, only for |z| = 1, that is, for
z=1/z7"

The symmetry (3.2.81a) implies that the eigenvalues are paired; that is, for
each eigenvalue z; such that |z j| > 1, there is an eigenvalue 7; = 1 /z;f with
|Z j| < 1, and vice versa. Consequently, it also follows that J = J (i.e., the
number of eigenvalues outside the unit circle equals that of the eigenvalues
inside).

We now compute the symmetry of the norming constants. With the pairing
of the eigenvalues, equations (3.2.72) give

b; = b’ (3.2.83)
Moreover, from (3.2.81a) it also follows that
az) =—(3d));
hence

A *
C, = _/b{ - ;F b () 72C3, (3.2.84)
azy)  —(z5a'(z;)*
when R, = F 0} and the zeros of a(z) and a(z) are simple.

Note that when R, = Q) there are no discrete eigenvalues with ]z j’ # 1.
Indeed, as in the continuous case, the scattering problem with this reduc-
tion is formally self-adjoint. Moreover, from (3.2.60) and the symmetry re-
lations (3.2.81a)—(3.2.81b) it follows that, on the unit circle, |z| = 1, |a(z)|> —
1b(2)|? = c_oo, where, according to (3.2.61), c_oo = ,jioo(l — 1 Qk))? under
the symmetry reduction we are considering. Therefore, assuming for the po-
tential the small norm condition |Q,| < 1 for any n € Z, |a(z)|*> > 0 on the
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unit circle. Since, in addition, the scattering problem is self-adjoint under this
reduction, |a(z)| > O for any z such that |z| > 1.
To summarize, we have shown that:

Symmetry 3.1 All the eigenvalues of the scattering problem (3.2.4) appear in
pairs £z; with |zj} > 1, that is, outside the unit circle, or £Z,, with |Z,| < 1,
and the norming constant associated with —z; (resp. —Z,) is equal to the norm-
ing constant associated with +z; (resp. +Z,). Correspondingly, the norming
constant associated with the pair of eigenvalues +z; outside the unit circle
will be denoted by C;, and the norming constant associated with the pair of
eigenvalues +7, inside the unit circle will be denoted by C,.

Symmetry 3.2 If the potentials satisfy the symmetry R, = FQj, then the scat-
tering coefficients satisfy the symmetry

a(z) = a*(1/z"), p2) = Fp*(1/25). (3.2.85)

It follows that z; = 1/z% is an eigenvalue such that |z j] < 1 if, and only if,
z; is an eigenvalue such that |z;| > 1. Therefore J = J, that is, the number
of eigenvalues inside the unit circle equals the number of eigenvalues outside,
and, taking also into account Symmetry 3.1, the eigenvalues come in quartets,

{2, 21/} (3.2.86)

Moreover, according to (3.2.84), the norming constants associated with these
paired eigenvalues satisfy the symmetry

C; = +(z)C} (3.2.87)

Trace formula

We assume that a(z) and a(z) have the simple zeros {:I:z] : |zj| > 1} — and
{:tz j ‘z ]| < 1} _,» respectively. Moreover, we define

22— ()72 _ 2@
a(z) = H g @ @@= I1 o d@. (289
m=1 m=1
According to these definitions, the function «(z) is analytic outside the unit
circle, where it has no zeros, while &(z) is analytic inside the unit circle, and
it has no zeros; moreover, due to (3.2.65a), a(z) — 1 as |z| — oo. Therefore,
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taking into account that both a and a are even functions of z, we have

1 wlog a(w)

I = —=dw,
oga(z) i P w22 w
1 loga
L g wletW 0 o1
27Tl |w|=1 we —Z
w log @(w
loga(z) g—() ,

27Tl lw|=1 w? — 72

1 1
L e, o
2mi jw=1 W~ —2Z

Subtracting the equations from one another and using (3.2.88) yields

loga(z) = Zl g( < ;ZZ) 2)

1 I
- — M w’ |Z| >1 (32893)
27 lw|=1 — Z

2
loga(z) = Zlog( ’; )

1 f wlog(a(w)a(w)) dw
[wl=1

— lz] < 1. (3.2.89b)
2mi - z2

This allows one to recover a(z), @(z) from knowledge of { +z;: |Z ;i | > 1}

j=1’
{:i:z‘j : |z‘j| < 1} and a(w)a(w) = c_o (1 — p(w)s(w))~! for |w| = 1.
Note thatif R, = —Q7, then, from (3.2.81a)—(3.2.83) and (3.2.60), it follows

that ¢(w)d@(w) = c_oo(1 + | p(w)*)~" for jw| = 1, and consequently (3.2.89a)
can be written as

_ 22
loga(z) = Zlog( e ,;z 2)

1 wlog (1 + |p(w)]?
. g(2 |,02( ) i Izl > 1. (3.2.90)
2mi Jw|=1 ws =2z

3.2.3 Inverse scattering problem

The inverse problem consists of reconstructing the potentials in terms of the
scattering data {p(w), p(w) for |w| = 1} U {=£z;, C}J U {=£z;, C<}{:l. In
the previous section, we showed that the functions N, (z) and N, () exist and
are analytic in the regions |z| > 1 and |z| < 1, respectively, if || Q||;, [|R]l; < 1.
Similarly, under the same conditions on the potentials, the functions 1, (z) and
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[, (z) defined by (3.2.67)—(3.2.68) are meromorphic in the regions |z| > 1 and
|z| < 1, respectively. Therefore, in the inverse problem we assume these an-
alytic properties for the unknown functions. With this assumption, equations
(3.2.70a)—(3.2.70b) can be considered to be the jump conditions of a Riemann—
Hilbert problem. As in the continuous case, to recover the sectionally mero-
morphic functions from the scattering data, we convert the Riemann—Hilbert
problem to a system of linear integral equations with the use of the Plemelj
formula (cf. [7], [41]).

Because the functions u,(z) and fi,(z) can be meromorphic, the jump con-
ditions (3.2.70a)—(3.2.70b) are insufficient to fix the solution of the Riemann—
Hilbert problem. We also need information about the residues of the poles.
Furthermore, to fix the solution, it is also necessary to specify the boundary
conditions.

Boundary conditions and residues

The functions u,(z) and N,(z) are meromorphic in the region |z| > 1 and have
the limits

Nn(zw(fl), mz)e(l) as |z — oo
c 0

n

(cf. (3.2.49), (3.2.56), and (3.2.65a)). Here, as before, ¢, = ]_[,fin(l — Ok Rp).
The boundary condition for N, (z) depends on Qy and R; forall k > n. However,
0, and R, are unknowns in the inverse problem. To remove this dependence,
we introduce the functions

S
N, = ((1) CO)Nn = ( ¢ j Q") +0GEYH  aslzl— oo (3.291a)

W = (1 0 ) Wy = ( ! ) +0GzY  aslzl— oo (3.2.91b)
0 ¢ Z Can—l

n

=/ 1 _ —1

N, = 0 Ny=( +0(z%) asz — 0 (3.2.91c)
0 ¢, —zR,

'a:t = <(1) C(‘) ),b_l.” = (ZQCH_I) + O(Zz) asz — 0. (3.2.91d)

These modified functions also satisfy the jump conditions (3.2.70a)—(3.2.70b)
on |z| = 1, that is,

1o(2) = Ny(2) = 27 p(z)N,(2) (3.2.92a)
i (2) — Nj(2) = 2" p(2)N,,(2). (3.2.92b)
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Moreover, the poles of u/(z) and [, (z) are the same as the poles of w,(z)
and fi,(z), respectively, and the residues of these poles are determined by the
relations

Res(u):2) = 2; "CiNy(z)), Res(i1,:2;) = 2'C;N,(Z)). (3.2.93)

which follow from (3.2.73a)—(3.2.73b).

Case of no poles

Let us consider first the case when there are no discrete eigenvalues, that is, ./,
and fi;, have no poles. Introducing the 2 x 2 matrices

m,2) = (1o NL@) . @) = (Vo a@)  (3.2.94)

with m, (z) analytic outside the unit circle |z| = 1 and m,(z) analytic inside,
we can write the jump conditions (3.2.92a)—(3.2.92b) as

mn(z) - Ifln(Z) = Iﬁn(Z)Vn(Z) |Z| = 1, (3295)
where
—p(2)p(z) —2*"p(2)
V,(z) = 3.2.96
@) ( ey 0 ) (3.2.96)
and
m,(z) > I as |z] —» oo. 3.2.97)

Therefore (3.2.95) can be regarded as a generalized Riemann—Hilbert boundary-
value problem on |z| = 1 with boundary conditions given by (3.2.97).
We consider the integral operators

_ 1
PO =lim o J (iUZdw (3.2.98)
l|<1 =

1
PO = lim 5 l—j (1”2 dw
I1>1 Y=

(3.2.98b)

defined for |z| < 1 and |z|] > 1, respectively, for any function f(w) continuous
on |w| = 1. These are the projection operators for functions analytic inside
and outside, respectively, the unit circle on the complex z-plane. They are the
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counterparts of the projection operators (2.2.51) for the upper and lower k-
planes in the IST for the continuous NLS.
Applying P to both sides of equation (3.2.95) yields

i, (2) = 1 — fim —— @, (w)Vaw)

‘{{T;Zl 2mi Jw|=1 w — g

, (3.2.99)

which allows one, in principle, to find m,(z). In component form, (3.2.99)
yields

_, 1 —2n =/ _ — N/
N,(z) = U) ~ lim — w p(w)i, (w) — p(w)p(w) ,l(w)dw
0 {»zl 28 J =1 w—¢
- (3.2.100)
1 2n = N/
fi,(2) = (0> + lim — wrpwN,w) , (32100)
! f;ﬁ 278 Jjwi=1 w—1¢

which is a system of linear integral equations, on |z| = 1, for N :1(Z) and [, (z)
in terms of the scattering data. The solutions of these integral equations can
be analytically continued into the region |z| < 1. Equivalently, by applying the
outside projector P to both sides of equations (3.2.92a)—(3.2.92b) we get

1 w¥ p(w)N' (w
V@ = (%) + tim — wIPN,w) 4,
1 ¢~z 27l |w|=1 w — §
[¢1>1
1 . 1 w2 p(w)N/ (w
w(z) = — lim — de'
" 0 ¢—z 271 Jypi=1 w—<
lZ1>1 vl

To recover Q, and R, we compute the power series expansions of the Jost
functions around z = 0. By comparing the expansions (3.2.91c¢) and (3.2.91d)
with the expansions about z = 0 of the right-hand sides of (3.2.100) and
(3.2.101) or, equivalently, of (3.2.99),

m,(7) = I- — w21, )V, (w)dw + 0(z2),
2mi lw|=1
we obtain
1 = D)
n = —-_— n N d

Or= 7§, W P@IN w)du
1 _ )

Ri=5=¢ (02D w) - w2pw)pw, ) dw,
Tl lw|=1
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where N :l (z) and [ (z) are determined by the linear system (3.2.100)—(3.2.101)
and the superscript (j) for j = 1, 2 denotes the j-th component of the corre-
sponding vector. Hence, the formulation of the inverse problem is complete.
When R, = Qj, there are no discrete eigenvalues. Using the symmetry relation
(3.2.85) between the reflection coefficients p and p (cf. Symmetry 3.2), we can
write the potential as

1 w> i
= 0" (w)N' Y, (w)dw.
0 271 f P (WN, [ (w)dw

Note that we recover the potentials from the Jost functions that are defined in
. - ! .

the region |z| < 1, namely, i, (z) and N, (z), because there are no terms in the

z expansions of p/ (z) and N/ (z) that are simple functions of Q, and R,.

Case of poles

The method of solution requires an extra step if ! (z) and i/, (z) have poles.
As before, we apply P to both sides of (3.2.92a) and P to both sides of
(3.2.92b). Taking into account the analytic properties of the eigenfunctions
and of a(z), a(z) we obtain

N;(z)z( ) Zc -2 [—N (z)+ J: Ni(—z; )} (3.2.102a)

1 w2 p(w)N/ (w)
- ——" “dw
{—z 2 lwl=1 w—;

I 1 1
N,;(z)=<(l))+ZCjz§”[Z_ N.(z;)+ — N,l( z])] (3.2.102b)

=1

+ lim 1 —wz”[)(w)N;(w)dw
t—z 2 Jiwiey w—1¢ ’
Z1>1 el

where N, (z;)is N, (z) evaluated at the eigenvalue zj, N, (—z) is N, (z) evaluated
at the eigenvalue —z;, and similarly for N,(Z;) and N, (—Z;). Here we have
included the fact that the eigenvalues arise in pairs £z; in |z| > 1 and £Z; in
|z] < 1 and that the corresponding norming constants satisfy (3.2.74)—(3.2.75).
Equations (3.2.102a)—(3.2.102b) constitute a system of linear integral equations
on [z| = 1. This system depends on the vectors {N,’l(zj) N/ (— zj)}jj.=1
{1\7 :, (Z)), N :,(—z" j)}jj.zl. We obtain expressions for these vectors by evaluating
(3.2.102a) at the points Z; and (3.2.102b) at the points &z;. This results in a

and
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linear algebraic—integral system composed of (3.2.102a)—(3.2.102b) and

o= (8)  $o [ omiors

1 —2n N
- de (3.2.102¢)
2mi lw|=1 w—Z;j

l !
Nn(—Zk)i|
2k

Zj

Niy(-z)) = ( > chz—2n |:—ZN (zi) + 2

1 2 5(w)N
N wpIN,w) (3.2.102d)
27 |w|=1 w + Zj

1 /
Nn(—Zk)]
— Zk

Zj

N’ (20 +

/ 0 ! ~ =2n
we=(3) et [ g

1 f wZ"[)(w)Nn(w)
— —dw
lw|=1

w—Zzj

) S

N (-
i+ Zk a Zk)i|
(3.2.102¢)

, 0 N 1,
N/(—z;) = (1>—ch2k |:Z'_‘_Z_an(Zk)~l-Z —Zan(_Zk)i|

k=1 J J
1 p(w)N,
b wIPeON,w) (3.2.102f)
27{1 lw|=1 w—i—zj

where (3.2.102¢)—(3.2.102d) hold for each eigenvalue {Z § };:1 and (3.2.102e)—
(3.2.102f) hold for each eigenvalue {z; }]J.:l.

As in the case where there are no discrete eigenvalues, we can recover R,
from the power series expansion of N ;l (2). There is, however, no easy way to
obtain the potential from N/ (z). Instead, we apply P to both sides of (3.2.92b)

to obtain the representation
)]

J
wo= (1) Lo =g me
e W) . (3.2.103)

1 wznp(w)Nn(w)
2mi lw|=1 w—2z

Now, by comparing the power series expansions of the right-hand sides of
(3.2.102a) and (3.2.103) to the expansions (3.2.91c¢) and (3.2.91d), respectively,
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we obtain
J
R, =2 Z Cjz;2(n+1)N,/,(2)(Zj)

j=1
1

+— w2 p(w)NP(w)dw  (3.2.104a)
2mi Jw|=1
4 =2 1 1
~ n— /!
Qur =23 C;z" "NV E))
j=1
1
— w2 D aw)N' D (wydw,  (3.2.104b)
27Tl Jw|=1

where we have used that for the solutions of the system (3.2.102a)—(3.2.102f)
the following relations hold:

N(=2)=-N"@).,  NP(=2) =N
N0 =N"@,  NP0=-N"0.

Note that from (3.2.91d), (3.2.103) it also follows that

J
L, =1-2Y ¢z "N —f 21 5(w)N'® (w)dw.
c Z;, Gt g P, v PN P
(3.2.105)

If the potentials satisfy the symmetry condition R, = — Q};, then the scattering
data satisfy the relations (3.2.85)—(3.2.87) and (3.2.104b) becomes

J
*\—2(n * 1 n %
Qn==-2> (@) "VCIN (/) — %% w? p*(w)ND) (w)dw.
j=1 lwl=1
Reflectionless potentials

In the case where the scattering data comprise proper eigenvalues but p(z) =
p(z) =0 on |z] = 1, the algebraic—integral system (3.2.102¢)—(3.2.102f) re-
duces to the linear algebraic system

N;(z,):< ) ch —2"[2_ Nn(Zk)+
J

1 /
Nn(—Zk)i|
2k

Zj

o 1 L, 1
N (=%, = - E Crzp ™" N/ (zi) + N'(—z
2(=Zj) (O) 2 34" [Zj = L (20) 5 - W k):|
N'(z;) <0>+§J sz"[ Nz + ! N ( Z)]
n k - n\Kk — 2k
! 1 =1 k Zj — %k Zj T Tk
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e (0) S

Moreover, the potentials are given by

N,I(Zk) +
Zj+ zZj

1,
= N,,(—Zk)]'
— 7

~ =2(n—1) ¢ -
Qn1 = — CJZj(n )Nr/z(l)(zj)

[\)
-.
i M“

J
=23 Ciz; "IN ().

If there is one quartet of eigenvalues {4z, £z} with |z;| > 1 and |7;] < 1,
then we can solve for N,/,, N, obtaining in particular

. P
NO@) = | 1440, C—5
1 101 (2 -2y

£ 20D -1
NP() = |1+4C,C 55—
( - Z])
Then it follows that

0 2D, (3.2.106a)
= — - .2.106a
1 4+ 4C, Dy(22 — 7227 1732

2C —2(n+1)
Ry = 2121 =2 on2it2)° (3.2.106b)
1+4CiDi(zf — 2D~ 22777

where we introduced the modified norming constant

Dy =7;°Cy. (3.2.107)
Note that from (3.2.105) it also follows that

oo = lim ¢, = 2772 (3.2.108)
In order to obtain a nonsingular potential, we impose the following
symmetry:

Symmetry 3.3 The scattering data are such that (i) the eigenvalues satisfy the

relation 7; = Zi (ii) the product of the norming constants C; and D, is real,
1

and, moreover, (iii) C; D > 0.
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Then, with the substitution z; = e the expressions (3.2.106a)-
(3.2.106b) can be written in the form

0, = b sinh(2ay) e* " VPrsech Qi (n 4+ 1) — &)  (3.2.109a)
" (b
C . —2i(n+1)B
R, = C D" sinh(2a;) e tsech Qa(n + 1) — 81), (3.2.109b)
11
where
81 = log (C,D))"? — log sinh(2a;). (3.2.110)

Recall that if R, = —Q};, then Symmetry 3.2 holds. Therefore, in particular,
if R, = —Q; and the associated scattering data consist of a single quartet of
eigenvalues (and their respective norming constants), then, as a consequence,
Symmetry 3.3 holds. However, the converse is not necessarily true. Symme-
try 3.3 in the scattering data is insufficient to ensure that (3.2.106a)—(3.2.106b)
satisfy the symmetry R, = —Q}. To obtain the symmetry R, = —Q} in
(3.2.106a)—(3.2.106b) we must impose the condition |C;| = | D] in addition to
Symmetry 3.3. Equivalently, to obtain the symmetry R, = —Q} we must have
i)z = i and (ii) C, = Z2C7.

Typically, only solutions with the symmetry R, = — Q} are considered. How-
ever, we emphasize that the sech profile of the potentials (3.2.109a)—(3.2.109b)
results from Symmetry 3.3 in the scattering data, and we do not need to
require that R, = —Q;. In the scalar evolution equation — that is IDNLS —
Symmetry 3.3 is only slightly more general than Symmetry 3.2. Nevertheless,
we have shown that the sech envelope potentials exist in a more general setting
(i.e., when R, # —O}).

We recall that, if the potentials are not constrained to satisfy the symmetry
R, = —Q;, then, to ensure that the IST procedure is well defined, we must
separately impose the condition (1 — R, Q,) # 0 for all n. However, we point
out that this second condition is time-invariant if ||R||; , || Q] < oo.

Gel’fand—Levitan—Marchenko equations

Like in the continuous case, we can also provide a reconstruction for the po-
tentials by means of Gel’fand-Levitan—Marchenko integral equations. Indeed,
let us represent the eigenfunctions v, and ¥, in terms of triangular kernels,

+00
Va) =Y /K@, j) Izl > 1 (3.2.111a)
j=n
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Un@) =Y R j) <1, (3.2.111b)

where  K(n, j)= (KO, j), KPm, j)) and K, j)=(RV®, j),
K®(n, J)) and write equations (3.2.59a)—(3.2.59b) in the form

bu(2)a™"(2) — ¥u(2) = Yu(2)p(2) (3.2.112a)
()@ (@) — Yu(2) = Vu(2)P(2) (3.2.112b)

with p and p given by (3.2. 69)

By applying the operator 5— 2m flzl=1 dzz7""!form > ntoequation (3.2.112a)
and taking into account the asymptotics (3.2.49), (3.2.54), and (3.2.65a)—
(3.2.65b), as well as the triangular representations (3.2.111a)—(3.2.111b), we
obtain

+o0
K(n,m)+ZK(n,j)F(m+j)= (é)émﬁ m>n, (3.2.113)

J=n

where

1
F PaYer =1 5(2)dz. 3.2.114
(n) = Zz Al SO )

Analogously, operating on equation (3.2.112b) with 5~ 9§|z\ L dz 7" form >
n yields

K, m)+ ZK(n DEm + j) = (O)Sm,n m > n, (3.2.115)

] =n
where

T

Fn) = ij 271” » "' p(z)dz. (3.2.116)

Equations (3.2.113) and (3.2.115) constitute the Gel fand-Levitan—

Marchenko equations. Comparing the representations (3.2.111a)—(3.2.111b)

for the eigenfunctions with the asymptotics (3.2.55) and (3.2.56), we obtain,

recalling (3.2.9b), the reconstruction of the potentials in terms of the kernels of
the GLM equations, that is,

KVYm,n)= K®m,n) =0, KPm,n)=K®m,n)y=c,'  (3.2.117)

KOm,n+1) K®m,n+1)
n=—-———", Rh=————5——-, 3.2.118
¢ K@ (n,n) KDO(n, n) ( )
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where, as usual, K@) and K for j = 1, 2 are the j-th component of the vectors
K and K, respectively.

Itis more convenient to write equations (3.2.113) and (3.2.115) as forced sum-
mation equations, which is accomplished if we introduce « (n, m) and ik (n, m)

such that
0 _ 1
k(n,n) = <1) k(n,n) = (O> (3.2.119a)
and form > n
+00
Kn.m)=[](-R;Q;) k(n.m) (3.2.119b)
j=n
+00
K@, m) = 1_[ (1 —R; Qj) K, m). (3.2.119¢)
j=n

Then equations (3.2.113), (3.2.115) become

+00
k(n, m)+ <(1)) Fm+n)+ Y kn, j))Fm+j)=0 m>n

j=n+1
(3.2.120a)
1 _ +00 _
K(n,m)+( )F(m+n)+ ZE(n,j)F(m+j)=0 m>n
0 j=n+1
(3.2.120b)

and the potentials are obtained from
0,=—«kVYn,n+1), R, = —k®Pm,n+1). (32.121)

Note that the sums in (3.2.114) (resp. (3.2.116)) are performed over all
the discrete eigenvalues that are outside (resp. inside) the unit circle. Since
these eigenvalues are paired and the corresponding norming constants satisfy
(3.2.74)—(3.2.75), the GLM equations can be simplified as follows:

+00
/?(n,m)—i—((l))FR(m—i—n)—i— > k. HFem+j)=0 m>n

j=n
Jj+m=odd

(3.2.122a)
+o00
) Fr(m +n) + Z k(n, )Frm+ j)=0  m >n,

j=n

Jj+m=odd

k(n, m)+ <(1)

(3.2.122b)
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where

Fr(n) = (3.2.123)

230 "G+ & [ 2 p()dz = odd
0 n = even

_ 7 =n—1 ~ . 1 n—1= —
Bt = {o 25T G e o TPz n=odd
n = ¢even

and Cg denotes the right half of the unit circle.
If the symmetry R, = FQ; holds, then, from (3.2.80)—(3.2.83) and (3.2.84),
it follows that

F(m) = FF*(m) (3.2.125)
_ _( KP(n,m) *
R(n.m) = (:FK“)(n,m)> . (3.2.126)

In this case, equations (3.2.113), (3.2.115) solving the inverse problem reduce to

400 400
KPm,m)£> Y KPn, j"YF( + jVF* G +m) =8y  (32.127)
Jj'=nj"=n
+oo
KO, m)=>"K®*n, j)F*(j +m), (3.2.128)

=

and the potentials are reconstructed by means of the first of (3.2.118).

Existence and uniqueness of solutions

The question of existence and uniqueness of solutions of linear summation
equations can be examined by the use of the Fredholm alternative. Consider the
homogeneous equations corresponding to (3.2.120a)—(3.2.120b),

+00
hm)+ Y h(HFm+j)=0 m>n (3.2.129a)

j=n+1

+00
ham)+ Y hi(DFm+j)=0 m>n,  (3.2.129b)

Jj=n+1

and suppose h(n) = (hi(n), hy(n)) is a solution of (3.2.129a)—(3.2.129b) that
vanishes identically form < n.Multiply (3.2.129a)—(3.2.129b) by (A7, h%), sum
over all integers m, and use

SommP= Y hmP =12

m=n+1 m=—00
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to obtain

> {|hl(m)|2 +lham)P + Y [ham)hi()HF(m + j)

m=—00 j=—00

+h1(j) h3(m)F(m + j)] } =0. (3.2.130)

If the symmetry R, = —Q} holds, then, from (3.2.80)—(3.2.83) and (3.2.84),
it follows that

3 {lhl(m)|2+|h2(m)|2+2ilm ) hz(j)hT(M)F(m+j)} =0.

m=—00 j=—00

The real and imaginary parts of the previous equation must both vanish, from
which it follows that

h(m) = 0.

Second, if R, = Q;, the symmetry (3.2.84) allows equation (3.2.130) to be
written in the form

> {lhl(m)|2+|h2(m)|2+2Re > hz(j)hT(m)F(m+j)} =0.

m=—00 j=—00

(3.2.131)

As we pointed out previously, the scattering problem with this reduction is
formally self-adjoint and there are no discrete eigenvalues. This implies that

F(m) = L z_m_I@dz

: . (3.2.132)
271 lz]=1 Cl(Z)

A function h(n) of a discrete variable n assuming integer values, and its discrete
Fourier transform 7(z)

N 0 1 N
o= 3 M k= 5o f R

satisfy a discrete version of Parseval’s identity, namely,

o0

1 . 1 2 o
> ol =5 ¢ h@r= 5= [ lhenras.
Tl Jiz1=1 2 0

n=—0Q

Substituting these results into (3.2.131) yields

o N b . . e
/ {|h1<e’9)|2+|h§(e19>|2+2Re—(e'9>h1(e—’9)hz(e’9) d§ = 0.
0 a
(3.2.133)
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Since [(b/a)| < 1, we have

'2Re [Z(e”)/%(e”)}iz(e”)] < 2lhi(e7 )| |5 (™)

< (e + 1ha(e?)]%

hence

and
h(n) = 0.

We conclude that when R, = FQj, the integral equations (3.2.120a),
(3.2.120b) admit no homogenous solutions but the trivial one. It remains to
be shown that, like in the continuous case, the discrete Gel’fand—Levitan—
Marchenko type summation equations behave like Fredholm equations.

3.2.4 Time evolution

The operator (3.2.5) determines the evolution of the Jost functions. From this
we deduce the time evolution of the scattering data. Since we have assumed that
0., R, = 0asn — *oo, then the time-dependence (3.2.5) is asymptotically
of the form

0 v, = <—za) .O ) v, as n — 400,
0 iw

where

w=1(z-z"). (3.2.134)
This system has solutions that are linear combinations of the solutions v} =
(e7fr, O)T and v, = (0, ei“”)T. However, such solutions are not compatible

with the fixed boundary conditions of the Jost functions (3.2.12), and therefore
we define the time-dependent functions

Mz, 1) = €M, (2, 7),  My(z, 1) = €M, (2, 7)
j\/n(zv T) = eiwan(Zv T), Nﬂ(z7 T) = eiiwt]\_]n(zv T)

to be solutions of the time-dependence equation (3.2.5). These t-dependent
functions satisfy the relations

M,u(z, 1) = 27" 2T b(z, DN, (z, T) + a(z, DNy (z, T)  (3.2.1352)
Mz, 1) = 22" b(z, N, (2, T) + @z, N, (z, 7),  (3.2.135b)
which are obtained from the equations (3.2.59a)—(3.2.59b).
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To find the expressions for the evolution of the scattering coefficients, we
first differentiate (3.2.135a)—(3.2.135b) with respect to t to obtain
0 Mz, ) = 27T {b(z, 18N (2, T) + [be (2, T)
—2iwb (2, D] Nu(z, D)} + ar(z, DN,(z, 7)
+a(z, )0 Ny(z, 1) (3.2.136a)

9 My(z, 1) = 22" e* " {b(z, 1)0: Nou(z, T) + [be (2, T)
+2iw b(z, T)] Nz, D)} + @:(z, N, (2, T)
+a(z, )3 Ny(z, 7). (3.2.136b)
On the other hand, because the functions M,,(z, T), M,(z, t), N,(z, 7), and
N (z, 7) satisfy (3.2.5), we have
3 Mu(z,T) = 272" b(z, T)0; Ny (2, T) + a(z, 1) Ny(z, T)  (3.2.137a)
0 M,(z, T) = 2% b(z, 1)3: Ny (2, T) + @z, 1) Ny (z. 7). (3.2.137b)
Comparing (3.2.136a)—(3.2.136b) with, respectively, (3.2.137a)—(3.2.137b) and
examining the asymptotics of these expressions as n — +00, one gets
b:(z, 1) = 2iwb(z, T) a(z,7)=0
a(z,1) =0  by(z,7) = —2iwb(z, T),

and therefore

b(z,T) = b(z,00e¥"  a(z,7) =a(z,0) (3.2.138a)
a(z, ) = a(z, 0) b(z, T) = b(z, 0)e 2®".  (3.2.138b)
The evolution of the reflection coefficients is thus given by
p(z, T) = p(z, 0)e*" (3.2.139a)
p(z, 7) = p(z, 0)e 2T, (3.2.139b)

From (3.2.138a) it is clear that the eigenvalues (i.e., the zeros of a(z) and a(z))
are constant as the solution evolves. Not only the number of eigenvalues, but also
their locations, are fixed. Thus, the eigenvalues are time-independent discrete
states of the evolution.

The norming constants, however, are not fixed. Their evolution is obtained
analogously and is given by

Ci(r) = Cj()e* @™, Ci(r)=C;(0)e %7,  (3.2.140)

where

_ 1 -1\ = (5 —1Y 3.2.141
a)j—E Zj—Zj s a)j—z Zj—Zj). 3.2. )
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The expressions for the evolution of the scattering data allow one to solve
the initial-value problem for the system (3.1.2a)—(3.1.2b). The procedure is the
following: (i) The scattering data are calculated from the initial time (e.g., at
T = 0); (ii) the scattering data at later time (say, T = 1)) are determined by the
formulas (3.2.139a)—(3.2.139b) and (3.2.140); and (iii) the solution at T = 1
is constructed from the scattering data.

3.3 Soliton solutions
The soliton solutions of (3.2.7a)—(3.2.7b) are the reflectionless potentials (i.e.,
corresponding to p(z) = p(z) = 0 on |z| = 1) where the eigenvalues appear in
sets of four. The scattering data of a J-soliton solution are composed of:

(i) the 4/ eigenvalues +z; = +e® ™ and +z; = £, where |z;| > 1 and
j=1,...,7; '
(ii) the associated 2J norming constants C;(t), D;(z), where

D;(r) =z;°C;(1) (3.3.142)
and C;(0)D;(0) € R, C;(0)D;(0) > 0.

Note that the evolution of the norming constants given by (3.2.140) also assures
that C;(t)Dj(r) € R, C;(r)D;(r) > Ofort #0.

The one-soliton solution is obtained from (3.2.1092)—(3.2.109b) by taking
into account the explicit time-dependence as given by (3.2.140), that is,

Ou(t) = — —DI(O) : ¢/ A =2uT)
(C1(0)Dy(0)'/?
x sinh(2a)sech Qay(n + 1) — 2vt — §) (3.3.143a)
R,(1) = G0 e~ 12P(n+D)—2uwT)
(C10)D1(0)'/?
x sinh(2a)sech Qo (n + 1) — 2vt — §), (3.3.143b)

where
v = — sinh(2a1) sin(28y), w = cosh(2ay)cos(2B;) — 1  (3.3.144a)
8 = log (C1(0)D;(0))"/? — log sinh(Qa;). (3.3.144b)

Each of the (3.3.143a), (3.3.143b) represents a localized traveling wave with a
single peak that is modulated by a complex carrier phase. This is the one-soliton
solution obtained in [11].
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Recall that, in order to derive the IDNLS (3.1.2a)—(3.1.2b) and the associated
pair of linear operators (3.2.4), (3.2.5) from the NLS (2.1.1) and the associated
pair of linear operators (2.2.3)—-(2.2.4), we let

On = hg, = hq(nh), Ry, = hry, = hr(nh), T =h"?t, (3.3.1452)
and
71 = e ik, C1(0) = ihC1(0), D(0) = —ihD;(0). (3.3.145b)
By substituting these expressions into (3.3.143a)—(3.3.143b) we obtain

Gn(t) = icAe 21 CM=00=Vgech (2nh(n + 1) — 20t — d) (3.3.146a)
ra(t) = ic VAP EM =PV sech Qnh(n + 1) — 20t —d),  (3.3.146b)

where
sinh(2nh) . 1 — cosh(2nh) cos(2&h) _ sinh(2nh) sin(2€h)
- T h? C VT e
(3.3.147a)
- - | inh(2nh
d = 10g(C1(0)D; (0))? — log w (3.3.147b)
and
. ap  log|zi| Bi arg 7
k= , =— = , =——=- )
1=§+1in n=- A § p 0
(3.3.147¢)
1D1(0)]'?
c=———, = arg C1(0) + 2¢&h. 3.3.147d

The expressions (3.3.146a)—(3.3.146b) give the one-soliton solution of the ver-
sion of the IDNLS that explicitly contains 4, that is, the system (3.2.7a)—(3.2.7b).
In the limit 2 — 0, nh — x, (3.3.146a)—(3.3.146b) become

g(x, 1) = 2nc e HEHHE = =iVogech (2nx — 8Ent — &) (3.3.1482)
r(x, 1) = 2nc QREXHE —itiogech (2nx — 8&Ent — 8) (3.3.148b)
b = 10gC1(ODI(0)F —log2n. Yo =argCi(0) = 5. (33,149

which is the one-soliton solution of the continuous problem (2.1.2a)—(2.1.2b). A
similar result holds for the multisoliton solutions. Note that the IDNLS equation
(3.1.1) is obtained in the reduction r, = F¢, . In this case, from (3.2.87) and

(3.3.142), it follows that 2 = ig_
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We point out some differences between the discrete soliton and the soliton
solution of the PDE. Both (3.3.146a)—(3.3.146b) and (3.3.148a)—(3.3.148b) are
composed of traveling waves with a sech profile that is modulated by a complex
carrier wave. Moreover, in both the PDE and the lattice soliton, the velocity of
the traveling wave depends on the spatial frequency of the carrier. However,
this has different consequences for the lattice and the PDE:

1. On the lattice there is a maximum spatial frequency (i.e., || < 27”), which
leads to a maximum speed for the soliton on the lattice (i.e., |v| < %),
while there is no such upper bound on soliton velocity in the PDE.

2. In the PDE soliton, the velocity depends linearly on the spatial frequency.
In contrast, on the lattice, the velocity goes like sin(2£ /). Hence, the speed
increases with |&| for small |&| but then decreases to zero as |£| increases
further. As a consequence, unlike the PDE, it is possible, on the lattice, to
have two solitons with the same velocity even though they have different

spatial carrier frequencies.

Finally, we remark that in the literature the solitons of the NLS and the
IDNLS are generally considered only when r = —¢g* and r, = —q,,. In this
case, ¢ = 1 and (3.3.148a)—(3.3.148b) give the NLS soliton (2.3.88). Here,
however, we have shown that one can consider the soliton in slightly more
general conditions: Even though r, # —g,, the potentials are still such that
(i) the eigenvalues appear in quartets £z, :I:Ql and (ii) the products of the
associated norming constants is real and positjive (see Symmetry 3.3). The
characteristic localized traveling-wave solution is a result of a symmetry in
the eigenvalues of the solution. Because these eigenvalues are time-independent,
this symmetry (or lack thereof) is a conserved characteristic of solutions in the
nonreduced system (3.3.146a)—(3.3.146b).

The problem of a multisoliton collision can be investigated by looking at
the asymptotic states as T — 400, proceeding in a similar way as in the con-
tinuous case. Consider a pure J-soliton solution for R, = —Q} and assume,
without loss of generality, v; < v, < ... < vy. Then, for T — 00, the poten-
tial breaks up into individual solitons of the form (3.3.143a), and as t — —o0
the discrete solitons are distributed along the n-axis in the order corresponding to
ny,nj_1,...,n;the order of the soliton sequence is reversed as T — +o0. To
determine the result of the interaction among solitons, we trace the passage of
the eigenfunctions through the asymptotic states. We denote the soliton coordi-
nates at the instant of time 7 by n ;(t) (| 7| is assumed large enough so that one can
talk about individual solitons). If T — —oo,thenn; < ny_; < ... <K ny.The
function ¢,(z;) has the form ¢,(z;) ~ z_'; (1, 0)7 whenn < n;. After passing
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through the J-th soliton, it will be of the form ¢,,(z;) ~ a;(z j)z’} (1, 0)7, where
ay(z) is the transmission coefficient relative to the J-th soliton. Repeating the
argument, we find

Pn(zj) ~ 2] ]_[ a(z) < ) njp Ln<KLnj.

I=j+1

Upon passing through the j-th soliton, since the corresponding state is a bound
state, we get

bulz)) ~ 278, 1’[ a(z;) ( > nj<n<nj_y. (3.3.150)
I=j+1
On the other hand, starting from n >> n; and proceeding in a similar way, we
find for the eigenfunction v, the asymptotic behavior:
j—1

= 0
Wn(Zj)NZj H(Z] 2Z12)611(Zj)<1) n; < nKnj_y, (3.3.151)

=1
where we have used (3.2.62a) and (3.2.63a) to get the transmission coefficient
for the right eigenfunctions, as well as the result (3.2.108). Comparing (3.3.150)
and (3.3.151) and recalling (3.2.72), we get

S ]‘[ a(z;) = b; ]‘[a,(z, (3.3.152)

I=j+1
It is convenient to write S; as

Sj(‘L') — ei(Zj—zf])2r+25j+i¢/

so that (3.2.72) yields
" J=
b; (_E)Nez(z;fz D T+287 iy 1_[ al(zj)l_[ am(Zj) T — —o00,
I=j+1 m=1
where 8, ¥, denote the asymptotics of the real functions §;, ¥; as T — —o0.
Proceeding in a similar fashion as T — 4-00 and taking into account that the
order of the soliton sequence is reversed, we get

_ -1y +
b (T)'\’el(Z/ P28 iy Ha](zj) l_[ z; Zm)am(Zj) 1 T = +00.
=1 m=j+1
Therefore we conclude that
J

Q287 =8+ 272 -
( W =¥ Hal(Z] 1_[ Z zm) amn(z;)

m=j+1
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or, explicitly, using the formula (3.2.90) for the pure one-soliton transmission
coefficient,

i1 22 \%2 g 2 (g*)2 2
28 =8+ W —¥7) _ AR 222y (% T Em
e\ 7O J i) = R %7 JE A — .
1—[ <Z§ _ (Zf)_z 1_[ ( m m)

2
I=1 m=j+1 5= Z%1
(3.3.153)

According to (3.3.144b), this last formula provides the phase shift of the j-th
soliton on the transition between the asymptotic states T — oo due to the
interaction with the other solitons.

For instance, in the two-soliton case we have

2 =2 2 =2
S5 — (5 —5) —log LT B Z) 1 o
1 1 ( 2 2 ) Og Z% — Z% (Z% — Z%) ( a)

)
( )
2 22\ (22 =2
Y =y = arg [z%zg 2 E@ Zj) E; Zzﬂ . (3.3.154b)
1

2] _Zz)

Note that letting z; = e, z, = ¢~"* in the continuous limit (i.e., for

h — 0) these expressions give back (2.3.97a)—(2.3.97b).

3.4 Conserved quantities and Hamiltonian structure

We showed that the scattering coefficient a(z) is time-independent. Since a(z)
is analytic for |z| > 1, it admits a Laurent expansion whose coefficients are
constants of the motion as well. From the representation (3.2.66a) for a(z), it
follows that the quantities

+o00 ]
Z 0, M®~2+!1 (3.4.155)

n=—0o0

are conserved for any integer j > 0, and the coefficients M,(,z) "/ of the asymp-
totic expansion of M,(lz)(z) at large z can be calculated iteratively from (3.2.47)—
(3.2.48). For instance, the first two constants of the motion are given by

+oo > 1
Fi= > QuRiy. Ta= ) {Qanz—z(QnRM)z}.
n=—00 n=—oo

(3.4.156)

Note that we subtracted I"; from the expression for I'; obtained from (3.4.155)
for j = 2.
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The scattering coefficient a(z) is also a constant of the motion, and proceeding
exactly as before one can obtain a second set of conserved quantities given by

+o00
Z R, M2~ (3.4.157)
n=—0oo
for any j > 1. This yields
_ +00 _ +00 1 5
M= n;m Qu_iR,, Th= n;m {anRn = 5 (Qu1Ry) } :
(3.4.158)

By taking into account the 7-dependence of the scattering coefficients
(3.2.138a), we show that the determinant of the scattering matrix is a constant
of the motion, that is,

a(z,t) b(z, 1)\ _ a(z,0) b(z,0)
det (b(z, 1) alz, ‘L’)) = det (b(z, 0) a(z, O),) )

Then, from (3.2.60), it follows that

400
C—oo(T) = 0o (0) = l_[ (1—-R,0n). (3.4.159)
Note that when the potentials satisfy the symmetry condition R, = FQ7,
the first constants of the motion in (3.4.156) and (3.4.158) become

+00
Mi=%)Y 0.0, TIi=r}. (3.4.160)

n=—00
Moreover, from (3.4.159) follows that

400
o= [] (1£12.P) (3.4.161)
n=—00
is also a conserved quantity.
The system of equations (3.1.2a)—(3.1.2b) is a Hamiltonian system [85],
[114] with

coordinates (q) :  Qu(7) (3.4.162a)

momenta (p) : R,(1) (3.4.162b)
+00 +00

Hamiltonian (H) 1 — | Ry (Qu1 + Qu-1) =2 ) log(1 = Ry Qy)

(3.4.162¢)
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with the noncanonical (i.e., nonconstant) brackets

{On(D), Ru(1)} = i (1 = Ru(0) Qn(T)) 8. (3.4.163a)
{Qn(1), Om(D)} = {Qn(1), Ru(1)} = 0. (3.4.163b)

Unlike the continuous case (cf. (2.4.114a)), since the bracket (3.4.163a) is not
constant, the Jacobi identity (2.4.109) does not follow trivially from its inherent
skew-symmetry but has to be checked separately. Note that the Hamiltonian is
given by the conserved quantities I'y, I’y and ¢_, in (3.4.156), (3.4.158), and
(3.4.159).

In the case when the initial data satisfy the additional constraints R, = FQ7,
we identify coordinates Q, and momenta Q. The corresponding Hamiltonian
and brackets are given by

+00 too
H=+ ) 0i(Quu+QuE2 ) log(1+]0,°) (34.164)

n=—0oQ n=—0o0

{Qm’ Qn} l (1 :i: |Qn| ) n,m (34165)
{00, On} =10}, 05} = (3.4.166)



Chapter 4

Matrix nonlinear Schrédinger
equation (MNLS)

4.1 Overview

The inverse scattering transform for the two-component VNLS system

ig” = qW +2(1g" P + 1g? gV
. (2
ig\” = q® +2(1q" P + 14?Pq?

and the dynamics of the soliton interactions were first developed in [120]. The
IST of the somewhat more general matrix system

iQ; = Q.x —2QRQ (4.1.1a)
—iR, = R, — 2RQR, (4.1.1b)

where Q is an N x M matrix and R is an M x N matrix, is a straightforward
generalization of the IST for the two-component VNLS system and provides a
parallel with the IST for the integrable discrete matrix system (cf. Chapter 5).
Hence, in this chapter we develop the IST on the infinite line for the system
(4.1.1a)—(4.1.1b), including the symmetry induced by the reduction R = Q"
as a special case.

In its basic outline, the IST for the system (4.1.1a)—(4.1.1b) follows the same
steps as the IST for the scalar NLS (cf. Chapter 2). However, since scalars are
replaced with matrices, some extra care is needed in the calculations. Never-
theless, the individual steps of the IST for the system (4.1.1a)—(4.1.1b) can
be mapped to the steps of the IST for the NLS. In particular, the treatment
of the direct problem follows [6], [21]. The inverse problem is formulated
as a Riemann—Hilbert boundary-value problem, following [6]. The Gel fand—
Levitan—Marchenko integral equations are derived from the RH problem. We
also show that under the reduction R = Q¥ the GLM equations have no
homogeneous solutions.

90
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While the IST is similar, the effect of the vector generalization that takes
one from the NLS to the VNLS manifests itself in the dynamics of the soliton
interactions. In addition to the phase parameters of the scalar NLS solitons
(the location of the peak and the overall complex phase), the solitons of the
VNLS have a vector polarization that has no counterpart in the scalar NLS.
In fact, a single soliton of the VNLS can be described as a scalar NLS-type
soliton multiplied by a polarization vector. Although a single VNLS soliton is,
in effect, governed by the scalar NLS, the vector nature of the solitons (i.e.,
the associated polarization vector) affects the interaction of the vector solitons
with one another.

When vector solitons interact, they shift one another’s polarization vectors.
This polarization shift distinguishes vector—soliton interactions from scalar—
soliton interactions. Like the scalar-solitons interactions governed by the NLS,
vector—soliton interactions governed by the VNLS induce shifts in the location
of the peak and the overall complex phase of the interacting solitons while
leaving the amplitude and velocity of the individual solitons invariant. However,
the polarization shift (that occurs in addition to the other phase shifts) in vector-
soliton interactions is an element that distinguishes vector solitons from scalar
solitons.

Finally, in this chapter we describe how the VNLS can be understood as a
Hamiltonian system with infinitely many conserved quantities. These conserved
quantities, including the Hamiltonian of the VNLS, are derived by making use
of the IST machinery that is developed here for the VNLS.

4.2 The inverse scattering transform for MNLS
4.2.1 Operator pair

The Lax pair for the matrix nonlinear Schrodinger system (4.1.1a)—(4.1.1b) is
naturally obtained from the matrix generalization of the linear system (2.2.3)—
(2.2.4), that is,

_(—ikly Q
Vx—< R ikIM>V 4.2.2)

and

v (sz Iy +iQR —2kQ —iQ, )v’ 423

—2kr+iR, —2ik*Iy; —iRQ

where v is an M-component vector; Q = Q(x, ) is an N x M matrix; R =
R(x,t)is an M x N matrix; and Iy, I, are the N x N and M x M identity
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matrices, respectively. Indeed, the compatibility condition (i.e., the equality of
the mixed derivatives v,, = v,,) is equivalent to the statement that Q and R
satisfy the evolution equations (4.1.1a)—(4.1.1b) if k, the scattering parameter,
is independent of x and . Under the reduction R = Q¥ the system (4.1.1a)—
(4.1.1b) corresponds to the single (matrix) PDE

iQ, = Q.. +£2QQ"Q, (4.2.4)

and if Q = q is either a row vector (N = 1) or a column vector (M = 1), it
reduces to VNLS (1.3.4), that is,

iq = qu £2llql*q. (4.25)

Moreover, the system (4.1.1a)—(4.1.1b) reduces to (2.1.2a)—(2.1.2b) for N =
M = 1; hence the contents of Chapter 2 regarding the scalar NLS equation can
be obtained from the results of the present chapter with this prescription.

As before, we refer to the equation with the x derivative, equation (4.2.2), as
the scattering problem and the equation with the ¢ derivative, equation (4.2.3),
as the time-dependence.

4.2.2 Direct scattering problem
Jost functions and integral equations

We refer to solutions of the scattering problem (4.2.2) as eigenfunctions with
respect to the parameter k. When the potentials Q, R — Orapidly as x — Fo0,
the eigenfunctions are asymptotic to the solutions of

v — —ikly 0 v
T 0 ikl

as |x| — oo. The solutions of this differential equation have the bases

d(x, k) ~ (IN> e Px, k) ~ ( 0 )akx asx — —oo  (4.2.6a)
0 Iy

PYx, k) ~ <10 )a’“, Px, k) ~ <Ig)e”‘x as x — 400, (4.2.6b)
M

where Iy, I, are the N x N and M x M identity matrices, respectively, and
o, d_>, Y, 1/_: are matrix-valued functions of the following dimensions:

G, k): (N+M)xN, Gx,k): (N+M)xM
Y, k): (N+M)yxM, px,k): (N+M)xN.
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In the following, we will refer to ¢ and ¢ as “left” eigenfunctions, since they
are given by fixing their asymptotics at x — —o0, that is, from the “left,” as
opposed to the “right” eigenfunctions v and 1, which are fixed by their behavior
at x — +o0, that is, from the “right.”

As done earlier and in the following analysis, it is convenient to consider
functions with constant boundary conditions. Hence, we define the Jost func-
tions as follows:

M(x, k) = e* ¢(x, k),  M(x, k) = e *p(x, k), (4.2.7a)
N(x, k) = e ™ ap(x, k),  N(x, k) = e*p(x, k). (4.2.7b)

If the scattering problem (4.2.2) is rewritten as

ve = (ikJ + Q) v, (4.2.8)

(-Iy 0 -~ (0Q
(TOY as(09). uee

then the Jost functions M(x, k) and N(x, k) are solutions of the differential
equation

where

X (x, k) = ik(J 4+ Iy ) x (x, k) + (Qx) (x, k) (4.2.10a)
while N(x, k) and M(x, k) satisfy
%e(x, k) = ik(@ — Iy X (x, k) + (Q%) (x, k) (4.2.10b)

with the constant boundary conditions

M(x, k) — (IN>, M(x, k) — ( 0 ) as x — —00 (4.2.11a)
0 Iy

N(x, k) —> , N(x, k) — as x — +o0o. (4.2.11b)
Iy 0

It is convenient to introduce the following notation: An (N + M) x J
matrix A will be denoted as
Ap)
A = ( A(dn)> )

where the superscripts “up” and “dn” indicate, respectively, the top N rows and
the bottom M rows of matrix A (i.e., A®P is the N x J upper block and AM
is the lower M x J block of matrix A).
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Solutions of the differential equations (4.2.10a)—(4.2.10b) can be represented
by means of the following integral equations:

+00
x(x, k)y=w +/ G(x — x', k) (Qx) (', k)dx’'
oo )
X(x, k) =W+ G(x —x', k) (Qx) (x', k)dx’
—00
or, in component form,
+o0o N+M .
X" (x, k) = (w)™ +/ Z (G)Y"(x —x', k) (QX)gj (', k)dx'
-0 ¢=1
m=1,....N+M, j=1,...,N
+oo NIM ~ M ~
X"(x, k) = (@) + Y@ =X (Qx),, & kdx’
-0 =1

m=1,....N+M, j=1,..., M,

wup) B 0
W= 0 ’ W= ";V(dn)

and the Green’s functions G(x, k) and G(x, k) are (N + M) x (N + M) matri-
ces satisfying the differential equations

where

LoG(x, k) =8y, LoGlx, k) = 80y,

where
Lo=Inyp0y — ik(J + Inyn), Lo =Ty imdy —ik(T = Iyim).

The Green’s functions are not unique, and, as we show in the following, the
choice of the Green’s function and the choice of the inhomogeneous terms w and
W together determine the Jost function and its analytic properties. In analogy
with the scalar case (cf. Chapter 2), we use the Fourier transform method and
find

1 'y 0 ;
Gi(x. k)= — ipxg
= k)= o Ci( 0 (p—zk)IIM)e P

~ _ 1 (P + 2k)_IIN 0 ipx
Gi(x, k) = 2—711/Ci ( 0 oLy e'dp,

where C. are the contours from —oo to +oco that, respectively, pass be-
low and above both the singularities at p = 0 and p = 2k (see Figure 2.1).
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Therefore we have

Gi(x,k)::lze(:tx)(lg 0 )

eZikxIM
- —2ikxI 0
Gt by =7v0(F0) (¢ " . (4.2.12)
0 Iy
The “+” functions are analytic in the upper half-plane of k and the “—” func-

tions are analytic in the lower half-plane. Taking into account the boundary
conditions (4.2.11a)—(4.2.11b), we get the following integral equations for the
Jost solutions:

+00

M(x, k) = (I(])V> +/ Gi(x —x', k) (QM) (x', k)dx"  (4.2.13a)

+00
N(x, k) = ( 0 ) + / Gi(x —x", k) (QN) (', b)dx"  (4.2.13b)

Iy .

+oo
M(x, k) = (I(:l) +/ G_(x — X", k) (QM) (', k)dx’  (4.2.13¢)

oo

_ 1 +oo ~ -

N(x, k) = ( (1;') + G_(x —x',k) (QN) (', k)dx'. (4.2.13d)
—00

Equations (4.2.13a)—(4.2.13d) are Volterra integral equations. The results of

Lemma 2.1 can be generalized to the matrix case to show that if QR € L'(R)

with respect to any matrix norm, that is,

+00
|wm=/ 1Qu()ll dx < 400

oo

+o00
|mm=f IR, dx < oo,

o0

where |||, is any matrix norm, then the Neumann series of the integral equations
for M and N converge absolutely and uniformly (in x and k) in the upper k-
plane, while the Neumann series of the integral equations for M and N converge
absolutely and uniformly (in x and k) in the lower k-plane. This fact immediately
implies that the Jost functions M(x, k) and N(x, k) are analytic functions of k
for Im k > 0 and continuous for Im k > 0 and M(x, k), N(x, k) are analytic
functions of k for Im k& < 0 and continuous for Im £ < 0.

Lemma 4.1 If Q,R € L' (R), then M(x, k), N(x, k) defined by (4.2.13a)—
(4.2.13b) are analytic functions of k for Im k > 0 and continuous forImk > 0,
while M(x, k), N(x, k) defined by (4.2.13¢c)—(4.2.13d) are analytic functions
of k for Im k < 0 and continuous for Im k < 0. Moreover, these solutions are
unique in the space of continuous functions.
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Proof We prove the result for M(x, k). The Neumann series

M(x, k) = ch(x, k), (4.2.14)
where |
Cotr k) = (W
()(-x’ )_ 0
+o0
Cjpi(x, k) = Gi(x —x, 0 (QC)) (', kydx'  j =0, (42.15)

is, formally, a solution of the integral equation (4.2.13a). In upper/lower com-
ponent form

CLP\(x, k) = / Q)CY™(x', kydx’ (4.2.16a)
Cx k) = f PHEORGCIP (', K)dx'. (4.2.16b)

Because C(()dn) = 0 we have for any j > 0
(up) (dn)
i =0, & =o.

Using the identities
1 [* § /
ﬁ/_m G [/_OO |f(€’)|d$’} d
1 x4 Jj+1
=<j+1>!f %U |f(§)|d$} @

1 j+1
m[/ |f(§)|d§i| ,

where f € L'(R), one can show from (4.2.16a)-(4.2.16b) by induction on j
that forIm &k > 0

NQuG)Ndx") (fF o IRa () ldx") !

|5 0], =

Jj! G+ D!
3 / d nNJ X Ra / d nNJ
HC%D)(X”‘)HH - ([ IIQj('X)II ) (S j(‘X)II x') '

Therefore, if Q, R € L'(R), the series (4.2.14) is bounded by a uniformly con-
vergent power series, which proves that the Neumann series (4.2.14) is itself
uniformly convergent for Im k > 0. Therefore M(x, k) is analytic for Imk > 0,



4.2 The inverse scattering transform for MNLS 97

continuous for Im k£ > 0, and unique in the space of continuous functions
(cf. Chapter 2, Lemma 2.1).

The proofs for the other eigenfunctions are similar.

From the integral equations (4.2.13a)—(4.2.13d) we can compute the asymp-
totic expansion for large k of the Jost functions. Integration by parts yields, in
the respective half-planes,

M(r, k) = (‘N — s [ QUORG A

TR ) + 0(k™>) (4.2.17a)
o X

Iy + 5 [ QG)R(x")dx’
2sz(x)

N(x, k) = +0k™)  (4.2.17b)

Iy — o= [T R&)QG)dx!

2ik
mQ(X)

N +0(k™.  (42.17d)
+ 57 /7 RGNQU)dx’

N(x,k):( 77 QW) )+ 0k  (42.17¢)

Scattering data

The two matrix eigenfunctions with fixed boundary conditions as x — —oo are
linearly independent, as are the two matrix eigenfunctions with fixed boundary
conditions as x — +o0. For any system of differential equations

dv

— —Av,

dx v
where A = (Aj)), it andv(x) = (VD). ..., v(”)(x))T, the Wronskian of
the set of solutions vy, ..., v, defined as

W, ...,v,)=det| ... ...... ,

satisfies the differential equation

d
— Wy, ...,v) =trA W (vy,...,v,).
dx

Therefore, if u(x, k) and v(x, k) are any two solutions of (4.2.2), the Wronskian
of u and v is given by

W (u(x, k), v(x, k)) = det (u(x, k), v(x, k)) , (4.2.18)
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and it satisfies

d
d—W(u, v)=ik(M — N)W(u,v). 4.2.19)
x
Taking into account the asymptotics (4.2.6a)—(4.2.6b), (4.2.19) yields
W (¢(x, k), plx, k)) = eHM=Nx (4.2.20a)
W ($(x, k), P(x, k)) = —e M=, (4.2.20b)

which proves that the functions ¢, ¢ are linearly independent, as are 1) and ).
Therefore can write ¢(x, k) and ¢(x, k) as linear combinations of 1/(x, k) and

1(x, k), or vice versa. The coefficients of these linear combinations depend on
k. Hence, we can write
o(x, k) = P(x, bbk) + P(x, k)a(k) (4.2.21a)
o(x, k) = (x, k)ak) + P (x, k)b(k), (4.2.21b)
where a(k) and a(k) are square matrices, N x N and M x M, respectively,
while b(k) is an M x N matrix and b(k) is an N x M matrix. The relations

(4.2.21a)—(4.2.21b) hold for any k such that all four eigenfunctions exist. In
particular, they hold for Im k = 0. Let us introduce the scattering matrix

a(§) b(é)

= R
S <b($) ﬁ(&)) £

in terms of which (4.2.21a)—(4.2.21b) can be written as

(P(x, &), P(x, §)) = ((x, &), P(x, §)) S(&).
Making use of equations (4.2.20a)—(4.2.20b) and (4.2.21a)—(4.2.21b), we con-
clude that the scattering matrix is unimodular, that is,
a(§) b(& ))
b(§) a()

It also convenient to introduce the “right” scattering coefficients expressing 1)
and 1) as linear combinations of ¢ and ¢, that is,

P(x, k) = d(x, k)dk) + d(x, k)e(k) (4.2.232)
P(x, k) = ¢(x, k)ek) + o(x, k)d(k). (4.2.23b)

detS(¢) = det ( =1 £&ek (4.2.22)

The scattering coefficients can be related to the Wronskian of the Jost solutions
in the following way:

W(Cx, k), 3 (x, K)
—w ((u‘mx, 0, B, b)) (;gg) (B, ), e, b)) (;:4))
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_ n ak) 0
=W (W’C’ 0. (. ) (b(k) I ))
= W(@p(x, k), P(x, k)) deta(k) (4.2.242)

and similarly
W@p(x, k), p(x, k) = W(p(x, k), P (x, k)) det a (k). (4.2.24b)
From the other side, using the “right” data we get the relations

W(p(x, k), ¥(x, k)) = detc(k)W((x, k), P(x, k)) (4.2.24¢)
W(h(x, k), p(x, k) = det Sk)W(p(x, k), d(x, k),  (4.2.24d)
and the comparison between (4.2.24a)—(4.2.24b) and (4.2.24¢)—(4.2.24d) yields

deta(k) = detc(k) (4.2.25a)
det a(k) = det (k). (4.2.25b)
One can also derive the following integral relationships for the scattering

coefficients:
400

ak) =Iy + Q)M (x, k)dx, (4.2.26a)
b(k) = / = e 2R RO)M®Y (x, k)dx, (4.2.26b)
ak) =TIy + / m R(x)M™(x, k)dx, (4.2.26¢)
b(k) = / m QUMY (x| k)dx, (4.2.26d)
and N
)y =TIy — / " Q)N (x| k)dx, (4.2.27a)
d(k) = — / m e R )N (x, k)dx, (4.2.27b)
ck) =Ty — / m RN (x, k)dx, (4.2.27¢)
dk) = — / m QN (x| k)dx. (4.2.27d)

Indeed, introducing

A(x, k) = M(x, k) — N(x, k)a(k)
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and using the integral equations (4.2.13a), (4.2.13d) for M and N, as well as
the relation

Iy 0
G i(x,k)—G_(x, k)= <0 eZikxIM) ’
we can write

+o00
A(x,k)—/ G_(x —x', k) (QA) (x', k)dx’

[ee]

— IN - a(k) +00 Q(x/)M(dn)(x/’ k) )
= ( 0 ) o /;oo (eZik(xX/)R(xl)M(up)(x/’ k)) dx’. (4228)

From the other side, the scattering equation (4.2.21a) yields
A(x, k) = e**N(x, k)b(k),

and then

~+00
Ax, k) — G_(x —x", k) (QA) (x". k) dx' = <

—0Q

0

2ikx
b(k)) e, (4.2.29)

where we used the integral equation (4.2.13b) for N(x, k) as well as the identity
G_(x, k) = G (x, k).

Comparing (4.2.28) and (4.2.29), we get the integral representations (4.2.26a)
and (4.2.26b). Equations (4.2.26c) and (4.2.26d) are derived analogously, by
considering A(x, k) = M(x, k) — N(x, k)a(k). Similarly, one obtains the inte-
gral representations for the “right” data (4.2.27a)—(4.2.27d).

Since M(x, k) and M(x, k) are analytic, respectively, forImk > OandImk <
0, and continuous up to Im k£ = 0O, the integral representations (4.2.26a) and
(4.2.26¢) imply that a(k) is analytic in the upper k-plane and continuous for
Im k = 0 and a(k) is analytic in the lower k-plane and continuous for Im k£ = 0.
On the other hand, b(k) and b(k) cannot in general be continued off the real axis.

From the integral representations (4.2.26a) and (4.2.26¢) and the asymptotics
(4.2.17a), (4.2.17d) it also follows that

+00

ak) = Iy — ﬁ Q()R(x)dx + O(k™?) (4.2.30a)
+00

ak) =1Iy + ﬁ R(x)Q(x)dx + O(k™2). (4.2.30b)

With these asymptotics, the analytic properties of a and a that we have already
established and the additional assumptions that deta(£) # 0, det a(§) # 0 for
all ¢ € R, we conclude that there must be finitely many zeros of deta(k) in the
upper k-plane and finitely many zeros of det a(k) in the lower k-plane.
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Note that equations (4.2.21a) and (4.2.21b) can be written as

pw(x, k) = N(x, k) + e N(x, k)p(k) (4.2.31a)
f(x, k) = N(x, k) + e 2 N(x, k)p(k), (4.2.31b)

where
wx, k) =Mx, ba~'(k),  fa(x, k) = M(x, k)a ' (k) (4.2.32)

and the reflection coefficients are defined by
p(k) =bk)a~'(k),  p(k) =bk)a~' (k). (4.2.33)

Moreover, from (4.2.21a)—(4.2.21b) and (4.2.23a)—(4.2.23b) it follows that

forany £ e R
— —1 _
<a(§) b(é)) _ (g(f) d(é))
b(§) a(§) dé) c®) /)’
and therefore, under the assumptions deta(§) # 0, det a(¢) # O for all £ € R,
the following relations between “left” and “right” scattering data hold:

Iy = p&)pE)a@)c() =1y (4.2.34a)
Iy — p(§)p(&)) a&)e (§) = Iy. (4.2.34b)

Proper eigenvalues and norming constants

As before, we define a proper eigenvalue to be a (complex) value of k for
which the scattering problem (4.2.2) admits a bounded solution that decays as
x — Foo.

If Im k& > 0, from the asymptotics (4.2.6a)—(4.2.6b) it follows that ¢(x, k)
decays as x — —oo while 1(x, k) decays as x — +o0. Therefore, for k; =
&; +in; in the upper k-plane to be an eigenvalue, it must be that one of the
solutions is in the span of the other one, that is,

W(g(x, kj), (x, kj)) = 0.
Similarly, k; in the lower k-plane is an eigenvalue if, and only if,
W(d(x, kj), P(x, k) = 0.

From the other side, equations (4.2.24a)—(4.2.24b) show that the eigenvalues in
the upper k-plane are the points k = k; such that deta(k;) = 0 and the eigen-
values in the lower k-plane are the zeros k; of det a(k). There are no proper
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eigenvalues on the real k-axis because none of the basis eigenfunctions vanishes
as x — oo if Im k = 0, and we also assume that deta(§¢) £ 0, deta(¢) # 0
forany & € R.

From equations (4.2.32) it follows that p(x, k) is a meromorphic function of
k with poles at the zeros of deta(k) and fi(x, k) is a meromorphic function with
poles at the zeros of det a(k). Let us assume that deta(k) has J simple zeros
at the points {k; = &; +in; : n; > 0}]{:1 and detd(k) has J simple zeros at
(ke =E&c+ime: 7 < 0}zi1' Let a(k) be the cofactor matrix of a(k) and let
us introduce the notation a(k) = deta(k). Then, from equation (4.2.31a), it
follows that

Res (u;kj) = klim (k kj )[J,(X,k)

__ L2ikjx
= "N (x, k)) /(k )b(k Deak;)

= ¥ N (x, k;) C;, (4.2.35)

where ' denotes the derivative with respect to the parameter k and for any
j=1...,J
C; = ——bkpatk)) (4:2.36)
T alky)

isan M x N matrix that is referred to as the norming constant associated with
the discrete eigenvalue k;. By a similar procedure, we can find the expression
for the residues of the poles of fi(x, k),

Res (f; k) = e 25N (x, k¢) Co, (4.2.37)
where forany £ =1, ..., J
- 1
C, = Tb(kg)a(kg) (4.2.38)

isan N x M matrix (as before, a(k) = det a(k) and &(k) is the cofactor matrix
of a(k)).

To summarize, in the general case the eigenvalues {k i Imk; > O}jzliu
{kg Imk, < 0} and the associated norming constants {Cj}jj.=1 U {C‘f}z=1’
together with the reﬂection coefficients {p(&), p(§) : £ € R} given by (4.2.33),
constitute the scattering data.

Symmetry reductions

The M-component VNLS equation is a special case of the system (4.1.1a)—
(4.1.1b) where Q =q is an M-component row vector (i.e., N = 1) and
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R = r = 7q". More generally, we can consider the symmetry
R = FQ” (4.2.39)

for any matrix Q.

Note that, as in the scalar case, when R = Q¥ the scattering operator is
Hermitian, and therefore in this reduction the scattering problem (4.2.2) with
potentials decaying rapidly enough as x — 00 does not admit discrete eigen-
values off the real k-axis.

The symmetries (4.2.39) in the potentials induce symmetries in the scattering
data. To determine such symmetries, we consider the matrix-valued functions
defined in the upper k-plane:

f(x, k) = [o2B(x, k9] plx, k),

where

(v 0
oL = ( 0 iIM>' (4.2.40)

From the scattering problem (4.2.2) it follows that under the symmetry (4.2.39)
d
_lez(xv k) = 07
ax

and equating the asymptotic behavior of fy as x — 400 and x - —o0
following from (4.2.6a)—(4.2.6b) and (4.2.21a)—(4.2.21b), we find that

a (kbk) £ b (k")ak) = 0.
Consequently
p" (k") = Fp(k) (4.2.41)

for any k€R. An analogous argument yields that gi(x,k)=
[0 pCx, k9] (x, k) and h(x, k) = [o49p (x, k)] p(x, k), defined in the
upper k-plane, are independent of x. Therefore, comparing the asymptotics
of g+ and hy as x| — oo following from (4.2.6a)—(4.2.6b) and (4.2.23a)—
(4.2.23b), we get

af(k*) = c(k) (4.2.422)
¢ (k*) = a(k) (4.2.42b)

and, in particular,

dete(k) = (det a(k*))". (4.2.43)
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Taking into account (4.2.25a)—(4.2.25b), under the reduction (4.2.39), we con-
clude that

det a(k*) = (deta(k))*, (4.2.44)
which implies that k; in the upper k-plane is an eigenvalue if, and only if,
kj = kj (4.2.45)

is an eigenvalue in the lower k-plane. Consequently, J = J, that is, the number
of eigenvalues in the upper k-plane is equal to the number of eigenvalues in the
lower k-plane. As far as the associated norming constants are concerned, from
(4.2.36), (4.2.38) and (4.2.41), (4.2.45) it follows that

C, =fC¥ (4.2.46)
forj=1,...,J.

The comparison of the asymptotic behavior of the functions fr(x, k) =
[0+ (x, k*)]H d(x, k) and 8. (x, k) = [o1¢ (x, k)T p(x, k) as x — +o0
yields the following characterization equations for the scattering data:

a’ (k*)a(k) = Iy £b" (k)bk) Imk=0 (4.2.47a)
a” (k*) atk) = Iy ¥b” (k) bk) Imk =0, (4.2.47b)
which can be considered as defining a matrix Riemann-Hilbert problem with

zeros (matrix factorization problem) for a(k) and a(k) with jump given across
the real axis and boundary conditions given by (4.2.30a)—(4.2.30b).

Trace formula
We assume that a(k) = deta(k) and da(k) = deta(k) have the simple zeros
{kj :Imk; > O}J._ and {IQ ‘Imk; < O}J._ , respectively, and define
j=1 J J j=1

ok — k* J .

k k—k*
alk) = ]_[ - k’" atk), ak)= ]_[ - ]Em ack). (4.2.48)

m=1 m

m=1
a/(k) is analytic in the upper k-plane, where it has no zeros, while & (k) is analytic
in the lower k-plane, where it has no zeros; moreover, due to (4.2.30a)—(4.2.30b),
a(k), @(k) — 1 as |k| — oo in the proper half-plane. Therefore we have

! k — ki 1 [T log (a(&)@())
loga(k)_n;mg(k_k*)—l-% . Tdé, Imk >0

m

(4.2.492)

; (KR L [T log (@(§)a)

(4.2.49b)



4.2 The inverse scattering transform for MNLS 105

If the symmetry (4.2.39) holds, from (4.2.44) and (4.2.46) it follows that
a(©)a) = a©)a@) = la@)®, and, using (4.2.34a), |a(®)]* = det(ly —
p(E)p(£))~!. Hence, equation (4.2.49b) allows one to recover a(k), a(k) for
any k in the proper half-plane from knowledge of {k;, Im k; > 0};:],
[k, Imk; > o}jzl, and a(£)a(¢) = det (Iy + p" (§) p(¢)) ' for & € R.

The problem of reconstructing the matrices a(k) and a(k) is more compli-
cated. We do note, however, that from (4.2.26a) and (4.2.26¢) and the inverse
scattering below, the (matrix) scattering coefficients a(k) and a(k) can be recon-
structed, in principle, from the scattering data {k;, C; }jJ.:1 k;. C; }JJ.:1 and
{p(&), p(&) : & € R}. In the inverse problem we use this method to obtain a(k)
and a(k) for the special case of a pure one-soliton potential.

4.2.3 Inverse scattering problem

The inverse problem is the construction of a map from the scattering data back to
the potentials. We start with (i) the reflection coefficients p(§) and p(§) for§ €
R, (ii) the discrete eigenvalues {k;, Imk; > 0}11.=1 Jand {k;. Iijj < O}j.=1 ,
and (iii) the corresponding norming constants {C g }j=1 and{C J}j=1' First we
use these data to recover the Jost functions. Then, we recover the potentials in
terms of these Jost functions.

In the previous section, we showed that the functions N(x, k) and N(x, k) exist
and are analytic in the regions Im k > 0 and Im k < 0, respectively, if Q,R €
L'(R). Similarly, under the same conditions on the potentials, the functions
p(x, k)and fi(x, k) defined by (4.2.32) are meromorphic in the regions Im k >
0 and Im k < 0, respectively. Therefore, in the inverse problem we assume
the unknown functions are sectionally meromorphic. With this assumption,
equations (4.2.31a)—(4.2.31b) can be considered to be the jump conditions of a
Riemann-Hilbert problem. As before, to recover the sectionally meromorphic
functions from the scattering data, we convert the Riemann—Hilbert problem to
a system of linear integral equations by the use of projection operators.

Case of no poles

We begin by solving the Riemann—Hilbert problem in the case where p and fi
have no poles. Introducing the (N + M) x (N + M) matrices

m, (x, k) = (u(x, k), N(x, k), m_(x, k) = (N(x, k), a(x, k) ,
(4.2.50)
we can write the “jump” conditions (4.2.31a)—(4.2.31b) as

m, (x, k) — m_(x, k) = m_(x, k)V(x, k), (4.2.51)
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where

(4.2.52)

( —p)p(k) —p(k)e2H )
V(x, k) =

p(k)eZikx 0
and
mi(x, k) — IN+M

as |k| — oo in the proper half-plane. Applying the projector P~ defined in
(2.2.51) to equation (4.2.51) yields
om_(x, H)V(x, §)

1
m_(x,k) =IN+M + % . mdé, (4253)

which allows one, in principle, to find m_(x, k). Note that, as |k| — oo,

1 +o00
m_(x, k) = I_ﬂ m_(x, £)V(x, £)dé + O(k™>). (4.2.54)
ik J_o
Taking into account the asymptotics (4.2.17a)—(4.2.17d) and the definitions
(4.2.50), (4.2.52), from equation (4.2.54) we obtain the reconstruction of the
potentials in terms of the scattering data, that is,

1 [t
R(x) = — / NG (x| k) pk)dk (4.2.552)
T —00
1 +o0 R
Q) = — / e 2R NP (x, k) p(k)dk. (4.2.55b)
s —0o0
Case of poles

Suppose now that the potentials are such that a(k) = deta(k) and a(k) =
det a(k) have a finite number of simple zeros in the regions Im k > 0
and Im k < 0, respectively, which we denote as {k j» Imk; > 0}14=1 and
{k;, Imk; < O}]J.zl. We further assume that a(&) # 0, @(€) # O forany & € R.
As before, we apply P~ to both sides of (4.2.31a) and P* to both sides of
(4.2.31b). Taking into account the analytic properties of the Jost functions and
the asymptotics (4.2.17a)—(4.2.17d), as well as (4.2.35), we obtain

2ikjx

oo = () 4322 N woc
N(x, k) = ( 0 ) +; (k_kj)NJ(x)CJ

1 +00 eZiEx
ot /, - mN(xﬁé)p(é)ds (4.2.56a)
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0 J 6—2['/;_,-/( _ _

N(x, k) = —N,;(x)C;

(x, k) (1M>+;(k_kj> J)C;
1 +00 e~ 2ikx

_ ——  N(x, &)p&)dE, 4.2.56b

i | T a e N DR (42560

where, as before, N;(x) = N(x, k;) and Nj (x) = N(x, IEJ-). To close the system,

we evaluate equation (4.2.56a) at k = k, forany £ = 1, ..., J and (4.2.56b) at
k=kjforany j =1,...,J, thus getting

_ Iy J 2ik;x | oo it
Ne(x) = < 0 > +j221: mNj(X)Cj t5 /700 . EZN(x, £)p(€)de
(4.2.56¢)
T ik )
N;(x) = ( ) +n; & T N, (x)C,,
1 +00 ,—2ikx _
Tomi ) E—k; N(x, §)p(§)ds. (4.2.56d)

Equations (4.2.56a)—(4.2.56c) constitute a linear algebraic—integral system
of equations that, in principle, solve the inverse problem for the eigenfunc-
tions N(x, k) and N(x, k).

By comparing the asymptotic expansions at large k of the right-hand sides of
(4.2.56a) and (4.2.56b) to the expansions (4.2.17b) and (4.2.17¢), respectively,
we obtain

I 1 [t
R(x) = -2i Y "N ()¢, + - / NI (x, E)p(§)dE

(4.2.57a)

J B “+00
Q) =2i Yy e NP (0C; +% / e MNP (x, £)p(E)dE,
j=1 %
(4.2.57b)

which reconstruct the potentials and thus complete the formulation of the inverse
problem.

If the potentials decay rapidly enough at 1nﬁn1ty, so that p(k) can be analyti-
cally continued above all poles { Imk; > 0} and p(k) can be analytically
continued below all poles {k Im kj < O} then the system of equations
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(4.2.56a)—(4.2.56d) can be simplified as follows:

2iéx
N(x. k) = (IN> + L[ NG s (4258
0) " 2miJo,E—k

0 1 e—Zin _ _

N(x, k) = -— | N(x, §)p(§)ds,  (4.2.58b)
Iy 2mi Je, € —k

where C is a contour from —oo to 400 that passes above all zeros of a(k) and

C is a contour from —oo to +o0 that passes below all zeros of @(k). Under the

same hypothesis, equations (4.2.57a)—(4.2.57b) can be written as

R(x) = % HEENU (x| £)p(€)dE (4.2.59a)
Co

Q(x) =% e HENOP(x, £)p(§)dE. (4.2.59b)
Co

Gel’fand—Levitan—Marchenko equations

We can also provide a reconstruction for the potentials by developing the
Gel’fand-Levitan—-Marchenko integral equations, instead of using the projec-
tion operators (cf. [21]). In analogy with the scalar case, we represent the
eigenfunctions in terms of triangular kernels,

0

Iy

+00 A
N(x, k) = ( ) + K(x, s)e k=g s>x, Imk>0

(4.2.60a)

+o0
N(x, k) = <I(1)V) + K(x, s)eik(x_s)ds s>x, Imk <O,

(4.2.60b)

where K and K are (N + M) x M and (N + M) x N matrices, respectively.
Applying the operator - fj’;o dk e="*0=Y) for y > x to equation (4.2.58a),
we get

+00
K(x, y) + (IO ) F(x +y)+ K(x, s)F(s + y)ds = 0, (4.2.61a)
M x
where
F _ 1 / iéxd _ 1 /’+00 igxd _~ic'iij
(x) = 7 . p§)eds = ) p§)e>"ds lj:1 je

(4.2.61b)
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Analogously, operating on equation (4.2.58b) with % fj;o dk e~ for y >
X gives

+0o0
K(x, y) + (13, ) F(x +y) + K(x, )F(s + y)ds =0,  (4.2.61c)

where

P ! ex I ‘ o
K=o / Pt dE = 5o / A& ds +i ) Cre b,
0 =

C 2n —00

(4.2.61d)

Equations (4.2.61a) and (4.2.61c) constitute the Gel’fand—Levitan—Marchenko
integral equations.

Inserting the representations (4.2.60a)—(4.2.60b) for the eigenfunctions into
equations (4.2.59a)—(4.2.59b), we obtain the reconstruction of the potentials in
terms of the kernels of the GLM equations, that is,

Qx) = —2K(x,x), Rx) = —2K"(x, x). (4.2.62)

If the symmetry (4.2.39) between the potentials holds, then, taking into ac-
count (4.2.41)—(4.2.46), we also have the symmetry

F(x) = FF" (x). (4.2.63)

Existence and uniqueness of solution

The question of existence and uniqueness of solutions of linear integral equa-
tions is usually examined by the use of the Fredholm alternative. For exam-
ple, under suitable assumptions on the decay of the potentials, the restriction
R = Q" is sufficient to guarantee that the solutions of (4.2.61a) and (4.2.61c)
exist and are unique. To show this, consider the corresponding homogeneous
equations (y > x)

+oo
hi(y) + / hy(s)F(s + y)ds =0 (4.2.64a)

+o0
hy(y) +/ h(s)F(s + y)ds = 0, (4.2.64b)

where h; is an (N + M) x N matrix; h, is (N + M) x M; and F, F are
M x N and N x M, respectively, given by (4.2.61b) and (4.2.61d). Suppose
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h(y) = (h{(y), ha(y)) is a solution of (4.2.64a)—(4.2.64b) that vanishes identi-
cally for y < x and write for each matrix element

o M +oo | X
h(ll,J)(y) + Z/ h(zl’k)(S)F(k'j)(s + y)dS =0

i=1,...,(N+M), j=1,...,N (4.2.65a)

o N +oo o
EOEDY / WP EED(s + y)ds = 0
k=1 X
i=1....(N+M), j=1,... M. (4.2.63b)

We multiply (4.2.65a) by (2" (y))* and (4.2.65b) by (hS(y))*, sum over all
i, j, and integrate with respect to y to obtain

o (N+M N N+M M
/ {Z STHPOE + 3 3 )P
—co | i=1 =1 i=1 j=1
o [N+M N M ‘ '
“ [ 22 () hy S F s + v

M N
+ )Y (WD) R FEI(s + y):| ds} dy=0. (4.2.66)

If R = —Q", then the symmetry condition (4.2.63) allows (4.2.66) to be
written as

oo [N+M N o N+M M
= f {Z YRR+ Y Y g 0P
=00 | i=1 j=I i=1 j=I1
oo N+M N M
+2iIm/ YYD (R () hS P (5) F& f>(s+y)ds}

—00 =1 j=1 k=1
(4.2.67)

The real and imaginary parts of (4.2.67) must both vanish, from which it follows
that

hi(») =0, h()=0
Moreover, if

R(x) = Q" (x), (4.2.68)
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using (4.2.63), equation (4.2.66) then becomes
o (N+M N N+M M
-/ {Z SR+ Y 3 0P
—oo | i=1 j=I i=1 j=I

%) N+M N M
- 2Re/ S 3 (1) WEOOFEs + s

0 =1 j=I k=1

(4.2.69)

Moreover, in this case the scattering problem is formally self-adjoint, and there
are no discrete eigenvalues; therefore (4.2.61b) reduces to

1 [t A
F(x):E / P& dE. (4.2.70)

o]

Writing (4.2.69) in the Fourier transform space and using Parseval’s identity
(2.2.75) yields

o [N+M N Q) N+M i
= / {ZZIhl”(S)I2+ ZZMZ”@)F
| & - Lo L

ooN+M N M
ke [ > (@) i s>p<’”><s>}ds (@271

j=1 k=1

Under the reduction (4.2.68), from (4.2.34a) and the symmetry relations (4.2.41)
and (4.2.42b), it follows that

deta()*det (Ly — p” (§)p(¥)) = 1.

For the M-component VNLS equation, N = 1 and p is an M-component col-
umn vector; therefore the latter equation yields 1 — ||p||?> = |a|~2, and, conse-
quently, |[pUD(E)| = |pP ()| < 1forany j = 1,..., M. Then, for any i, k,

(z 1) (ik)

[2Re [ =8) (A ®) 4 V@] < 210 =e)lhy
< W o) P + 1y @)

and hence from (4.2.71) it follows that ill(g )=0, i12(§ ) = 0 and therefore

hi(3)=0, ()=

We conclude that when R = Q¥ for N = 1 in the defocusing (4) case the
integral equations (4.2.61a) and (4.2.61¢) admit no homogenous solutions but
the trivial one. The complete study of the inverse scattering problem is outside
the scope of this work. However, we can say that when the kernel F(x + y)
is compact, as it would be when the class of potentials is suitably restricted,

9]
Ay
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then the Gel’fand-Levitan—Marchenko equations are Fredholm. In this case, the
Fredholm alternative applies and the latter equation implies that the solution of
(4.2.61a) and (4.2.61c) exists and is unique.

4.2.4 Time evolution

The operator (4.2.3) that fixes the evolution of the Jost functions can be written

as
AB
0, v = (C D> v, “4.2.72)

where B, C — 0 as x — $o00 (since we have assumed that Q, R — 0 as x —
+00). Then the time-dependence must asymptotically satisfy

dv = <A°SIN —A(:OIM> vV as x — Foo, (4.2.73)

where we introduced A, = 2ik? such that

lim A(x, k) = Ay = 2ik*1y, lim D(x, k) = —Ax Iy = —2ik*1y.

|x|—00 |x]—o00

The system (4.2.73) has solutions that are linear combinations of

V+ _ eA°°’IN V- = 0
a 0 ’ - e‘Ax’IM '

However, such solutions are not compatible with the fixed boundary conditions

of the Jost functions (4.2.6a)—(4.2.6b). We define time-dependent functions
B(x, 1) = e Ppx, 1), P, t)=e>p(x,1) (4.2.74a)
W(x, 1) = e >ap(x,1), W(x,t)=e"P(x,t) (4.2.74b)

to be solutions of the time-differential equation (4.2.72). Then the evolution
equations for ¢ and ¢ become

_(A-ALdy B

- (A+ ALy B -
¢ = < C D+AOOIM> ®, (4.2.75)

so that, taking into account equations (4.2.21a)-(4.2.21b) and evaluating

(4.2.75) as x — 400, one obtains

dak)=0, dak) =0
3, bk) = —2Asb(k),  d,bk) = 2Asb(k)
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or, explicitly,

ak,t) = a(k, 0), ak,r) = ak, 0) (4.2.76a)
bk, 1) = e **'b(k,0), bk, 1) = " 'b(k,0).  (4.2.76b)
From (4.2.76a) it is clear that the eigenvalues (i.e., the zeros of a(k) = deta(k)
and a(k) = a(k)) are constant as the solutions evolve. Not only the number of
eigenvalues, but also their locations, are fixed. Thus, the eigenvalues are time-

independent discrete states of the evolution. On the other hand, the evolution
of the reflection coefficients (4.2.33) is given, like in the scalar case, by

plk, 1) = plk, 0™, plk, 1) = p(k, 0)e*™, (4.2.77)
and this also gives the evolution of the norming constants,

C;(t) = C;0)e*h",  C;t) = C;(0)e"N". (4.2.78)

4.3 Soliton solutions
4.3.1 One-soliton solution

In the case where the scattering data comprise proper eigenvalues but p(§) =
p(&) = 0 for & € R, the algebraic—integral system (4.2.56a)—(4.2.56d) reduces
to the linear algebraic system

J 21kx

N,(x)=< ) Z N(x)C I=1,...,7] (4.3.79a)
J e—21km _

N,-(x)=< ) Z(k - N,x)Cn  j=1,...,J. (43.79b)

The one-soliton solution is obtained for J = J = 1. In the relevant physical
case, when the potentials satisfy the symmetry R = —Q, taking into account
(4.2.45) and (4.2.46), we get

_ e—4nx H -1 IN
=11 —_— ik x 4.3.
Ni() [N+ 7 C Cl} e, (4.3.80)
0 o 2ikix o—4nx -1 cH
= -—— |1 i it
Vo= ()= [ mere] (areer)
(4.3.81)

where ky = & 4+ in, n > 0. The vector case is obtained for N = 1 in which case
the matrix C; reduces to an M-component column vector, while C = —Cf’ .
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From (4.2.57b) with Q = q, it then follows that

. CH
q(x) = —2ine H*sech(2nx — 28) ||cl i (4.3.82)
1
where
ICy I
e = 2—’; IC.? = ¢l . (4.3.83)

Introducing the explicit time-dependence of C; as given by (4.2.78), one finally
gets the one-soliton solution of the VNLS equation,

q(x, 1) = p 2n e 28 HHE —n—in 200 Opy — 8Ent — 280),  (4.3.84)

where
Ci(0 CH(
20 _ 1Ci( )II’ p= 1 (0) . 43.85)
2n 1C1(0)]]
It is evident that the one-soliton solution of the VNLS is of the form
q(x, 1) = pqx, 1), (4.3.86)

where ¢ is the one-soliton solution of the scalar NLS (cf. (2.3.88)). Thus an
individual soliton of the VNLS is fundamentally governed by the scalar NLS.
However, the vector soliton (4.3.84) is also characterized by a polarization, that
is, the vector p, and the vector nature of the solution affects the dynamics when
solitons with different polarizations interact. These interactions are described
in Section 4.3.4.

4.3.2 Transmission coefficients for the pure one-soliton potential

To obtain the transmission coefficients relative to the pure one-soliton solu-
tion corresponding to the pairs {k;, C} and {k;, C,} of a discrete eigenvalue/
norming constant, we insert (4.2.57a)—(4.2.57b) for J = J =1 and p(§) =
p(&) = O for any real £ into (4.2.27a) and (4.2.27c¢) and use (4.2.56a)—(4.2.56b)
to get

2i +o00 ) B _ _
k) =Ty — - ’k / =k N () N (x)C, dx (4.3.87)
— Rl J-0

2i +o00 ) B _ _

er(k) = Iy + —— / PN (O C NP (x)Cidx.  (4.3.88)
k — kl —00

For the sake of simplicity we now restrict ourselves to the case of the M-

component VNLS equation, that is, we take N = 1, and r = —q”. Then C,

is an M-component column vector, C = —Cf’ , and therefore ¢ (k) reduces to
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a scalar, while ¢ (k) is an M x M matrix. Taking into account the symmetry
(4.2.45) and substituting (4.3.80)—(4.3.81), we find that

ci(k) =Ty — ]z__g Wclcf’ (4.3.892)

Cik) = ¢ (k) = % (4.3.89b)
From the symmetries (4.2.42a)—(4.2.42b) it then follows that

ai(k) = a(k) = ’; :,’: (4.3.890)

ajk) =Ly + ]:__:f ”C#Clcf’. (4.3.89d)

Note that, in terms of the unit polarization vector (4.3.85), equations (4.3.89a)
and (4.3.89d) can be written as

ki —kf
ci(k) =Ty — — PP (4.3.90a)
k—k
) ky — k*
ai(k) = Iy + k‘ celp. (4.3.90b)
— K1

4.3.3 Vector symmetry
The vector equation (4.2.5) reduces to the NLS (2.1.1) under the reduction

q(x, 1) =pq(x, 1), 4.3.91)
where p = (pV, ..., p™™) is a constant M-component vector such that
IplI? = [pOP +- -+ [pMP =1 (4.3.92)

and ¢ is a scalar function of x and . As a consequence, any solution of the scalar
NLS generates a family of solutions of the VNLS parametrized by the choice
of p, to which we refer as reduction solutions. The vector p is usually called
the polarization of the reduction solution.

The fact that the polarization of a reduction solution is arbitrary (up to the
restriction ||p||*> = 1) is a manifestation of a symmetry of the VNLS. The de-
pendent variable transformation

i=qU, (4.3.93)

where U is any unitary matrix, leaves the VNLS invariant. Thus, if q is a
reduction solution of the form (4.3.91), then q is also a reduction solution with
p = pUand § = g. The transformation (4.3.93) can be interpreted as a change
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in the basis of the vector space of the dependent variable. For any reduction
solution, the polarization depends entirely on the choice of the basis, and by
changing the basis via transformations of the form (4.3.93) one can arbitrarily
change the polarization.

We refer to the squared absolute value of a component of the polarization
as the intensity of that component. By definition, the sum of the intensities,
that is, the total intensity, is 1. However, the distribution of intensity among the
components of the vector of any given reduction solution depends on the choice
of the polarization basis.

4.3.4 Vector—soliton interactions

We consider the solution of the VNLS (r = —q’’ and N = 1) corresponding
to the scattering data

{kj =§/‘ +iT)j, nj > 0, Cj}jl‘zl U{P(é) =0 for§ ER}

To get the pure J-soliton solution, one can in principle solve the linear system
(4.3.792)—(4.3.79b). The problem of a J-soliton collision can be investigated by
looking at the asymptotic states as ¢ — oo (cf. [120]). For a generic multiple-
soliton solution of the VNLS, with the individual solitons traveling at different
velocities, in the backward (t — —o00) and forward (t — +00) long-time limits
such a solution asymptotically breaks up into individual solitons,

J
"~ > prgf t— *oo, (4.3.94)

where pT ; is a complex unit vector and ¢+ F is a one-soliton solution of the NLS
such that ¢; and qF ; are characterized by the same amplitude and velocity.
Let us fix the values of the soliton parameters for 1 — —oo, that is, for each
eigenvalue k; = &; +in; we assign a vector S; (see (4.3.84)—(4.3.85)) that
completely determines q; . For 1 — +o00 we denote the corresponding vectors
by S;-r. For definiteness, let us assume that §; < & < --- < &;. Then, as t —
—00, the solitons are distributed along the x-axis in the order corresponding to
&7,&5-1, ..., &; the order of the soliton sequence is reversed as t — +o00. To
determine the result of the interaction among solitons, that is, to calculate S;’
given S;, we trace the passage of the eigenfunctions through the asymptotic
states [ 120]. We denote the “soliton coordinates” (i.e., the center of the solitons)
at the instant of time ¢ by x;(¢) (|t is assumed large enough so that one can
talk about individual solitons). If 1 — —oo,then x; < x;_1 < -+ <K x;. The



4.3 Soliton solutions 117

function ¢(x, k;) has the form

a1
P(x, k) ~ e ( (])V) x L xy.

After passing through the J-th soliton it will become
iex [T
Plx. ky) ~ ! ( g)axk_,-),

where a; (k) is the transmission coefficient relative to the J-th soliton. Repeating
the argument (see Appendix B for details), we find

L (V) T
Px, kj)~e kjo <([)V> 1_[ ak;) xjip<x<KLx;j,
l;éﬁ;l

where the notation “right” indicates that the product is performed such that the
matrix with index £ occurs to the right of the matrix with index ¢ — 1, that is,

J
1_[ akj) = aji(kjajak)) ... a,k;)).
I=j+1

right

Upon passing through the j-th soliton, since the corresponding state is a bound
state, we get

i (0 o T

d(x, kj) ~ e*i* (I ) S; 1_[ ak;))  x; <K<x L xjog. (4.3.95)

M T =t
right

On the other hand, starting from x > x| and proceeding in a similar way, we
find for the eigenfunction ) the following asymptotic behavior:

j—1
e k) ~ (11) [Tak. S x<x<x1, 4396
et
where the additional argument in ¢; is to take into account the dependence on
the norming constant or, equivalently, on the polarization vector (cf. (4.3.89a),
(4.3.90a)). The notation “left” indicates that the product is performed such that
the matrix with index £ occurs to the left of the matrix with index £ — 1, that s,
j—1
C](kj, Sf) = Cj_l(kj, S;_I)Cj_z(kj, S;—Z) e Cl(kj, S;)
et
Note that we could use (4.2.23a) and the symmetry (4.2.42a) relating c(k) to
a’l (k*) to express (4.3.96) in terms of “left” scattering data.
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Since we restrict ourselves to the case N = 1, the a;(k;) are scalars and
therefore we write them simply as a;(k;); moreover, equation (4.2.35) yields

P(x. kj) = P(x, k;)C; a'(k)).
Comparing (4.3.95) and (4.3.96), we get

J
[T ak)s; = ]—[cl(kj,s ) Cj d'(kj), (4.3.97)

I=j+1
/ left

and therefore
J

j—1
C;nd k)~ [] atp[] (k. 8D))" 87 11— —c0. (43.98)

I=j+1 =1
right

Proceeding in a similar fashion as # — 400 and taking into account that the
order of the soliton sequence is reversed, we get

—1

C; (t)a(k)~1_[a1(k) ]_[ (ck;.SP) ™ ST 11— +oo. (4.3.98b)

I=1 I=j+1
left

Taking into account (4.2.78), from these two representations (4.3.98a)—
(4.3.98b) for C;(r) we obtain

J—1

— ol e
ks, S7)) S (4.3.99a)
,H wmﬂ ks, S0) S,
right
Jj+1
s;:]‘[ T ]‘[ ar(k;) ]‘[ c,(k,,s+)]"[ (eikj, S))~
al( i) =i I=j11
right nght
j=1,...,J—1 (4.3.99b)

The relations (4.3.99a) and (4.3.99b) solve the problem of a J—soliton collision.
Indeed, given §;” for/ =1, ..., J, (4.3.99a) allows one to find St 7» and since
the expression (4.3.99b) for SJr w1th j < J depends, through the ¢’s, on S;" for
[ > j, one can find 1terat1vely S+ for any j.

Two-soliton interaction

Let us consider the interaction of two solitons in more detail. In this case, from
(4.3.992)—(4.3.99b) it follows that

1 RN I
§ = 5 (@) 'S (43.1000)

St = ay(ky) ea(ky, ST) ST (4.3.100b)
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Note that the formulas (4.3.100a)—(4.3.100b) are not symmetric with respect
to the exchange of the subscripts 1 and 2. However, such a notation expresses
the invariance of the system under the substitution t — —¢, q — q* (here a
“fast” soliton becomes a “slow” soliton, and vice versa). Taking into account
the explicit expressions for a; and ¢; in the pure soliton case, given by (4.3.89c)
and (4.3.98a), one can solve (4.3.100a) for S;r and then substitute it into the
right-hand side of (4.3.100b) to get S. Indeed, let us introduce, according to

(4.3.85) and (4.3.94),

G R,

pj =
+
|s
Then, using (4.3.89c), (4.3.90a), we obtain
k—k;
(k) = J
4“0 =%
= *
cj(k,pj) =Ty — p;'p,
k—kj 4
k; —k*
—1 _ J J H
k. py) =T + 3 —p]'py.
It is convenient to define
2
ZZHS;“ - 1 (;)H 3—
12 T a—i2 ’
Is: 17 [s:]

which, according to (4.3.100a), is given by

_ _ _ _\\H _ . _
x* = laitk) |72 p; (¢ ki, D)) e ki PP, 7.

Inserting (4.3.102a) and (4.3.102c), we obtain

ky —
ki — ks

x> =

ki — ka|? !

and one can check that also

. Isil

Ist*
From (4.3.100a)—(4.3.100b) it then follows that
1
x4tk
pi = x a3(kopy (eatkr, )" ;

+

P ps (¢ G, o))"

2 * _*
|:1_|_(k1 kl)(k2 k2)| _*_p2_|2j|’

(4.3.101)

(4.3.102a)

(4.3.102b)

(4.3.102¢c)

(4.3.103)

(4.3.104)

(4.3.105)

(4.3.106a)

(4.3.106b)
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and, according to the explicit expressions (4.3.102a)—(4.3.102c) for the trans-
mission coefficients, the unit polarization vectors after the interaction, p;r,
J =1, 2, can be expressed in terms of the parameters characterizing the collid-
ing solitons as follows:

Vky k[ _ ki—k, .,
pf=—— 2[2+1 = (p; -pz)pl] (4.3.107a)

x ki — k3 ky — ki
1k1—k*|:_ Ky —ky , _ _ _:|
+ 2 2 *
p, = — p; + P, P )P, |, (4.3.107b)
1 X kl . k2 1 k2 _ k] ( 2 1) 2

with x given by (4.3.105).

Note that, as in the scalar case, the centers of the solitons shift during the
collision process. However, in contrast to the scalar soliton interaction, these
shifts depend both on k{, k» and on the polarization vectors p, p, . Indeed, if
we denote by 8, 85" the centers of the two solitons before/after the interaction,
from (4.3.100a)—(4.3.100b) it follows that

e — “ST ” o2 — Hszi H .
2’

)
=

hence

As a consequence, the relative separation x;", between the soliton centers also
varies during the collision. Precisely,

N 5 26; 26
Xjp=—"—— =" i "
mo om o i(k—k) (k=)
+ + + +
P T S
X, ==-—==

m om i(k—k) (ki —k})
and

- 200 =8) 20 —=8) _mtm
AX =X, =X, =~ - = log x,
: Y i(ke—k3)  i(k—k)) 2mm
with x given by (4.3.105) and k; = §&; +in; for j =1, 2.

In general, when the solitons interact the intensity distributions of the in-
dividual solitons change. Only in the case when p, = eiepl_ and in the case
when pl_* -p, =0, that is, when the soliton polarizations are either parallel
or orthogonal, is the amplitude of each individual component of the solitons
conserved.
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Indeed, without loss of generality, one can parametrize the polarization vec-
tors of the solitons as

pr=L 0. p;=(pe" VI-p?) (4.3.108)

with0 < p < 1and 0 < ¢ < 2m. Then, from (4.3.107a)—(4.3.107b), the polar-
ization vectors after the interaction are such that, for instance,

1 |k — k| K —ky |
+(1) 1 2 2 2
- 4.3.109
‘p ‘ x2 ki — ko o — k" ( 2
. 1 |k — k[
+ (1) — "2 2
- — 4.3.109b
‘p ‘ 2k — k| P ( )
ki — ki |? (ki — k) (ko — k3)
2 2 1 1 2 2
=|—2 [1+ , (4.3.109¢
* ki — ko [ P ( )

where, as usual, p] /'

for j = 1,2 denotes the j-th component of the corre-
sponding polarization vector.

In the polarization basis (4.3.108), we always have |p; (l)lz = 1; thus the
quantity |pl (|2 measures the shift in the intensity of soliton 1 that results from
the interaction of the solitons. Specifically, 0 < |p+(1)|2 < 1, where |pl (1)|2
1 indicates no change in the intensity distribution of soliton 1 and |p+ S |> =
indicates that all the intensity of soliton 1 is shifted to an orthogonal polarlzatlon
by the soliton interaction. In Figure 4.1 we plot |pJr m | for j = 1, 2 as functions

of p? for a specific choice of the eigenvalues.

Multisoliton interactions

Take J = 3 solitons and assume
v < U < U3, (4.3.110)

so that the solitons are distributed along the x-axis according to 3 —2 — 1
ast —> —ooand 1 — 2 — 3 ast — o0. The formulas for a three-soliton interac-
tion, under the assumption (4.3.110) for the velocities, are given by (4.3.99a)—
(4.3.99b):

ST = (a1(ks)azks) " (er(ks, 87)) ' (ea(ks, 87)) ' S5 (4.3.111a)

+ as (k2)

: 611( 2)

c3(ka, S7) (e1(ka, ST )) (4.3.111b)
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Figure 4.1: Intensity shift induced by two-soliton interaction of the two-component
VNLS. The soliton parameters are k; = —b; +ia; with a; =1, a, =2, b = Ab,
by = —Ab and Ab = 1 (dashed), Ab = 0.5 (dotted), Ab = 0.1 (solid). The initial po-
larizations are given by (4.3.108).

ST = az(kl)ag,(k]) Cz(k], S;—) C3(k1 , S;_) Sl_ (431110)

According to equations (4.3.100a)—(4.3.100b) for a pairwise interaction,
(4.3.111a)—(4.3.111c) can be looked at in terms of compositions of pairwise
interactions, namely: (4.3.111a) corresponds to 3 interacting first with 2 and
then with 1 (eventually 2 will interact with 1, but this is not relevant as far as S;’
is concerned); (4.3.111b) corresponds to 2 interacting first with 1 and then with
3 (but since in ¢; we have S7, this means, as it should be from a physical point
of view, that before 2 <> 3, the interaction 3 <> 1 has to take place); (4.3.111b)
corresponds to 3 interacting with 2 (because again in ¢3 we have S;’), then 1
interacting with 3, and finally 1 interacting with 2.
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To clarify these statements, let us denote by Sy; ¢ the polarization of soli-
ton j after the interaction with soliton £. Note that, according to (4.3.100a)—
(4.3.100b), Sy; ¢} # Sye,j;- Adopting this notation, and dropping the super-
script — for the polarization of the incoming solitons, that is, taking S, — S,
the expression (4.3.111a) for the polarization of soliton 3 corresponds to

ST = (e1(ks, $1) 7' Spzay (@1(k3)) ™' = Sy3.21.1) (4.3.112)

that is, to the composition of pairwise interactions 3 <> 2, 3 <> 1 (eventually,
2 <> 1 will follow). On the other hand, depending on the initial positions and
relative velocities of the solitons, one could have first 2 interacting with 1,
giving S 1y for soliton 2 and Sy 5 for soliton 1; then 3 interacting with 1,
giving S3 11,2y and Syq1,2),3); and, finally, 3 interacting with 2. In this case, the
final polarization of soliton 3 is denoted

+
S3 = Si.a.2.2.1))-

However, one can show that the final result is independent of the order of
interaction, that is,

Stz = Si.n.2p.2.1)- (4.3.113)
Because
Sz = (ei(ks, S{1,2}))71 S; (ai(ks))™! (4.3.114)
and
St = (eaks, S{z,l}))_] Sy (@)™, (4.3.115)

the condition (4.3.113) corresponds to

ca(k3, Spei(ks, So) = ¢i(ks, S op)ea(ks, Sp,1y) (4.3.116)
or, equivalently,

ca(ks, pr)ei(ks, p2) = ¢i(kz, pyi,2p)e2(k3, P2,1y)- (4.3.117)
Taking, without loss of generality,

pe'?

S, = <(1)> S, = (m) (4.3.118)

pi=(1,0, p=(pe V102,

that is,
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we obtain from (4.3.100a)—(4.3.100b)

ki—k —i
S 1k* —k L= he i
H ey 1k —k (ku—kzp ) (4.3.119a)

Ppyy = =
CUTSell T xki—k \ T p2

okt
po_ Sua LKk (RS 43.119
p(l,z} - = 7= % ko —k . ( - )
ISuall X AT —ky \ Z=2p/1 — p2e'¥
2 1

X2 _ (kl - kéﬁ) (kjk - kj)zz 7(2 =1+ (kf - kl) (kf - kg) 2
(ki = ko) (K — k3) (ky — ko) (kf = k3)
(4.3.119¢)

Then, using (4.3.102b) for ¢; and (4.3.118) for S| and S,, the left-hand side of
(4.3.117) is given by

ki —ki 5 ko — k5

_ H
s — k,lkpl Pi fs — k§p2 P2

cy(ks, poei(ks, p2) =1 —

(ki — kD)(k2 — k3)

+ L ;- PP P
(ks — k)(ks — k3) ™ ‘
K=kt fak koKl o ka—K} i
k;—k%‘ e ki—k%p ki—kz‘p I —p2e
=1I- ko—k3 ky—k; 1 2 ip ky—k3 1 2
ks ks ks—k; PV 1~ p7€ v (1=07)
(4.3.120)
On the other hand,
ki — k¥
¢ (k. ppzy) =1- Fkipﬁ,z}l){l,z},
1
ko — k3
cr(ks, ppy) =1- lq_—,;kpfé,l}p{z,u;
2
therefore
ki — ki 4 ky = k3 p
¢ (&3, ca(ks, =I-— -
1 (k3. p.2y) €2(ks, P2.1y) a —kfp{l‘Z}p{l’Z} 5 —k;p{Z'l}p{z’l}

(ky — k) (ko — k3)
(ks — k) (ks — k%)

(Phr1y - PU2DP{ P21y
(4.3.121)

By using (4.3.119a)—(4.3.119b) for py; 2, and py, 13, one can show that indeed
(4.3.121) coincides with (4.3.120). Hence, (4.3.117) implies that, as far as
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soliton 3 is concerned, the polarization shift is obtained via pairwise interactions
and the result is independent of the order in which such interactions occur. In
the same way one can check that the same result also holds for solitons 2
and 1.

The shift of the center of solition 3 due to the interaction with the other
solitons is given by

+
;= Q267 -57) — ” SS_ H )
IS5
Once can verify that this shift of the center of soliton 3 is the result of two consec-

utive pairwise interactions. Indeed, using the expression (4.3.106a)—(4.3.106b)
for the pairwise collisions, one can verify that

X3 = X(3,2) X{{3,2),1}»

where we are using the notation {i, j} to denote the interaction between the
i-th and j-th solitons and {{i, j}, [} the interaction between the i-th solition
as it emerges from the collision with the j-th and the [-th soliton. Therefore
Xii,jy is given by (4.3.105a) with 1 — i, 2 — j and i < j. The same also
can be shown for the shifts of centers of the other solitons.

Using these results, it follows by induction on equations (4.3.99a)—(4.3.99b),
that a J-soliton collision is equivalent to the composition of J(J — 1)/2 pairwise
interactions taking place in an arbitrary order (compatible with the choice for the
soliton velocities). This is in agreement with the fact that the two-soliton polar-
ization shift given by (4.3.107a)—(4.3.107b), is independent of the initial soliton
“centers”dy, ; in (4.3.84)—(4.3.85), which depend on the magnitude of ||C;(0)]|.
Indeed, the fact that phase/polarization shifts in the three-soliton interaction
are independent of the order of the pairwise soliton interactions implies that
the phase/polarization shifts in the J-soliton case are similarly independent of
the order of the pairwise soliton interactions. To see this from another perspec-
tive, we first consider the four-soliton case and then generalize.

We denote the slowest soliton as 1, the next slowest soliton as 2, et cetera.
In the case of four solitons, the fastest soliton is denoted as 4, and, in the limit
t — —o0, the solitons are arranged in the order 4321 from left to right. As time
evolves, faster solitons overtake the slower solitons and shift their order through
several intermediate steps (transpositions). In the limit + — 400, the solitons
are arranged in the order 1234. Prior to achieving this ultimate arrangement,
the solitons can be in one of three possible arrangements, namely, 1243, 2134,
or 1324. By pairwise comparison of these three arrangements, we show that the
phase/polarization shifts of the solitons in limit # — +o0 (i.e., the solitons in
the arrangement 1234) are independent of the penultimate order.
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In both the arrangements 2134 and 1324, the fastest soliton is the rightmost
soliton. Thus, in the evolution to the limit as 1 — 400, this fastest soliton does
not interact with the other three. We therefore can consider the arrangements
2134 and 1324 to be penultimate intermediate steps in the evolution of the
solitons from the arrangement 3214 to the arrangement 1234 in the long-time
limit. The only way for the solitons to evolve to the arrangement 3214 from
the arrangement 4321 (the order in the limit as t — —o0) is the following:
4321 — 3421 — 3241 — 3214. Hence, the phase/polarization shifts of the
solitons in the arrangement 3214 are unique. In the evolution of the solitons
from the order 3214 to 1234, soliton 4 (the fastest soliton) is always the right-
most. In effect, the evolution from the arrangement 3214 to the long-time limit
1234 is a three-soliton interaction. In particular, this three-soliton interaction
includes the evolution of both the arrangement 2134 and the arrangement 1324
to the long-time limit 1234. As was shown previously, for any three-soliton
interaction, the shifts in the limit # — oo are independent of the order of the
transpositions. Therefore, the phase/polarization shifts in the long-time limit
are the same whether the solitons evolve through the penultimate arrangement
2134 or 1324.

The arrangements 1243 and 2134 are both obtained from the arrangement
2143 by a single transposition: In the evolution 2143 — 1243, the two left-
most solitons interact; In the evolution 2143 — 2134, the two rightmost soli-
tons interact. Similarly, both of these arrangements evolve to the arrangement
1234 as a result of a single transposition. Thus, the arrangements 1243 and
2134 are both intermediate steps in the evolution of the solitons from the
arrangement 2143 to the arrangement 1234. The key fact is that the evolu-
tion from 2143 to 1234 is the result of two isolated transpositions: (i) the
interchange of the two leftmost solitons and (ii) the interchange of the two
rightmost solitons. Due to this isolation, the temporal order of these two in-
terchanges must be irrelevant to the phase/polarization shifts of the solitons
in the long-time limit. To see that the shifts of the solitons are unique when
they are in the order 2143, we repeat the preceding argument. The evolution
of the solitons from the arrangement 4321 (in the limit as t — —o0) to the
order 2143 proceeds as follows: 4321 — 4231 — 4213 — 2413 — 2143 or
4321 — 4231 — 2431 — 2413 — 2143. Again, the solitons evolve from the
arrangement 4231 to the arrangement 2413 by a pair of isolated two-soliton
interactions. Hence, in the arrangement 2413 and in the uniquely following
arrangement 2143, the phase/polarization shifts of the individual solitons are
uniquely determined. This implies that the evolution from the penultimate ar-
rangements 1243 and 2134 to the long-time limit 1234 result in the same
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ultimate phase shifts. Having shown that evolution from the penultimate ar-
rangements 2134 and 1324 results in the same phase/polarization shifts in the
limit as + — oo, we conclude that all three penultimate arrangements 1243,
2134, and 1324 result in the same phase/polarization shifts in the evolution of
the solitons to the arrangement 1234 in the limit as t — +o0.

To generalize to the J-soliton case, we observe that the previous examples
in fact include all possible cases. Consider any two arrangements of J solitons,
denoted as B; and B,, respectively, such that, for each of these arrangements, a
single transposition of solitons (i.e., a faster soliton overtakes a slower soliton)
results in a common arrangement, denoted as C. There are two possibilities:
The respective transpositions by which arrangements B, and B, evolve to ar-
rangement C involve either (i) two distinct pairs of solitons or (ii) two pairs
that include a common soliton. Case (i) corresponds to the second case above.
In this case, the soliton interactions consist of two distinct transpositions that
occur in an isolated manner and are therefore insensitive to the temporal order
in which they occur. Case (ii) is essentially a three-soliton interaction in which
By and B, are the two possible penultimate arrangements in the evolution to
the arrangement C. As was shown previously, the phase/polarization shifts in
this three-soliton interaction are independent of the order of interaction. In par-
ticular, the phase/polarization shifts in arrangement C are the same whether the
penultimate arrangement is B or B;.

In general, for J solitons there can be up to J — 1 arrangements of solitons
that evolve, each via the transposition of a single pair of solitons, to a common
arrangement, C. However, when compared pairwise, these reduce to the two
cases given above. Hence, each pair of arrangements can be seen as the penul-
timate step in the evolution from a common preceding arrangement, denoted as
A, to the arrangement C. Therefore, in particular, the phases/polarizations of the
soliton in arrangement C are independent of whether the immediately preceding
arrangement was B or B;. Because this holds for all pairwise comparisons, we
conclude that the phases/polarizations of the solitons in arrangement C are in-
dependent of the immediately preceding arrangement, regardless of the number
of such possible arrangements. To see that phase/polarization shifts of the soli-
ton induced by the evolution of the system from the arrangement in the limit as
t — —oo to the arrangement A are independent of the order of interactions, one
uses the immediately preceding argument recursively, through a finite number
of transpositions, to the arrangement in which the solitons are ordered from the
fastest to the slowest (which is achieved as t — —o0). We conclude that, in the
J-soliton case, the phase shifts between the limits as t — F00 and the shifts in
polarization are independent of the order in which the solitons interact.
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4.4 Conserved quantities and Hamiltonian structure

We showed that the scattering coefficient a(k) is time-independent. Since a(k) —
Iy is analytic in the upper k-plane and a(k) — Iy — 0 as |k| — oo, it admits
a Laurent expansion whose coefficients are constants of the motion, as well.
From the integral representation (4.2.26a) for a(k), it follows that the quantities

400
T = Q)M —J (x)dx (4.4.122)
are conserved for any integer j > 0 and the coefficients M@ ~/(x) of the
asymptotic expansion of MM (x, k) can be calculated iteratively from (4.2.13a).
For instance, M“":~I(x) is given by (4.2.17a); inserting the asymptotics
(4.2.17a) into (4.2.13a), one finds

M2(r) — R(x) / Q(R(E)E — R,(x)

and so on. Therefore the first constants of the motion are given by

+00
r=- Q(x)R(x)dx (4.4.123a)
+o0 &
I = f d&Q(El)R(&)[ Q($2)R($2)d$2}
+00
- Q)R (x)dx, (4.4.123b)

+00

&
I'; = Q&) {—R(él) Q(&)R(&) |:

&
Q(§3)R(§3)d§3:| dé&>

d 3 d2
+ o [Re [ e@r@s |- ER@)} d&,  @41230)

and so on.

The scattering coefficient a(k) is also a constant of the motion, and, proceed-
ing exactly as before, one can obtain a second set of conserved quantities given
by

+00
T = / r(x)M®“? =/ (x)dx

[e¢]

for any j > 1, yielding

+00
T = / R(x)Q(x)dx, (4.4.124a)

o0
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_ +00 &
T, — / dis@l)Q(a)[ / R(Ez)Q(Ez)déz]

00 —

+00
- / R(x)Q, (x)dx, (4.4.124b)

o]

and so on.
Under the reductions Q = ¢, where q, is an M x 1 row vectorand R =r =
Fq", q(x)r(x) is a scalar and the constants of motion (4.4.123) reduce to

T = if llq(x)|* dx (4.4.125a)
I, = j:/q(x)qf(x)dx (4.4.125b)
L= [ F eI + g dx. (4.4.1250)
The dynamical system (4.2.4) is Hamiltonian, with:
coordinates (g) : q(j)(x, 1) (4.4.126a)
momenta (p) : gP(x, )" (4.4.126b)
Hamiltonian (H) : i / - (Fla: @I + llge)1*) dx  (4.4.126¢)
—c0
and the canonical brackets
gV, 1), a®, 1)} =is(x — y)8;x (4.4.127a)
{4V, 0,¢% .0} =0. (4.4.127b)

Note that the Hamiltonian is given by the conserved quantity (4.4.125c).



Chapter 5

Integrable discrete matrix NLS
equation (IDMNLS)

5.1 Overview

The integrable discrete matrix NLS system

i%Qn = Qu+1 —2Q, +AQ, + QB +Qu1 — QiR Q, — QR Q4
(5.1.1a)

- i%Rn =R,y — 2R, +BR, + R, A+ R, — R 1QuR, — R, QR 1,
(5.1.1b)

where Q,, and R, are, respectively, N x M and M x N matrices, results from
the compatibility condition of the following linear equations [18], [167], [170]:

ZIN Qn
= 1.2
Vil ( R, ZillM ) \/ 6] a)
iv _ iQanfl - IE (Z - Z71)2 IN - lA _iZQn + iZilanl v
dr " iz7'R, —izR, | —iRQ,  +i(z—z) 1y +iB) "
(5.1.2b)

where, as usual, Iy is the N x N identity matrix and I, is the M x M identity
matrix.

In [83], [84] the IST for an eigenvalue problem that is equivalent to (5.1.2a)
was formulated. In particular, the completeness relation for the squared solu-
tions was proved and the inverse problem was reduced to a Riemann—Hilbert
problem with canonical normalization.

We observe that equation (5.1.2b) reduces to the scalar equation (3.2.5) when
N = M = 1and A = B = 0. Further, note that the matrices A and B in (5.1.2b)

130
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and in the system (5.1.1a)—(5.1.1b) can be absorbed by the gauge transformation

A itA(y ,iTB 5 —itBgy ,—iTA N A 0
Q=¢"Que™, R, =Ry, ¥, = ( 0 eirB>Vn~
(5.1.3)
That is, (5.1.2a)—(5.1.2b) are satisfied under the substitutions
Q—-Q. R —-R, v,—>% AB-0

The system (5.1.1a)—(5.1.1b) does not, in general, admit the reduction
R, = 7Q¥, and the asymmetry depends on the noncommutativity of matrix
multiplication. However, if one takes M = N and restricts R, and Q,, to be
such that

RnQn = Qan = a,Iy (5.1.4)

and o, is real when R, = FQ/, then this symmetry is a consistent reduction
of (5.1.1a)—(5.1.1b), which reduces to the single (matrix) equation

d
ZEQn = Qn-H - ZQn + AQn + QnB + Qn—l — (Qn-H + Qn—l) .

(5.1.5)
In the case N = 2, the matrices

o 2 RO (~1yQf
Q. = <(_1)"R,§2) (_l)n+1R’(11))’ R, = (Rflz) (_1)n+1Q511)> (5.1.6)

satisfy the condition (5.1.4) with
R,Q, = Q:R, = a1 = (R Q)+ RP 07T,

where, as usual, I denotes the 2 x 2 identity matrix. Note that (5.1.6) is equiv-
alent to

R, = (-1)"PQ!P, (5.1.7)

01
P= <_1 0> (5.1.8)

and the superscript T denotes matrix transposition.

When A = B = 0, equations (5.1.1a)—(5.1.1b) with the symmetry condition
(5.1.7) imply that the vectors g, = 2" (O, 0@)", r, = A~ (R, R?)"
satisfy

where

. d qn 1 + qn—l - 2qn
i = = — (T ) (st + Quo1) (5.1.92)

d I, +1,_; —2r,
—i—r, = 1 — (- @) (O +1,1)  (5.1.9b)

dt h?
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with = h?7. If, in addition, R, = FQ¥, that is, r, = Fq, then

liq — qn+1 +Qn-1 — 2
dr™" h?

Thus the vector extension of the IDNLS is amongst the class of equations solved
by the IST associated with (5.1.2a)—(5.1.2b). Equation (5.1.10) is referred to
here as the integrable discrete vector NLS (IDVNLS).

We also note that the symmetry (5.1.4) between Q,, and R,, imposes restric-
tions on the choice of the gauge matrices A and B. Indeed, if the symmetry
condition (5.1.7) is imposed at the initial time, say 7 = 0,

Y gl @t + @) (5.1.10)

R,(0) = (—1)”PQ,T(O)P, (5.1.11)

it is preserved by the time evolution if, and only if,

d
—[Ri0) — -1PQ[(0P]| =0, (5.1.12)
T =0

that is, according to (5.1.1a)—(5.1.1b), for A and B satisfying
B=21+PB’P, A=21+PA’P. (5.1.13)

The condition (5.1.13) is satisfied, for instance, if A =B = 1.
To obtain solutions of the system (5.1.9a)—(5.1.9b) one first determines the
evolution of the potentials (A)n and Rn such that

QO=Q, 0, R, 0)=R,0,
which solve the system (5.1.1a)—(5.1.1b) with gauge A = B =1, that is,

A

ij—TOn =Qu+Q.1-Q0.RQ -QR,Q, 1 (5114
iRy = Ry Ry~ R QR RAQUR, 1, (51140)
and then uses the transformations
Qi (1) =e™Q, (1) ™ = ¥ Qu (1) (5.1.15a)
R, () = ¢ " BR, (1) e '™ = ¢ ¥R, (1) (5.1.15b)

to obtain the solution of (5.1.1a)—(5.1.1b) with gauge A =B = 0.

The symmetry (5.1.4) has no counterpart in the IST for the scalar IDNLS.
The symmetry between the potentials induces the additional symmetry in the
scattering data associated with the block-matrix scattering problem (see the
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discussion on symmetries in Section 5.2.1). This additional symmetry must be
included in the formulation of the block-matrix inverse scattering problem in
order to obtain a solution of the system (5.1.5) and the important special case
(5.1.10) via the IST.

5.2 The inverse scattering transform for IDMNLS
5.2.1 Direct scattering problem
Eigenfunctions

The scattering problem (5.1.2a) associated with the integrable discrete matrix
NLS can be written compactly as

Vol = SV, (5.2.16)
where
_ ZIN Qn
S, = < R, Z_IIM> . 5.2.17)

For decaying potentials this difference equation admits the asymptotic solutions

¢, (2) ~ " (Ig) , ¢,(2) ~z" (IO ) asn — —oo  (5.2.18a)
M
and

P, ()~ 7" <10 ) . )~ (I(’)V> asn — 400, (5.2.18b)
M

which are determined by the boundary condition as n — =00, respectively.
These solutions are matrix-valued functions with the following dimensions:
Gu(2) (N +M)x N, ¢,2): (N+M)x M
P,(@) (N +M)x M, 1,(2): (N+M)xN.
We prove in the following (see the section on scattering data) that both
¢, @ and 1, 1 form a basis of solutions.

Asin the IST for the 2 x 2 scattering problem we dealt with in Chapter 3, we
introduce eigenfunctions with constant (i.e., independent of n and z) boundary
conditions as n — oo via the following transformations:

M,(2) =z"¢,(2), M,(2) =7"d,(2), (5.2.19a)
N,(z) = 2",(2),  N.(2) =z27",(2). (5.2.19b)

These modified eigenfunctions satisfy the constant boundary conditions:

Mn(z) ~ (I(I)V> ’ MH(Z) ~ <I(;/[) asn — —o0 (52203)
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and
N,(z) ~ , N,.(z) ~ asn — +0o (5.2.20b)
Iy 0

and the difference equations:

M,;1(z) — 27 '"ZM,(2) = z7'Q,M,(z) (5.2.21a)
M,.11(2) — 2ZM,(z) = 2Q,M,(2) (5.2.21b)
Nyi+1(2) — 2ZN,(2) = 2Qu N, (2) (5.2.21¢c)
Noi1(z) — 27 'ZN,(2) = 27 'Q.N,(2), (5.2.21d)

where

NE = _(00Q,
2=( ) e=(a %)

The difference equations (5.2.21a)—(5.2.21d), along with their respective
boundary conditions (5.2.20a)—(5.2.20b), can be converted to summation equa-
tions by the method of Green’s functions. The derivation of the Green’s func-
tions is essentially the same as for the 2 x 2 scattering problem. The Green’s
function corresponding to (5.2.21a) or, equivalently, (5.2.21d) is a solution of
the difference equation

G — 2 '2G, = 77180, Iy m- (5.2.22)
If v, satisfies the summation equation
+0o0 .
Vi=wt Y G Qv (5.2.23)
k=—00

where G,, is a solution of (5.2.22) and w satisfies
w—z'Zw=0, (5.2.24)

then v, is a solution of the difference equation (5.2.21a) or, equivalently,
(5.2.21d). The Green’s function is not unique, and, as we show below, the
choice of the Green’s function and the choice of the inhomogeneous term w
together determine the eigenfunction and its analytical properties.

To find the Green’s function explicitly, we first note that one can set the
off-diagonal blocks of G,, to zero and write

(1)
8 IN 0
=|(°" 2.2
© ( 0 gff)IM)’ 0229

where, according to (5.2.22), g,(l'j ) must satisfy

gV — bV =715y, =12 (5.2.26)
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with
V=1, Y=z (5.2.27)

()

Next, we represent g and 8, as Fourier integrals

1 R 1 _
gy = >— P8V (pydp,  Son = —f p"~'dp.
27i J =1 2i Jipi=1

Substituting these integrals into the difference equations (5.2.26) yields

sy — -1
g (p)=z > b0

and

gV = L% ;p ~ldp (5.2.28)
" 2mi Ipl= 1 P— b(’) ’ -

The integral in (5.2.28) depends only on whether the pole b/’ is located inside
or outside the contour of integration. However, when |z| = 1 we have |b<'>| =
|b®] = 1, that is, the poles are on the contour |p| = 1. As usual, we consider
contours that are perturbed away from | p| = 1 to avoid the singularities. Let C"
be a contour enclosing p = 0 and p = b’ and let C™ be a contour enclosing
p = 0 but not p = b"Y) (see Figure 3.1). Consequently, we get

1 [ B a=1
(j),out 1_- n ld — 1 =
&n = 2mi Comp_b(j)p p ¢ {0 n§0
(5.2.29)
and
1 1 0 n>1
Ghin _ —1_~ = pnlgy = ! Cone -
T i Jew p—p0 P T { ()" a<o,
(5.2.30)

By substituting one or the other of (5.2.29) or (5.2.30) into (5.2.25), with /)
given by (5.2.27), we obtain two Green’s functions satisfying (5.2.26), that is,

Gﬁ(z) - Zile(n )< 0 Z_Z(,? I)I ) (52313)

ald -1 IN 0
GH(Z) = —Z 9(_71) ( 0 272(”71)IM s (5231b)
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where 6(n) is the discrete version of the step function introduced in (3.2.23),

that is,
! 1 n>0
O(n) = Sok = { -
k;oo 0 n < 0.

Taking into account the boundary conditions (5.2.20a)—(5.2.20b) and the
relation (5.2.24) for the inhomogeneous term in (5.2.23), if Q,, R, — 0 as
n — oo, we get the following summation equations for M,, and N, :

+00

M, = (1(1)v> + 3 G QM (5.2.32a)
k=—00

_ I I _ .

N, = < (’)V ) + ) G QN (5.2.32b)
k=—00

A similar approach yields the summation equations for M,,(z) and N,,(z):

0 +00
- oA
M, = (IM> +k;oo G, QM (5.2.32¢)
0 = ~
N, = <IM> +kz G, QN (5.2.32d)
=—00
where
_ 2(n—1)
Gl =0m—n(c WO (5.2.33a)
0 Iy
2(n—1)
G@)=—b-m(F WO (5.2.33b)
0 Iy

Existence and analyticity of the eigenfunctions

The existence of the eigenfunctions can be proved by iteration (i.e., Neumann
series) aslongas [|QIl;, [R]l; < oo. Here [|QIl; = 3,27 1Qu 4> where[|Q,l,
is any matrix norm. We also note that, if the potentials Q, and R, have finite
support (Q,, R, =0 if n < ny;, and n > npy,y), each of the eigenfunctions
can be generated by a finite number of applications of the appropriate differ-
ence equation (5.2.21a)—(5.2.21d) with the proper choice of boundary condi-
tion. To prove the existence and the sectional analyticity of the eigenfunctions
in a more general case, we will make use of Lemmas Al and A2 proved in

Appendix A.

Lemma 5.1 If ||Qll;, |IR|l; are bounded, then M,(z),N,(z) defined by
(5.2.32a), (5.2.32d) are analytic functions of z for |z| > 1 and continuous for
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lz| > 1, and N,(z), M,,(z) defined by (5.2.32b), (5.2.32¢) are analytic functions
of 7 for |z| < 1 and continuous for |z| < 1. Moreover, these eigenfunctions are
unique in the space of continuous functions.

Proof Consider the eigenfunction M,,(z). The Neumann series

M,(2) =Y Cj). (5.2.34)
=0
where
Co(z) = ( Ig ) (5.2.35a)
. I>® ~ .
CM@ =Y G @QUCk). =0 (5.2.35b)
k=—o00

is, formally, a solution of the summation equation (5.2.32a). To make this
rigorous, we establish a bound on the CJ such that the series representation
(5.2.34) converges absolutely and uniformly in # and absolutely and uniformly
in z in the region |z| > 1.

The summation equation for M,,(z) can be written as

n—1
M) =Ty +27 > QM™() (5.2.36a)
k=—00
n—1
MU () = Z 7 2 k=DoIR MU (7), (5.2.36b)
k=—00

and equation (5.2.35b) in upper/lower component form is

n—1

j+1 —1 j,(d
CH ) =z" )" Q' ™),
k=—00

n—1
Cing) =771 Y 72T IRR L (o), (5.2.37)

k=—o00

Then, since CS’(dn) =0, it follows that also Cij +.1’(up) =0, Cﬁj @ 0 for
anyj € N, and we only need to find bounds for C2P g 2/,
We prove by induction on j that for |z| > 1

n— ]+1 n— '1
(it IRl) (e Qe )
G+ 1! J!
n—1 Jj+1 n—l Jj+1
(it IRell) (it el )
(+ D! (+ D!

IA

”Cﬁjﬂ,(dn)(z)”a (5.2.38a)

“ Ci(j+l)’(um(z) ”a

IA

(5.2.38b)



138 5 Integrable discrete matrix NLS equation

The proof follows from the inductive step through the application of (5.2.37)
twice. Indeed, one iteration yields

(TR (2 ed,)
ca+ @), = > IR, :

! i
Ja— : A

n—1 J k—1 J
(TilenQule) =t (T IR
< 2 | -

= i

- Rk”a
J: k=—o00

Then, applying Lemma A.2 completes the induction for (5.2.38a).
The next iteration of (5.2.37) yields

n_]
”Cij-kz,(up)(z)”a < |Z|_1 Z 1Qx I,
k=—o00

and for |z| > 1

2j+1,(d
CkJ+ (n)(z)‘

’
a

_ J _ Jj+1
(Zhlo Qi) (Zh IRl )

n—1
CI), = ) Il : :
H n Ha k;oo klla J! G+ D!
n— j+l - J
(it IRal,) o o (i el )
= - klla - .
GOl = j!

Then we again use Lemma A2 to complete the induction.

The bounds (5.2.38a)—(5.2.38b) are absolutely and uniformly (in n)
summable if ||Ql|,, |R|; < oo, where ||-||, is the £'-norm. Moreover, in this
case, the Neumann series (5.2.34) converges uniformly for all |z| > 1. Hence,
the eigenfunction M,,(z) exists and is continuous in the region |z| > 1. Note
that we originally constructed M,,(z) for |z| = 1, but the summation equation
allows us to extend M,,(z) to the region |z| > 1.

Because the Neumann series (5.2.34) converges absolutely, this yields a con-
vergent Laurent series in powers of z~! for the solution M,,(z). Thus, the bounds
(5.2.38a)—(5.2.38b) establish that M,(z) is analytic in the region |z| > 1 when
Q... R, € £'.In an analogous manner, one can prove existence, continuity, and
analyticity of the remaining eigenfunctions N,,(z), M, (2), N, (2).

Uniqueness of solution of the discrete integral equations (5.2.21a)—(5.2.21d)
in the space of continuous functions can be proved in the same manner as in
the scalar case.

Note that, to generate N,,(z) and N,,(z), the maps

N.(2) = z7'S; ' (@)Nu11(2)
N.(@) = 28, (@D)Nu11(2),
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where S,,(z) is given by (5.2.17), must be well defined because these eigenfunc-
tions are determined by a boundary condition in the limit n — +oo. That is,
the matrix S,(z) must be invertible. Equivalently, it must be that

detS, = z""MdetIy — R,Q,) =2V Mdet(y — Q,R,) #0, (5.2.39)

where we used the Schur identities to compute the determinant of the block-
partioned matrix S, (see [81]). Specifically, for a matrix A partitioned in four
blocks

A B
A= (C D) , (5.2.40)

where A and D are square matrices, we have

det A = detAdet(D—CA™'B)  if detA#0 (5241a)
det A = detDdet (A —BD'C)  if detD#0. (5.2.41b)

Note that (5.2.39) is reminiscent of the condition 1 — R, Q,, # O that was re-
quired in the 2 x 2 scattering problem. This condition holds if, for example,
Q, and R, are sufficiently small (in any matrix norm) or if all the eigenvalues
of the product R,,Q,, are negative. From here on, we assume that Q,,, R,, satisfy
(5.2.39).

Properties of the eigenfunctions in the complex z-plane

When the potentials have finite support, M, (z) and N, (z) are polynomials in
z~! while M,,(z) and N,,(z) are polynomials in z for each finite n. Therefore,
all of the eigenfunctions are analytic everywhere in z, except possibly at z = 0
and z = oco. Moreover, we showed that if the potentials have a finite ¢ -norm,
the eigenfunctions M,,, N,, are analytic in the region |z| > 1 while M,,, N,
are in the region |z| < 1. Therefore N, (z) and M,,(z) have Laurent series ex-
pansions in z~! that converge in the region of analyticity. Similarly, N, (z)
and M,,(z) have power series expansions in z that converge in the region of
analyticity.
Let us write the Laurent series expansion for M,,(z) as

+00
M;UP)(Z) — Z Z*le(lup)’*J' (5.2.42a)
=

+00
qudﬂ)(z) — Z Z—jqud“)’—J' (5.2.42b)
i
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and the summation equation (5.2.32a) for M,,(z) in the form

n—1
Mgup)(z) =1y + Z Z—leMZdn)(Z) (5.2.43a)
k=—00
n—1
MU () = Z ZfszkwleM]({uw(z)_ (5.2.43b)
k=—o00

If we substitute the expansions (5.2.42a)—(5.2.42b) into (5.2.43a)—(5.2.43b) and
match the terms of O(1), we get

(up),0 _ (dn),0 _
M, =1y, M;™" =0,
which anchors an induction on the coefficients of the expansion. Indeed, one
can show by induction that for any integer j > 0
—Qj+D) _ dn),—2j __
Mglup) J+h 0, Mfl n),-2j _ ().

Moreover, matching the corresponding powers of z ! into the summation equa-
tions (5.2.43a)—(5.2.43b) yields the following recursive relations:

Mgldn),—2j+l — S RkMiup),72(j+k7n) (5.2.44)
k=n—j
n—1 )
M- = 3 QM T (5.2.45)
k=—00

Analogously, for the coefficients of the power series expansion of M,,(z) about
z = 0, that is,

+00

M) (7) = Z M-I (5.2.46a)
=0

— +m i A i

M;dn)(z) — Z Z]qud“)’f’ (5246b)
j=0

one obtains the following:
. — (dn),0
Mﬁ,“P)'O =0, ML mo _ Iy.

Then it is easy to prove by induction that, for any integer j > 1,

MU =0, MUY =0
and
n—1
MEPET = Y QT (5.2.47)

k=n—j
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n—1
M@-27 = Z R M1 (5.2.48)

k=—00

Therefore we can write

. Iy + O(z 72, even)
Mal2) = (len_l + 03, odd)) (249
 (2Quii + O(2, 0dd)
M,(z) = ( I, + O(z2, even) ) (5.2.49b)

where “even” indicates that the remaining terms are even powers of z and “odd”
indicates that the remaining terms are odd powers.

The expansions in z of N,(z) and N, (z) are obtained from the summa-
tion equations (5.2.32d) and (5.2.32b), respectively. In upper/lower component
form, equation (5.2.32d) is written as

o0
NP (7) = — Z Z*Z(k*")*leNﬁcd")(z) (5.2.50a)
k=n
oo
N&ldn)(z) = IM — Z ZRkN;cup)(Z)a (5250b)
k=n

and we substitute the expansions

400 ) ]
N,(fp)(z) — Z Z*/N;up),fj
=

+OO . .
NP =) 2N
=

into (5.2.50a)—(5.2.50b) to obtain the equations
NP0 — 0 (5.2.51a)

+00
NUP—l = —Q,NU0 N0 =1y — Y RN (5.251b)
k=n

+00
NEP=2 = —Q,NU»=1 NUD—! = _NCRNEP (5.251¢)
k=n

Further manipulation yields

N = My = R,Q)N™?

N~ = Iy = R, Q)N
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Solving these equations with the boundary condition (5.2.20b) yields

+00

N0 = (I — RyQu) ™ (I = Ry Qi)™ o= [ [ = ReQ0) ™",
k=n
right

where the term “right” in the product indicates that the matrix with index k
occurs to the right of the matrix with index k — 1. Also,

N1 = 0.
By substituting these expressions back into (5.2.51b)—(5.2.51c) we obtain

-z7'Q, A, + 0(2‘3)>

A 02 (5.2.52)

Nn(z) = (

where

+00
A, = Iy —RQu) Iy —RQ) =[]y —RQ0)  (5:253)

k=n
left

and “left” indicates that the matrix with index k occurs to the left of the matrix
with index k — 1.
Analogously, we derive the expansion for N, (z) in powers of z,

Q'+ 0 )

—R, 2, + 0(2%) 6239

Nn(z) = (
where

400

Q =...(Iy — QuuiRyy )My — QR = [ [y — QRe)  (5.2.55)
k=n
left

and, as before, “left” indicates that the matrix with index k occurs to the left of
the matrix with index k — 1.

Scattering data

The eigenfunctions 4, (z) and 4, (z) together constitute N + M solutions of
the difference equation (5.2.16). To show that these solutions are linearly inde-
pendent for all n, we calculate their Wronskian. The matrix

U, (2) = (1,(2), ¥,(2))
isan (N + M) x (N + M) square matrix. Hence, we define

W (¥,(2). %,(2)) = det ¥,,(2) (5.2.56)
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and similarly for any collection of matrices that, all together, have the same
number of rows and columns. In particular,

W (112, $,11(2) = W (S2(2)%h,,(2), Su(2)9,(2))
= detS,(D)W (¥, (2), 9, (2))
=N M det Iy — R,Qu) W (,(2). 1,(2)) .
and since we assumed det (Iy; — R,,Q,,) # 0 for any n € Z, it follows that for
any j e N
ZI(M=N)

I~ det (I — Ry Q)

W (9,), ¥,) = W (§,4,(2). ¥,y ;(2))

Zn(N=M)

= — W (Nutj(2), Ny (2)) -
IV det(My — Ry Quyr) !

Taking the limit as j — oo, we obtain

_ Zn(N=M)
W (¢,(2), ¥,(2) = = , (5.2.57)
( ) [12, detdy — R;Qy)
which is nonzero, showing that 1), and 1), are linearly independent.
The functions ¢, (z) and d_),, (z) constitute a second set of M + N solutions
of the scattering problem (5.2.16) and

n—1

W (¢,(2). §,()) ="M T det (I — R;Q;). (5.2.58)

j=—o0
Hence, the solutions in ¢,(z) and ¢, (z) are linearly dependent on the set of
solutions 1), (z) and '&n(z). This dependence can be expressed as
$,(2) = ¥, (2)b(2) + P,(2)a(z) (5.2.59a)
},(2) = 1,(2)a() + P,(2)b(2), (5.2.59b)

where b(z) is an M x N matrix, a(z) isan N x N matrix, a(z) isan M x M
matrix, and b(z)isan N x M matrix. In block-matrix form, (5.2.59a)—(5.2.59b)
are

(b0 D) = (P, 9,) (g :) , (5.2.60)

and in terms of the eigenfunctions (5.2.19a)—(5.2.19b), equations (5.2.59a)—
(5.2.59b) are

M, (z) = z "N, (2)b(z) + N, (2)a(z) (5.2.61a)
M,(z) = N,(2)a(z) + z*"N,(2)b(2). (5.2.61b)
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These equations define the coefficients a(z), a(z), b(z), and b(z) for any z such
that all four eigenfunctions exist.
The scattering equations (5.2.59a)—(5.2.59b) have the counterparts

¥,(2) = ¢,()d(2) + ¢, (2)e(2) (5.2.62a)
$,(2) = ¢,(2E) + ¢,(2)d(2), (5.2.62b)

which express the eigenfunctions with boundary conditions defined as n —
+00 (i.e., the “right” eigenfunctions 1),(z) and 4, (z)) in terms of eigenfunc-
tions with boundary conditions defined as n — —oo (i.e., the “left” eigen-
functions ¢, (z), ¢, (2)). In block-matrix form,

(s ¥u) = (Pu> B0) <§ ‘:) : (5.2.63)

and by comparing (5.2.60) and (5.2.63) we get the relation between “left” and

“right” scattering data,
_
ab cd
= : 2.64

which is valid for any z such that all the scattering coefficients are well defined.
In particular, this relation holds for |z| = 1, that is, for all z such that z = 1/z*.

The scattering coefficients a(z) and b(z) can be written as explicit sums of the
eigenfunction M,,(z) and the potential Q... The formula is derived as follows.
First, we obtain the relation

M, (z) — N,(2)a(z)

_ +00 ~ _ o
_ <IN 0a(z)> + 3 {6 @AM - G, 0UN()a@)

k=—00

by substituting the right-hand sides of the summation equations (5.2.32a) and
(5.2.32b) for M,,(z) and N,,(z), respectively. Then, we use the identity

0 Z—Z(n—l)IM

Gﬁ(z):(';;(z)+z1<1” 0 )

and the relation (5.2.61a) to replace M,,(z) — N, (z)a(z) with z72"N,,(z)b(2), so
that

IN — a(Z)
0

+00 Z_lIN 0
+ ) 0 -20-bHp,,

k=—00

+00
7" Ny(2)b(2) = ( )+ > G (2)QuNK(2)b(2)
k=—o00

) QM. (2).
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Finally, taking into account that (_};(z) =z G/ (z), we obtain

+00
P {Nn(Z)— Z GZ—k(Z)Qka(Z)}b(Z)

k=—o00
Iy —a(z2) R 0 ~

Due to the summation equation (5.2.32d) for N, (z), the term in curly braces is
0, I;,)7, and we have

) I 2] (7 0 ~
<Z—:2ligi(z)> = < (I)V) + Z <Z 0 N Z—Z(n—k)-HIM) QkMk(Z)‘

k=—o00
Finally, we conclude that
+00
a(z) =Iy + Z QM (2) (5.2.65a)
k=—00
+00
bz) = Y ZRMT(2). (5.2.65b)
k=—o00

The same approach works for a(z) and b(z) and for ¢(z), d(z), &(z), and d(z).
The corresponding expressions are

400
a@) =Iy + Y RM™(2) (5.2.65¢)
k=—00
—+00
bx) = ) QMM () (5.2.65d)
k=—o00
+00
@) =Iy— Y RN"() (5.2.65¢)
k=—o00
+00
d)=- Y 7 *'QN"() (5.2.65f)
k=—00
400
) =Iy— Y z'QN™(@) (5.2.65g)
k=—00
+00
d) =— Y FRENP (). (5.2.65h)
k=—00

The expressions (5.2.65a) and (5.2.65¢) imply that a(z) is analytic in the same
region as M, (z), thatis, |z| > 1, and a(z) is analytic in the same region as M,,(z),
that is, |z| < 1. Similarly, (5.2.65¢e) and (5.2.65g), together with (5.2.52) and
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(5.2.54), imply that ¢(z) is analytic in the same region as N, (z) (and, conse-
quently, as a(z)) and €(z) is analytic in the same region as N,,(z). By inserting
the expansions (5.2.49a)—(5.2.49b), (5.2.52), and (5.2.54) for the eigenfunc-
tions into the summation representations (5.2.65a)—(5.2.65g), we obtain the
expansions for the scattering coefficients a(z), a(z), ¢(z), and ¢(z):

a(z) = Ly + 0(z 2, even),

+00
) =Iy+ Y RQA;'+ 0@ even) (5.2.662)

k=—00

a(z) = Iy + 0(z% even),

+00
e@)=Iy+ > QR +0E 2 even),  (5.2.66b)

k=—00

where A, and €2, are given by (5.2.53) and (5.2.55). Hence a(z), a(z) and
¢(z), €(z) are even functions of the spectral parameter z. Moreover, the expres-
sions (5.2.65b), (5.2.65d), (5.2.65f), and (5.2.65h) imply that b(z), b(z) and
d(z), d(z) are odd functions of z.

Together with the eigenfunctions M,,(z) and M,,(z), it is convenient to define
(D) =M, (2a'@), () = M3 (2). (5.2.67)

Note that p,,(z) and f1,,(z) are meromorphic in z and have poles where, respec-
tively, deta(z) = 0 and deta(z) = 0. In terms of these functions, the relations
(5.2.61a)—(5.2.61b) are

1,(2) — N, (2) = 27N, (2)p(2) (5.2.68a)
B, (2) — Nu(2) = 2"N, (2)p(2), (5.2.68b)

where the reflection coefficients
p(z) =b()a"'(z), pz)=b)a '(z) (5.2.69)

are part of the (n-independent) scattering data.

The system (5.2.68a)—(5.2.68b) is the starting point for the inverse problem.
Indeed, if p(z) and p(z) are known functions on the unit circle |z| = 1, then
(5.2.68a)—(5.2.68Db) is the boundary condition of a Riemann—Hilbert problem
that we use to compute the functions u,(z), N, (z) in the region |z| > 1 and
i1,(z) and N,,(z) in the region |z| < 1.

Proper eigenvalues and norming constants

Just as for the scalar case, we define a proper eigenvalue to be a value of z such
that the scattering problem (5.2.16) has a solution that decays as n — £oo. If
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|z| > 1, then the solutions ¢,,(z) decay as n — —oo while the solutions ,,(z)
decay asn — —+00. On the other hand, the solutions ¢,,(z) blow upasn — +00
and the solutions 1, (z) blow up as n — —oo. Recall that ¢, (z), ¢,(z) and
,(2), 1, (z) are both bases of solutions of the scattering problem. Therefore,
if |z j| > 1 is an eigenvalue, it must be that one of the solutions in the span of
¢,(z) is in the span of v, (z). That is, z; is an eigenvalue if, and only if,

W (¢,(z), ¥,(z;)) = 0. (5.2.70)
Similarly, Z¢, |Z¢| < 1, is an eigenvalue if and only if
W (¢,(Z0), 9, (z0) = 0. (5.2.71)

From the other side, the Wronskian (5.2.56) of the eigenfunctions can be
related to the scattering coefficient a(z) as follows:

W (60 0,0) = ¥ ((000) (33) - G000 1))

o a(z) 0
= W@, (2). ¥, () det (b(@ IM>

Zn(N—M)
[Tj2, det (I — R,Q;)

Therefore, the eigenvalues in the region |z| > 1 are the points z = z; such that
deta(z;) = 0. Similarly, one can show that

deta(z). (5.2.72)

Zn(N—M)

W (¥,(2), ¢,(2)) = T det (1 —R,Q) deta(z), (5.2.73)

and, therefore, the eigenvalues in the region |z| < 1 are the points z = Z, such
that deta(z;) = 0. There are no eigenvalues on the circle |z| = 1 because,
on this circle, none of the basis eigenfunctions vanish as n — oco. We also
assume that deta(z), deta(z) # O for |z| = 1. Moreover, we assume that there
is a finite number of eigenvalues in the regions |z| > 1 and |z] < 1.

The function p,(z) has poles precisely at the points z = z; such that
deta(z;) = 0. Similarly, the function f,(z) has poles precisely at the points
Z = Z¢ such that deta(z,) = 0. That is, the eigenvalues of the scattering prob-
lem are the poles of the meromorphic functions p,,(z) and f,(z) in the regions
|z] > 1 and |z| < 1, respectively.

We now obtain the expressions for the residues of these poles. If the pole at
z = z; is simple (equivalently, the zero of deta(z;) is simple), then

Res (pn:2;) = lim (2 = 2;) mn 2).
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The relation (5.2.68a) holds for any z such that all the eigenfunctions exist;
therefore, if we write

a'(z) = —a(z)

a(z)

where a(z) = deta(z) and a(z) is the cofactor matrix of a(z), then
Res (p,:z;) = lim {(z—2))Nu@ + (2 — 2))z " Na(@)p(2)}
— Z;anﬂ(Z/) 71151»(2 —2z;)p(2)
= Z;ann(Zj)ij (5.2.74)

where the M x N matrix

Cj = lim(z —z))p(z) = ——b(z;)exz;) (5.2.75)

/( j)
is the norming constant that relates Res(g,,;z;) and N, (z;) and ’ denotes the
derivative with respect to z.

By a similar procedure, we can find an expression for the residues of the
poles of fi, (z) in the region |z| < 1. We write

1 1
a ()= —a(2),

a(z)
where a(z) = deta(z) and &(z) is the cofactor matrix of a(z). If we assume Z,
to be a simple zero of a(z), then

Res ({5 2¢) = 20" Nu(@)Co, (5.2.76)

where, as above, the N x M matrix

Co = lim (z = 20)p(2) = b(z)a(z,) (5.2.77)

”( )

is the norming constant that relates the residue of f1,(z) to the function N, (2).

Symmetries

In this subsection we compute symmetries of the scattering data that are induced
by the symmetries in the potentials required to reduce the discrete matrix NLS
(5.1.12)—(5.1.1b) to the system (5.1.9a)—(5.1.9b), as indicated at the beginning
of this section. Also, these symmetries in the scattering data must be included
in the formulation of the inverse problem in order to construct solutions.
Previously, we showed that a(z) and a(z) are even functions of z. The deter-
minants of these functions are therefore also even functions of z. In particular,
if det a(z;) = 0, then det a(—z;) = 0 and the eigenvalues appear in pairs (the
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same holds for the eigenvalues |Z;| < 1). Without loss of generality, we will
denote by z; the eigenvalues such that |arg z;| < 5 and —z; will be understood
to be the eigenvalue such that |arg(—z;)| > 5. If |arg z;| = 7, we consider z;
to be the eigenvalue such that arg z; = 7 and therefore arg(—z;) = —7. The
same convention holds for the eigenvalues Z;.

Let Cf denote the norming constants at &=z ;. Then, recalling that a(z) is an
even function of z while b(z) is odd, we have

1
C: = b(—zj)a(—z;) =
Tdl(=z))
Hence, we can drop the superscprits and denote both norming constants as C;.
Similarly, the norming constant associated with —Z, is equal to the norming
constant associated with the eigenvalue zZ,. Hence, we have established the
following result:

_a/(zj)(_b(Zj))a(Zj) = Cj? (5.2.78)

Symmetry 5.1 For any potentials Q,, R, such that the eigenfunctions are well
defined, all of the eigenvalues appear in pairs £z ; (£Z,). Moreover, the norming
constant associated with —z; (—Z,) is equal to the norming constant associated
with +z; (4+Z,), and we denote both by C; (Cy).

Recall that, to reduce the discrete matrix NLS (5.1.1a)—(5.1.1b) to the discrete
VNLS, we required two symmetries. First we impose the reduction (5.1.4) on
the potentials, thatis, we take N = M andrestrict ourselves to potential matrices
Q.., R, such that

Qan = RnQn = a,lL (52793.)

For N =2, we obtain potentials that satisfy this symmetry by imposing the
condition (5.1.6) or, equivalently, (5.1.7). Second, to reduce the system (5.1.9a)—
(5.1.9b) to the single-vector equation (5.1.10), we impose the further symmetry

R, = FQI. (5.2.79b)

Each of the symmetries (5.2.79a) and (5.2.79b) induces a symmetry in the
scattering data.

We first consider the case when N = 2 and the potentials satisfy the symmetry
(5.1.6) or, equivalently, (5.1.7). We show how to compute the corresponding
symmetries of the norming constants and reflection coefficients.

To compute the symmetry of the reflection coefficients, we define the
functional

6 = [B18,0/0] 6.0
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where, as usual, the superscript T denotes standard matrix transposition and

s ((=iYP 0
P’l - < 0 in+lP> :

P is given by (5.1.8), and ¢,,(z) and (;_Sn(z) are the solutions of the block-matrix
scattering problem (5.2.16) defined by the boundary conditions (5.2.18a). Note
that this functional is well defined for |z| > 1 when (i) ¢, (z) exists for |z| > 1
and (ii) Q_Bn () exists for |z| < 1. We relate this functional to the reflection
coefficients by comparing the limits lim,,_, o f, and lim,,_, _ f;,.

First, we calculate a recursion formula for f,, by making use of the relations

A - T
b @ = [Puby (/2] 0@
N - T
= [PuSui/26,0/2)] Su209,@
P T, R
=[P4,/ [BSi/0(@11) '] Si@000),

where the second equality holds because, by definition, ¢,(z) and ¢, (z) satisfy
the scattering problem (5.2.16). The last expression can be simplified further.
A direct calculation shows that

. . \-177
[Pnsn(i/@ (Pur) ] Su(2) = (1 —an),
where, as we have assumed, Q,R,, = R, Q, = «, 1. Hence,

b1 = (1= o) [Bd,0/0] 6,00 =1 -, (5280

and foranyj e N

n+j—1

f,(z) = |: 1_[ (1 - Otz):| f,4+(2) (5.2.81a)
n—1

f.(2) = [ [Ta —Olz):| £, j(2). (5.2.81b)
l=n—j

Now we evaluate the right-hand sides of (5.2.81a)—(5.2.81b) in the limitj — oo.
First we rewrite the right-hand side of (5.2.81a) by using the scattering equations
(5.2.59a2)—(5.2.59b) to obtain

- T _
b @ = " (66/2) (Nt s0/9)" (Burjr) Ny
. o= T
i (b /) (N0 /2)" (Basj1) N D)
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im0 @i /)T (N0 /2)) ( i 1>TNn+,-(z)a(z)

D @G /)T (N i/2) " (P 1)TN"+J(Z)'°(Z)’
which, for |z| = 1, yields

i £, = i (b(i/2))" Pa(z) — @i /2))" Pb(z).

Hence, by (5.2.81a), we have

+oo -1
£.()= []‘[(1 - Olz):| =i (bi/2)" Pa) — @Gi/2)" Pb2)].
I=n

(5.2.82)
On the other hand,

T
lim £, = lim (@,;/2)" (Pioser) @0 s2)

Jj—+00

= lim 72D (W, /2) (Baya) My

Jj—=+oo

so, by (5.2.81b), we get

n—1
£,(z) = [ ]_[ (1 - a,)] 0=0. (5.2.83)

l=—00

Comparing (5.2.82) and (5.2.83), we obtain
—i(b(i/2))"Pa(z) — (aGi/2)" P b(z) =
which, by definition (5.2.69) of the reflection coefficients, is equivalent to

pli/z) = —iP (p(2)"P; (5.2.84)

that is, if the potentials satisfy the symmetry (5.1.4), then the reflection coeffi-
cients satisfy (5.2.84).

The symmetry (5.2.79a) in the potentials also induces a symmetry in the
eigenvalues. We have shown that the eigenvalues in |z| > 1 are the zeros of
deta(z) and the eigenvalues in |z| < 1 are the zeros of deta(z). To establish the
relation between the eigenvalues in |z| > 1 and the eigenvalues in |z] < 1, we
first establish a relationship between det a(z) and det ¢(z). Then we establish a
relation between ¢(z) and a(i/z). Note that if |z| > 1, then |i/z| < 1.

Equation (5.2.72) gives the relation between deta(z) and the Wronskian of
®,(2), ¥,(z). With M = N and the additional symmetry (5.2.79a), equation
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(5.2.72) simplifies to

+o0 -N
W (¢,(2), ¥,(2)) = [H(l —« j)} deta(z). (5.2.85)
j=n
On the other hand,
- Iy - d(z)
W (6., 1, () = W ((qbn(z), $(2)) ( 0 ) ACAORAC) (c(z) ))
n—1 N
=| [Ja- a,)} dete(z), (5.2.86)
j=—00

where we used (5.2.58). Comparing (5.2.85) and (5.2.86), we obtain

“+o00

-N
dete(z) = [ [Ta —aj)} deta(z). (5.2.87)

j==s0

Analogously, the functional

b = [B18,6/0] 9.0

is well defined for |z| > 1 when (i) 9, (z) exists for |z| > 1 and (ii) &n(z)exists
for |z| < 1. By the same argument that established (5.2.80) for the functional
f,(z), we obtain

+00
NG [ [Ta- aj)} fo(2),
j=—00

where the subscript oo is understood to mean the limit as n — £o0. By
evaluating the limits we obtain

400
al(i/7)P= [ []a- a,)j| Pc(z). (5.2.88)

j=—o00

Analogously, if we consider

b0 = [Br1,6/0] 6,60,

which is well defined for |z| > 1, exactly the same arguments lead to the relation

+00
Pa(z) = [ [Ta —a,-)} ¢ i/2)P; (5.2.89)

j==o0
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therefore
400 M
deta(i/z) = [ [[Ta-« ,)} dete(z) (5.2.90)
j=—00
+00 N
deta(z) = [ [Ta —a,-)} det &(i /z). (5.2.91)
j=—00

Comparing (5.2.87) and (5.2.90) we have
deta(i/z) = deta(z),

which shows that Z; = i/z; is an eigenvalue if, and only if, z; is an eigenvalue.

Now we compute the symmetry of the norming constants associated with
the pair of poles z;, Z; =i/z;. We assume, as we have previously, that all the
eigenfunctions are defined in the neighborhood of each eigenvalue. Let C; be
the norming constant associated with the eigenvalue z; and ¢ ; be the norming
constant associated with the eigenvalue Z ;. The norming constants are given by
(5.2.75), so

Cj = lim(z — 2))p(z) = —iz;> lim (w — z;) pli /w),
= w—2Z;
and, applying the symmetry (5.2.84), we obtain
Cj=—-z;’PC]P.

Hence, we have shown that:

Symmetry 5.2 If the potentials Q,,, R, with N = 2 satisfy the symmetry (5.1.6)
or, equivalently, (5.1.7), then:

(1) The reflection coefficients satisfy the symmetry
pli/z) = —iP pT(z) P. (5.2.92a)

(i) Z; =i/z; is an eigenvalue such that |21| < 1 if and only if z; is an
eigenvalue such that |z;| > 1.
(iii) The norming constants associated with these poles have the symmetry

C;=-z;"PCIP, (5.2.92b)

where C; is the norming constant associated with z; and ¢ ; s the norm-
ing constant associated with Z;. As a consequence, Z; = i/Z; is an eigen-
value such that |Z j| > 1 if, and only if, Z; is an eigenvalue such that
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|Z;| < 1 and the norming constants associated with these poles have the
symmetry

C;=z;’PCIP, (5.2.92¢)

where C| is the norming constant associated with Z; and C; is the norming
constant associated with Z;. As a consequence, J = J, that is, the number
of eigenvalues inside the unit circle is equal to the number of eigenvalues
outside.

Now we turn to the symmetry in the scattering data induced by the symmetry
(5.2.79b), thatis, R, = :FQf, when the symmetry (5.2.79a), Q, R, = R, Q,, =
a, Iy, also holds. This symmetry in the scattering data is determined by methods
similar to those discussed previously, but the calculation holds for any N. First,
we consider the functional

g5 (2) = [028,(1/29]" ¢,(2),

where

(Iy 0
o= ( 0 iIM)’ (5.2.93)

Using the scattering problem (5.2.16), it is easy to show that when symmetries
(5.2.79a) and (5.2.79b) hold, these functionals satisfy the recursion relation

g () =1 —a)gr(2). (5.2.94)
Hence,
+00
g5 () = [ []a —aj)} £ (),
Jj=—00

where the subscripts 00 are understood to denote the limits of g asn — o0.
By evaluating these asymptotics by means of equations (5.2.18a)—(5.2.18b)
and (5.2.59a)—(5.2.59b), we conclude that (for |z| = 1, or also |z| > 1 pro-
vided the decay of the eigenfunctions is fast enough), the following relation
holds:

+3"(1/29b(z) + b (1/29a(z) = 0
or, equivalently, in terms of the reflection coefficients,
pz) = Fp"(1/2) (5.2.95)

if symmetries (5.2.79a) and (5.2.79b) hold for the potentials.



5.2 The inverse scattering transform for IDMNLS 155

These symmetries in the potentials also induce a symmetry in the eigen-
values. Indeed the functionals g,f(z) [O'id-)n(l / z*)] ,(z) and l,jf(z)
[o’idzn(l / z*)] @, (z) satisfy the recursion relation (5.2.94), and the compari-
son between their asymptotic behaviors as n — 00 yields

. i
a1/ =| [T 0—ap|e@ (5.2.96a)
Lj=—00 n
a(z) = ]_[ a —a,) H(l/z*). (5.2.96b)
j——OO

Finally, similar calculations show that

b /=[] (1-)|de (5.2.96¢)

b1z =] [] (1-o)|d@). (5.2.96d)

[j=—o0

Note that (5.2.96a) and (5.2.96b) also imply

— +oo -— M

detaz)= | [[ A —a))| (dete(l/z*)"
Lj=—00 _
- aN

deta(z) = ]_[ a —a]) (det&(1/z%)",

Lj=—00
which, taking into account (5.2.87), give
+00 M—N
deta(l/z") = |: l_[ - aj)j| (deta(z))*. (5.2.97)

j=—00

We therefore conclude that Z; = 1/z7 is an eigenvalue if, and only if, z; is
an eigenvalue. The norming constant associated with the eigenvalue Z; can be
related to the norming constant associated with z; as follows:

*

- i _ w
C; = lim (Z—Zj)p(Z)Z:I: lim —
Z—>Zj w—>Z; Zju)

Lp(w) = £(2)*C]

Note that only the case corresponding to the upper sign, that is, for R, =
—Q# is relevant since no proper eigenvalues exist for the scattering problem
with the symmetry reduction R, = Q.
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We have therefore shown that:

Symmetry 5.3 If the potentials satisfy the symmetry (5.2.79b), that is, R, =
FQX, in addition to the symmetry (5.2.79a), that is, Q,R, = R,Q, = &, 1,
then:

(1) the reflection coefficients satisfy the symmetry
p(z) = Fp"(1/2%); (5.2.982)

(i) z; = l/z;f is an eigenvalue such that }Zj| < 1 if, and only if, z; is an
eigenvalue such that |z j ] > 1 and, consequently, the number of eigenvalues
inside the unit circle is equal to the number of eigenvalues outside, that is,
J=1J;

(iii) the norming constants associated with these paired eigenvalues satisfy the
symmetry

C; ==+l (5.2.98b)

where C; is the norming constant associated with z; and C j is the norming
constant associated with Z;.

As a consequence, if Symmetry 5.3 holds, then the eigenvalues appear in sets
of eight,

{2, iz, £1/25, +iz}} ]|

as shown in Figure 5.1.
Note that, since we have assumed that on the unit circle deta(z) # 0 and
deta(z) # 0, from (5.2.64) we obtain the following relations:

a(z) — b(2)a '(z)b(z) = ¢ '(2) (5.2.992)
a(z) — b(z)a” ' (2)b(z) = ¢ (2). (5.2.99b)

Then, taking into account the symmetries (5.2.96a)—(5.2.96b) and (5.2.96¢)—
(5.2.96d), we also have

[a(z) — b()a™'(2)b(x)] a" (2) = ]_[ (1—aply  for |z| = L.
j—*OC

(5.2.100)
Equation (5.2.100) yields, from one side,

+00 N
|deta(o))” = [ [Ta- a,)] [dety — ()]~ for |z =1
j=—00

(5.2.101)
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i/z,

1z

1

-1/z} .

—i/z,

.
—iz,

Figure 5.1: Symmetry of the eigenvalues for the block-matrix scattering problem
(cf. Symmetry 5.3)

and, from the other side, taking into account (5.2.96b),
N
ab =
= 1 —«; . .2.102
det (b ﬁ) Ll_[oo( oz‘,):| (5.2.102)

We can summarize the symmetries of the scattering data induced by the
symmetries in the potentials as follows. In the general case, only Symmetry 5.1
holds, that is,

Symmetry 5.1 All the eigenvalues appear in pairs £z ; (£Z,) outside and inside
the unit circle, respectively. Moreover, the norming constant associated with
—z (resp. —Z,) is equal to the norming constant associated with +z ; (resp. +Z).

If the potentials Q,, R, with N = 2 satisfy the symmetry (5.1.6)—(5.1.8), that
is, R, = (—1)"PQ,{P, then Symmetry 5.2 holds, that is,

Symmetry 5.2
(i) The reflection coefficients satisfy the symmetry

pli/z) = —iP p' (2) P.
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(ii) Z; =i/z; is an eigenvalue such that |21| < 1if, and only if, z; is an eigen-
value such that |z;| > 1. As a consequence, Z; = i/Z; is an eigenvalue
such that |Z;| > 1if, and only if, Z; is an eigenvalue such that |z;| < I.

(iii) The norming constants associated with these poles have the symmetry

C;=-z;’PCIP,

where C; is the norming constant associated with z; and C; is the norming
constant associated with Z;. Moreover,

C;=z;’PCIP,

where C is the norming constant associated with Z; and C; is the norming
constant associated with Z;.

Finally, if the potentials satisfy the symmetry R, = Q¥ in addition to the
symmetry Q,R, = R, Q,, = &I, then Symmetry 5.3 holds, that is,

Symmetry 5.3

(1) The reflection coefficients satisfy the symmetry
px) = Fp"(1/").

(ii) z; = 1/z] is an eigenvalue such that |Zj | < 1if, and only if, z; is an eigen-
value such that |z j | > 1, and therefore, taking into account Symmetry 5.2,
discrete eigenvalues appear in octets §+z;, +i/z;, £1/z}, :I:izjf}{ _

with four inside the unit circle and four outside (cf. Figure 5.1). Note that
this is a generalization with respect to the scalar IDNLS scattering problem
in which the eigenvalues appear in quartets (cf. Chapter 3).

(iii) The norming constants associated with these paired eigenvalues satisfy

the symmetry
C; = +(z)~°CY,

where C; is the norming constant associated with z; and C j is the norming
constant associated with Z;.
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Trace formula
Assume a(z) = deta(z) and a(z) = deta(z) to have the simple zeros {j:z j

|z;| > 1} and {£z; : |z;| < 1} respectively, and define

=1’

J 02 w2 J 2 (zH-2
R I e ) )

m=1 m=1

(5.2.103)

According to (5.2.103), a(z) is analytic outside the unit circle, where it has no
zeros, while &(z) is analytic inside, where it has no zeros; moreover, due to
(5.2.66a), a(z) — 1 as |z| — oo. Therefore, by taking into account that both a
and a are even functions of z, we can write

22
loga(z) = Zlog( e )2>

—ng Mw, 2l >1  (5.2.104a)
27T lw|=1 —Z

loga(z) = Zlog( & _(ZZ )2>

m=1
1 1

s M dw |zl <1. (52.104b)
2mi lw|=1 272

If Symmetry 5.3 holds, the eigenvalues appear in sets of eight, {£z,,, %i/zu,
x1/z;, :tizj‘n}, that is, in particular J = J and z; = 1/z7. Then, taking into
account (5.2.97) and (5.2.101), from (5.2.104a)—(5.2.104b) we obtain

_ -2
loga(z) = Zl (z z )(z —i—zm)

— Z )(Z + Zm )
L. 7§ wlogldet(Iy — pw)pw)l , - (5.2.105)
21 Jyw=1 w? — 22

which allows us to recover a(z), a(z) for any z in the proper region from knowl-
edge of the discrete eigenvalues and of the reflection coefficient on the unit
circle.

The problem of reconstructing the matrices a(z) and a(z) is more complicated.
However, from inverse scattering one can reconstruct potentials and eigenfunc-
tions and then obtain the matrix transmission coefficients by using, for instance,
formulas (5.2.65a) and (5.2.65¢).
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5.2.2 Inverse scattering problem
Boundary conditions and residues

In this subsection, we reconstruct the potentials from the scattering data. As in
the 2 x 2 scattering problem, we first reconstruct the eigenfunctions from the
scattering data and then recover the potentials from the eigenfunctions.

To formulate the inverse problem as a Riemann—Hilbert problem in the com-
plex variable z, we must specify (i) the boundary conditions of the eigenfunc-
tions as |z| — oo and (ii) the equations that determine the residues of the poles
of the meromorphic functions p,(z) and fr,(z). According to the expansions
(5.2.49a), (5.2.52), and (5.2.66a) and definition (5.2.67), we have the boundary

conditions
0 _ 0
v (&) moe(9)

as |z| = oo, with A, given by (5.2.53). Hence, the boundary condition for
N, (z) depends on Q, and R,, which are unknowns in the inverse problem.
Therefore, we introduce the following modified functions:

1 -1 -3
N, = (I(’)VAO )Nn =< ¢ 1%1?"0(;20)& )> (5.2.1062)

N

Iy + O(Z_z)

/ = =
Hn = Hn (zlAan_l + 03

N
e

) (5.2.106b)

<  (In 0\ Q'+ 0@
N = ( 0 A,,) N, = <—zAanQn1 o (5.2.106¢)

, (Iy O _(2Qu-1+ 0(2Y)
p’n_(OAn _(An+O(Z2) )’
where €2, is given by (5.2.55). Hence, by this modification of the eigenfunctions,
we eliminate the dependence of the boundary conditions on the potentials. We
emphasize that " does not indicate a derivative with respect to z, but rather the
modification of the eigenfunctions by the matrix prefactor.

From (5.2.68a)—(5.2.68b) it follows that these modified functions satisfy the
jump conditions

(5.2.106d)

i (2) — N, (2) = 27"'N, (2)p(2) (5.2.107a)
i, (z) — N.(z) = 2"N(2)p(2). (5.2.107b)

Also, the poles of p/(z) and @) (z) are the same as the poles of p,(z)
and fr,(z), respectively. The residues of these poles are determined by the
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relations:
Res (3 2,) = 27 "N, (z))C; (5.2.1082)
Res (f),:z,) = 2;'N,(z))C;. (5.2.108b)

which follow from (5.2.74) and (5.2.76). We therefore solve the Riemann—
Hilbert problem for the modified eigenfunctions (5.2.106a)—(5.2.106d).

Recovery of the eigenfunctions

The first step of the inverse problem is to recover the functions N/ (z) and
N;l(z) from the scattering data. Let us consider first the case when there are
no discrete eigenvalues, that is, p;, and fi, have no poles. Introducing the
(N + M) x (N + M) matrices

m,(2) = (1@, N,@), M@= N, @) (52109

with m,(z) analytic outside the unit circle |z| = 1 and m,(z) analytic inside,
we can write the “jump” conditions (5.2.107a)—(5.2.107b) as

m,(z) —m,(z) =m,(2)V,(z) lz] =1, (5.2.109b)
where
—p(2)p(z) —z*"p(z)
V. (z) = 5.2.109
(@) ( ) 0 ) ( c)
and
m,(z) = Iyym as |z] — oo. (5.2.109d)

Therefore (5.2.109b) can be regarded as a matrix Riemann—Hilbert boundary-
value problem on |z| = 1 with boundary conditions given by (5.2.109d). In
analogy with what was done for the scalar case, we introduce the integral
operators

_ 1 F
<1 hwl=1

dw (5.2.110a)

.1 F(w)
P(F)(z) = lim —
(—z 27 lwl=1 W — ¢
[Z1>1
defined for |z| < 1 and |z| > 1, respectively, for any matrix-valued function
F(w) continuous on |w| = 1. Applying P to both sides of equations (5.2.109b)

yields

dw (5.2.110b)

i n Vn
m,(z) = Iyyy — lim —— Mdu)
G 2 Jw=r w4

, (5.2.111)



162 5 Integrable discrete matrix NLS equation

which allows us, in principle, to find m, (z) from the scattering data. In compo-
nent form, (5.2.111) yields

_ 1 —2n 5/ _ N/ —
N = () = tim w™ iy, (w)p(w) — N, (w)pw)pw) ,
0 él—ﬂl 2mi lwl=1 w—2¢
(5.2.112a)
1 ZnN/ —
,(z) = ) 4 iim = wN,wpw) , (52.112b)
Ly ‘§{|—>z1 2mi Jiy=1 w—1¢

which is a system of linear integral equations, on |z| = 1, for N/ (z) and i/ (z)
in terms of the scattering data. The solutions of these integral equations can be
analytically continued into the region |z| < 1.

Equivalently, by applying the outside projector P to both sides of equations
(5.2.107a)—(5.2.107b), we get

1 ZnN/ =
N,(2) = < 0 ) + lim —— WIN,WPW) 4 (52.1120)
Iy t—z 271 Jpy= w—7
[g1>1
1 72nN/
My (2) = ) ~ i — wdw. (5.2.112d)
0 \%I_)Zl 27 lw|=1 w — C

To recover Q,, and R,;, we compute the power series expansions of the eigen-
functions around z = 0. By comparing the expansions (5.2.106¢) and (5.2.106d)
with the expansions about z = 0 of the right-hand sides of (5.2.112a) and
(5.2.112b), or, equivalently, of (5.2.111),

_ Z 9 _
M, (2) = Iyim — =— w2, (w)V,(w)dw + 0(z%),
2mi lw|=1
we obtain
1 2nng/(up) —
= "N d
Q=5 . R w)p(w)dw
1 /(dn —2x7/(dn -
R, = — (w2 B (w) p(w) — w N9 (w) p(w)p(w)) dw,
lw|=1

where N;, (z) and [ (z) are determined by the linear system (5.2.112a)-
(5.2.112b). Hence, the formulation of the inverse problem without poles is
complete.

The method of solution requires an extra step if pt (z) and ft,(z) have poles.
Let us denote such poles as {zj }j:I ..... 5. i
proceed as follows. First, we apply the inside projection operator (5.2.110a) to
both sides of (5.2.107a) and the outside projection operator (5.2.110b) to both



5.2 The inverse scattering transform for IDMNLS 163

sides of (5.2.107b) to obtain

No= (5)+ X[ oM 5N

= 7—Z; z+ 2z
) 1 w72n ,
— lim e N, (w)p(w)dw (5.2.113a)
g 2 i w ¢

0 ! =2n 1 N/ (= 1 N/ = .
N, @) = (IM) +2.5 L — M@+ ﬁNn(—Zj)} C;
J

j=1 Zj
1 mo
+ lim — N, (w)p(w)dw, (5.2.113b)
{—>z 2 Jw|=1 w — é'
lg]>1
where N/ (z;)is N/ (z) evaluated at the eigenvalue z j, N/, (—z;) is N, (z) evaluated

at the complementary eigenvalue —z ;, and similarly for N (z;) and N/ (—Z;). In
expressions (5.2.113a)—(5.2.113b), we have taken into account Symmetry 5.1
by including poles in % pairs with the appropriate norming constants.
Equations (5.2.113a)—(5.2.113b) constitute a system of linear integral equa-
tions on |z| = 1. This system depends on the additional matrices { N (z)),
N;l(—zj)}j]:1 and {N;, (), N;l(—zj)}jj.zl. We obtain expressions for these ma-
trices by evaluating (5.2.113a) at the points &= ; and (5.2.113b) at the points &z ;.
This results in a linear algebraic—integral system composed of (5.2.113a)-

(5.2.113b) and

_ I ! 1
N;(ZJ): < g>+zzk2ﬂ I:Z _ZkN:l(Zk)—i_
k=1

J

1
N (—z) | C
Zj+ 2 n k)i| :
1 w—2n

- — ——N,(w)p(w)dw (5.2.113¢)
27Tl |w|=1 w — Zj

A . 1 ) 1 )
Nn( Z.I)_ (0) sz |:Zj+Zan(Zk)+ Zan( Zk) Ck

k=1 7=
! W N’ (w)p(w)d (5.2.113d)
—_ _— w w w L
27Ti ‘w|:1w+2j n p
N, (zj) = (0>+2j:zz"[ LRG0+ —— N2 )]C
T Iy ) A e Y e Y
1 w o
— N (w)p(w)dw (5.2.113¢)

2mi lwl=1 W — Zj
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J
N,(—z;) = ( ) 2:1:2 [z,+ NG+
1 2n

1 -, ~
— N,1(—Zk)] Cy
Zj — 2k

27Ti |w|=1 w +Zj

N/ (w)p(w)dw, (5.2.113f%)

where (5.2.113c)—(5.2.113d) hold for each eigenvalue {Zj : |ZJ| <1, Re
Zj = O};:I and (5.2.113e)~(5.2.113f) hold for each eigenvalue {z; : |z;| >

I, Rez; > 0}

Note that in the system of equations (5.2.113a)—(5.2.113f), the matrix scat-
tering data (i.e., p(z), p(z), C;, and C ;) always multiply on the right. This
implies that the rows of the matrix equations are uncoupled, that is, the first
row of (5.2.113a) depends only on the first row of (5.2.113¢)—(5.2.113d).
In particular, we consider the equations for the first N rows (i.e., the matri-
ces NP (), NP (z), NP (42 ;). and NP (47 7)) separately from the equa-
tions for the last M rows (i.e., the matrices N4V (z), N0 (z), N9V (£z;), and
N (£z;)).

The equations for the first N rows are consistent with the symmetry reductions

NOP(—z) = NO(z)  NP(—z) = —N“P(z), (5.2.114a)

and the equations for the last M rows are consistent with the symmetry
reductions

N(—z) = =N"(z)  N(—z) = N (2), (5.2.114b)

and these symmetries are consistent with the z-expansions we derived in the
direct problem (cf. (5.2.52)—(5.2.54)). However, here the symmetry in the eigen-
functions is a consequence of the symmetry of the scattering data.

By taking into account the symmetry reductions (5.2.114a)—(5.2.114b),
we can split the system (5.2.113a)—(5.2.113f) into two smaller algebraic—
integral systems. Under the symmetry reduction (5.2.114a), the first N rows
of (5.2.113a)—(5.2.113f) become the system

J —2n+1
Z;
N =TIy +2) ZL—N"())C
= 1< Zj
. w2 )
— lim — —N,"P(w)p(w)dw (5.2.115a)
-z 27i Jw|=1 w — é'
\{|<1
2n

N/(UP)(Z) =2 Z N’(up)(zj)c
Z

1 2n
+ lim 5 ww g_N/<“P>(w)p(w)dw (5.2.115b)
- lw|=1 -
[¢1>1



5.2 The inverse scattering transform for IDMNLS 165

J —2n+l
NOP(Z)) =Ty +2 Z N/(”p)(z )Ci
k=
1 w—2n
- — —— NP (w)p(w)dw (5.2.115¢)
27Tl lw|=1 w — Z/
J
N/(up)(Z ) —9 Z Zk Z] N/(up)( )Ck
k=1 Zj -
1 2n
+ — ——— NP (w)p(w)dw, (5.2.115d)

2mi lw=1 W — Zj

where (i) equatlon (5.2.115¢c) holds for each eigenvalue {z j |z j | <1,
Rez; > 0} , and (11) equation (5.2.115d) holds for each eigenvalue {z i
lz;| > 1, Re z, > O} . The matrices NP (—z;) and Ny"”'(—z;) are deter-
mined from, respectlvely, NA™(z,;) and Nj"P(z;), according to the symmetry
(5.2.114a). Hence, while the system (5.2.113a)—(5.2.113f) comprises equations
corresponding to 2 (J + j) eigenvalues, the system (5.2.115a)—(5.2.115d),
which takes the symmetry (5.2.114a) into account, comprises equations corre-
sponding to only J + J eigenvalues.

Similarly, under the symmetry reduction (5.2.114b), the last M rows of the
system (5.2.113a)—(5.2.113f) become the system

72n
N/(dn)(Z) ) Z 2 N/(dn)(Z])C

J

1 —2n
— lim — L Nw)pw)dw  (5.2.116a)
fis 2 o w3
J 22n+1
N2 =Ty +2)  ——N")C,
Jj=1 2 J
1 w2n i
+ lim T —N;;( n)(w)ﬁ(w)dw (5.2.116b)
él_)z Tl Jjw|=1 W — ¢
J Z_ZHZ‘
N/(dn)(z N=2 MN’@“)(Z )C
n J kXZI: Z; _ Z[% n k k
1

S — N’(d“)(w)p(w)dw (5.2.116¢)
27 |w|=1 w —
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J —211+l
N = Ty +2 ) S N(E)C
= Zj %
1 2
+— ——— N9 ) p(w)dw, (5.2.116d)
2mi wi=1 W — Zj

where (i) equation (5.2.116¢) holds for each eigenvalue {Z I |Z j| <1,
Rez; > O}J , and (ii) equation (5.2.115d) holds for each eigenvalue
{zj |zJ| >1, Rez; > O} . The matrices N’(d“)( Zj) and N/ (— Zj) are
determined from, respecnvely N’(d“)(z i) and N’(d“)(z i) accordlng to the sym-
metry (5.2.114b).

Note that the system (5.2.115a)—(5.2.115d) is uncoupled from the system
(5.2.116a)—(5.2.116d), and each is a closed system of algebraic—integral equa-
tions. These systems hold for general potentials. However, if the scattering
data satisfy Symmetry 5.2, one can include this symmetry explicitly in the
systems. Specifically, if Symmetry 5.2 holds, then the set of eigenvalues is
given by

(£2;. /7 7] < 1. Rez; = 0},
Uz, #i/z; 0 |z;] > 1, Rez; 20} (52.117a)

with the corresponding norming constants

(€. &} vlc. & ], - (5.2.117b)

and therefore we can rewrite the system (5.2.115a)—(5.2.115b) as

J Z—2n+1
N =Ty +2)  ——5N"(z;)C;
=1 Z Z]
J_ ( )n 2n 1

j=1 j
. 1 w2 /up)
— lim — —N;"P(w)p(w)dw (5.2.118a)
¢~z 27 lwl=1 W — Is
[¢l<1
(up) ! Z2nz 7(up) (—1 )n /(up)
N™(2) =2) LNz, +2Z N P(i/z;)C;
Fs z z]
1 2
+ lim — ——— NP () p(w)dw (5.2.118b)

(—z 2mi |w|= 1w—§
[g1>1



5.2 The inverse scattering transform for IDMNLS 167

J —2n+l
N(E) =1y +2) NG
=%
(_ )n =2n—1 .
+2i Z A NP /7)Cx
k=1 Zj Tk
—2n

1
- — — NP (w)p(w)dw (5.2.118¢)
2mi Jw|=1 w — Zj

—2n+1

2
N (i /zj) =Ty — 2 Z A NOP(z)Cy
k=1 <j 2+ Zk
( l)n =2n—1

—2i Z e\ ARl (JEAToN

k=1 %j <k

_ 1 f Zj—N/(up)(w)p(w)dw (5.2.118d)
|

27 wl=1 I+ Zjw
J Zk Z ( l)n _2”Zj _ n
NPe) =23, 5 m N EG +2Z —N:f“m(i/zk)ck
=1 %~ 7tz
1
+ — N’(“P)(w)p(u))dw (5.2.118¢)

2mi lw|= 1w —2z

J ZZnZ—l
N/(UP)(l/Z D= —2i Z —N’(up)(zk)ck
=1 %j —i—zk
(_ )n —2n——1

— 2 Z ——— SR 20
k=1 Zj — %
1 Z_j w2n

T 1+iz wNﬁuP)(w)ﬁ(w)dw. (5.2.118f)
[w|=1 j

Here, as before, C; is the norming constant associated with +i /z; and C; is the
norming constant associated with =i /Z;. Similarly, under this symmetry, the
system (5.2.116a)—(5.2.115d) for the lower components of the eigenfunctions
becomes

J —2n nz2n
M) =23 S NG )C +2ZLN’“‘W /2)€;
=T gk
1 —2
— lim — ———N9w)p(w)dw (5.2.119a)
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7 Z2n+1
N() =Ty +2 N’<d“>< )C;
M 121 12 ]
J (_l)nZ—Zn 1 .
+2i ) —2 NG /z)C;
= Ttz
: 1 /(dn)
+ lim — N (w)p(w)dw
{—z 2mi lwl=1 W — é-

[¢]1>1
(5.2.119b)

J
1
N =23 S SN 2 Z %N“d”(z/ G

k=1 J =1 < + g
1 w2
-—— S N wpwydw (5.2.119¢)
2mi lwl=1 W — Zj
72nZ71
NG /2j) = 2 Z 55N @)C
Zj Zk

J (-1 )nZanfl
—2i Yy N2 G
k=1 <j <k

1 w2
f LN/(d“)(w)p(w)dw

27 Jiw=1 L+izjw (5.2.119d)
J —2n+1 _ _
N (z;) =Ty +2 Z N;fd‘“(zk)ck
)n —2n—1
+2i Z N/(dn)(l /z1)Cx
1 2rL
+ — ——NDw)p(w)dw  (5.2.119)
2 Jw|=1 w — Z]
—2n+l
N/(dn)(l/Z ) _ IM _ 22 __2 N/(dn)(Z )Ck
= +7;
J —2n—1
1)" N
—2i Z %Ngd")(i/zk)ck

k=1 %j T %

| _
—% Zj—N/(d“)(w)p(w)dw
27 = T 2w (5.2.119f)

where the eigenvalues are given by (5.2.117a).
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The linear algebraic—integral systems (5.2.118a)—(5.2.118f) and (5.2.119a)-
(5.2.119f) determine the eigenfunctions N;, (z) and N/,(z). However, these linear
systems do not account for Symmetry 5.3, which relates the eigenvalues in
the region |z| > 1 with the eigenvalues in the region |z| < 1. If we require
that Symmetry 5.3, associated with R, = FQ/ holds, then J = J,z; = 1/2
and C; = £(z9)"2C¥ for j =1,...,J in the system of integral equations
(5.2.1192)—(5.2.119f).

Note that we have not proved that the linear systems have a solution in
general. Neither have we established conditions on the scattering data that
would ensure that these systems are solvable. Rather, we have shown how to
obtain a linear algebraic—integral system for the eigenfunctions from the scatter-
ing data. In the following, we compute the solution of (5.2.118a)—(5.2.118f) for
a reflectionless potential (i.e., p(z) = p(z) = 0 on |z| = 1) with a single octet
of eigenvalues {*z;, +i/z;, £Z1, £i/Z; : |z1| > 1, |Z1] < 1}. It is outside the
scope of this work to rigorously establish conditions under which either systems
are guaranteed to have (unique) solutions.

Recovery of the potentials

We show how to recover the potentials Q, and R,, from the eigenfunctions and
the scattering data. First, we show how to recover the matrix potential Q,,. Then,
we derive two methods for recovering the matrix potential R, — one method that
is applicable for general R, and a simplified method for potentials that satisfy
the symmetry R,Q, = Q,R,, = «,I (cf. Symmetry 5.2).

To recover Q,,, we first apply the inside projection operator (5.2.110a) to
both sides of the jump condition (5.2.107b). This yields the relations

I 1 w?
u;(“")(z)—2zzz = sNIPENC + 5~ e —— N (w)p(w)dw
] w
I, g (5.2.120a)
,(dn)(Z) = IM + 2 Z N;fd“)(zj)éj
1 w?
+ — —— N9 w)p(w)dw  (5.2.120b)

2mi lwl=1 W — 2

when the symmetries (5.2.114a)—(5.2.114b) are taken into account. Now, by
comparing the power series expansion (in z) of the right-hand side of (5.2.120a)
and the expansion (5.2.106d) of f)(z), we obtain

7

Qi1 =~ Z FTUNENC A+

— 2mi lw|=1

w* DN () p(w)dw,

(5.2.121a)
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which gives the potential in terms of the eigenfunction N/(UP)(z) evaluated on
|zl = 1 and at the eigenvalues {£Z; : |Z;| < 1, ReZ; > 0} ,_

Analogously, we can recover R, from the elgenfunctlons N/ (z) and
N/ (z). Indeed, by applying the outside projection operator (5.2.110b) to the
jump condition (5.2.107a), we obtain the equation

J —2n

;72 1
/(dn) _ 2 N/(dn) C _ N/(dn) d
() = ,21 - @ =g N wptdu.

Then, by comparing the Laurent expansion (in z) of the right-hand side of this
expression with the expansion (5.2.106b) of p/ (z), we obtain

AR, | = 2Zz‘2"N’<d“>(z])C +— w™2N9 () p(w)dw.

2mi lw|=1

(5.2.121b)

Similarly, by comparing the power series expansion (in z) of the right-hand side
of (5.2.120b) and the expansion (5.2.106d) of i, (z), we obtain

~i

n =1, — Z 2n— lel(dn)( ])C 4+ — wzn_lN;l(dn)(U))ﬁ(U))dw.

— 2wi Jw|=1

(5.2.121¢)

Hence, with (5.2.121b) and (5.2.121c) we can recover R, from the
eigenfunctions evaluated on |z| =1 and at their respective eigenvalues
{21121 > 1, Rez; > 0}/, and {£%; : [7;] < I, Re Z; > 0}7_,

If we explicitly include the effect of Symmetry 5.2 on the eigenvalues, then
(5.2.121a) becomes

J J
Qi =—2) T INMPE)C; =23 (1) T INER /2 )€
j=1 j=1
1 _
5 w DN () p(w)dw, (5.2.122a)
Jlw|=1

where the eigenvalues are as in (5.2.117a).

Also, there is a simpler procedure for recovering the potential R, when
the potentials satisfy the symmetry (5.2.79a). Recall that the eigenfunctions
N/ (z) and N/@(z) satisfy (5.2.116a) and (5.2.116b). Comparing the power
series expansion (in z) of the right-hand side of (5.2.116a) with the expansion
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(5.2.106¢) of N'U"(7) yields
J
Aan Q;l =2 Z Z;Z(]H—I)N;(dn)(zj)cj
=

1

— w_z(”J")N;fd“)(w)p(w)dw.
2mi lw|=1

In general, this relation is insufficient to recover R, because we must also
determine A, and Q;'. However, if the potentials satisfy (5.2.79a), then

oo s
Qn:H(l —an)ly An:]_[(l —a) Ly, (5.2.122b)
k=n k=n

and therefore

J J
R, =2 2} Z;Z(H+I)N:1(dn)(zj)cj +2 Z(_1)n+1Z?(nJrl)N;l(dn)(l-/Zj)Cj
J= I=
1

_ w2HEDND () p(w)dw. (5.2.122¢)
2 Jyy=1

As before, we can take into account Symmetry 5.3 by requiring J = J, Z; =
1/z3, and C = :I:(zj)’ZCf forany j =1,...,J.

Finally, we remark that the symmetry (5.2.84) for the reflection coefficients
can be obtained from the inverse problem formulas (5.2.122a) and (5.2.122¢) by
reconstructing the potentials in terms of the scattering data. Indeed, let us restrict
ourselves for simplicity to the case N = 2 and consider “small” potentials Q,,
and R, satisfying the symmetry

R, = (—1)"PQ’P. (5.2.123)

Moreover, let us assume no discrete eigenvalues. Hence, due to the small norm
assumption for the potentials, from (5.2.118a) and (5.2.119a) it follows that
NP (w) ~ Iy and N‘9D(w) ~ I, and substitution into (5.2.122a)—(5.2.122¢)
yields

1
Q. ~ — w?" p(w)dw (5.2.124a)
271 Jw|=1
1
R, ~ — w2 p(w)dw. (5.2.124b)

2mi |lw|=1

Performing in (5.2.124a) the change of variable w — i/w and taking into
account that the potentials satisfy (5.2.123) immediately yields the symmetry
(5.2.84).
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Reflectionless potentials

In this subsection, we consider the recovery of potentials from scattering data
such that p(z) = p(z) = 0 on |z| = 1. We refer to such potentials as reflection-
less potentials. In particular, we consider scattering data that satisfy Symmetry
5.2 and Symmetry 5.3. We explicitly calculate the potential in the case where
there is only one octet of eigenvalues and norming constants. In this case we
obtain potentials with the familiar sech profile with a complex modulation.
However, we show below that, to obtain this potential, an additional condition
on the norming constants is required.

If p(z) = p(z) = 0 on |z| = 1, then the integrals vanish in the algebraic—
integral system (5.2.118a)—(5.2.118f). In this case, this system reduces to the
linear algebraic system

J 72n+1
NOE) =TIy +2) ) 5 N ()G
k=1 j Zk

1" 2n 1 .
+2i Z( ) NP /7)) Ci (5.2.125a)

72n+1

N(i/z;) =Ty —2 Z NP C,
= Zj ‘+z

( 1)n =2n—1 /( )
—N (i /7)Ci (5.2.125b)

k=1 <j Zk

J -

7(u Z 7(uy

NP(z)) =2 G N( PE0Ck
i

J
—1
2y MNWO JaCe (5.2.1250)
z +z
k=1 Lk

.= . J N — N
N /z)) = —2i Y ——=N"(z,)C,
= 2t

1\ —2n——l
_Z’Z( 2k ’ NP /2)Cr.  (5.2.125d)

Moreover, the expression (5.2.122a) for the potential Q,, reduces to

~i

Q1 =— Z 2n— 1)N/(u]3)( )C _22( "~ 1 *2(H 1)N/(u]3)(l/Z )C

j=1 j=1
(5.2.126)
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Analogously, the system (5.2.119¢)—(5.2.119f) reduces to the linear algebraic
system

J —2n=
J/(dn) = EEIRNC
N;( n)(Zj) = 22 ﬁN;( n)(Zk)Ck
=1 % ~ %

2n-
+2 Z CLEING 208 (52.127a)

_ J Z—anfl
NGz = —2i Y 5 LN ()€,
=1 2 Tz
(_ )n 2n —1
-2 Z S N /z0C, (5.2.127b)
k=1 %j T %k
J Fn+l B
N =T +2) SN @G
k= le Z

1y, —2n—1
+2i Z CVa {8, (521270
2472
k=1 %) T %k

J —2n+1
NG /z;) =Ty —2 Z 72 — —— Nz )Cy
%

1) —2n—1 R
-2 Z ()—QN,’fd")(i Jz0Cr,  (5.2.127d)
Z;, —2
k=1 Jj k

and (5.2.122c¢) gives the reconstruction of the potential R,

J
Z 2(n+1)N/(dn)( )C +2Z( 1)n+1 2(n+l)N/(dn)(l/Z )C
j=1 j=1
(5.2.128)
Therefore, in the reflectionless case (i.e. when p(z) = p(z) =0on |z] = 1)
and with Symmetry 5.2 taken into account, the potentials are determined by
the solutions of the 2(J + J)-dimensional linear-algebraic systems (5.2.125a)—
(5.2.125d) and (5.2.127a)—(5.2.1274d).
In particular, if there is one octet of eigenvalues and norming constants,
that is,

[cba ), (420, @), (#i/2,€1), (/2. €))L 52129
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the system (5.2.125a)—(5.2.125d), after eliminating the matrices N;,(UP)(ZI) and
N;,(up)(i /Z1), reduces to

NP(z)
=2n ,—2(n—1) n=dn+2
- _ -1z o
=Ty — AN | L2 ¢ - ¢ ¢
N 7 (1)|:(2_Z1)2 G Ty O
_ ] (- 1)n —4m=1 Z—Z(n—l)z2(n+1)
— AN (i /z1) —C C+—L L ¢¢
Yla—dar T T arshEG -
(5.2.130a)
N\ "P(i/z1)

_ ZznZ—Z(n 2) _ ( 1)n 25 4il+2 .
S O T [ S MR o M /T S o o}
( {3 _Zl)(1+21) (1+Zl)(zl _Zl)

—_

( 1)n 74n+6 Zl—Z(n—Z)_Z(n-H)C (“:
(1+z1)? (z1 —71)? '

— 4N (i /zy) [
(5.2.130b)

So far, in deriving the system (5.2.130a)—(5.2.130b), we have accounted for
the effect of Symmetry 5.2 on the eigenvalues, but we have not considered the
effect of this symmetry on the norming constants. We now use the symmetry
in the norming constants to further simplify the solution of this system.

For N = 2, let us define

1 ¢(2) -() -2
i o4 = noon
C = , C . (5.2.131a)
<V1(2) —85”) < 5(2) 50))
Then, the symmetries in the norming constants given by Symmetry 5.2, namely,
the relations (5.2.92b)—(5.2.92¢), imply that

. 8(1) 8(2) . 351) )—/1(2)
Ci =z ( ) C = ( ) . (5.2.131b)
7/(2) )/1(1) 852) _371(1)
Correspondingly,
CiC =CC =—z7(y, 6)I (5.2.132a)

CCi=CCi=z1(%8)L (5.2.132b)
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where we find it convenient to introduce the two-component vectors

(1) (1)
1= 2 | - 2) | 1=
W o

and - denotes, as usual, the scalar product.
If (as explained later) we impose the addi

tional condition

6, =6,=0,

then the system (5.2.130a)—(5.2.130b) has the unique solution

1
NP () — 14gn
w (Z1) 0 1

_ 1—
NPz = (

where

g =407 -7) (-7

(=
(142D +g4)

0
__ G-men
(142D +g,)

—Z1)8

0
R
1+g,

N2 —2(n—1)=2(n+1)
) T4 2 ‘

Substituting these expressions into (5.2.125¢)—(5.2.125d) yields

- (1
(m“) 5 _
_(2 I 1=
7

5(1)
5
81

(5.2.133)

(5.2.134)

(5.2.135a)

(5.2.135b)

(5.2.135¢)

=2(n+1) =2(n+1)
_nZ _oZ 2
2 o 22 Sl
N/(up)(zl) — 1 1 1 1
n
1+ gn ! v
2 Z1 n 2
( 1)n+1 2) — ( 1);1)/1() > —
Zl 2 <1
=2n+1 =2n+
50 zy" - I
. 1 _—2 ) R—)
N/(up)(l——l) _ —2i + Z1 1 — 1]
- —2(n+1)-—1 —2m+)-—1 |’
I+ (—1y1y @4 G Cryyhd Z
_ 2 -2 -2
T4 -1
so that finally
N/(up)(z)
n
7(n+l) —2(n—1)
I ke et z2)<z%—%%><1+g,,> 0
= -2(n l) —2(n+1)
0 e e o ver e

(5.2.136)
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By (5.2.122a), taking into account (5.1.6) and (5.2.126), we obtain the following
expressions for the potentials:

o Z20+D e
(Q(z) =2 _ 2 —am212) ) (5.2.137a)
n L+d(y-7) (2 -21) @' 2

—2(n+1 (1)
(RE;) =2 - le( ’ )2 s (V‘(z)). (5.2.137b)
Ry 1 +4(71 ")’1) (Zl - Zl) 20"z )

We now consider the effect of Symmetry 5.3 on the inverse problem. Specif-
ically, we restrict ourselves to the case R, = —Qf , since we showed that in the

defocusing case no discrete eigenvalues are allowed for decaying potentials.

Recall that if Symmetry 5.3 holds, then J = J and Z; = 1 /z; for any j =
1, ..., J. Hence, in this case, the eigenvalue/norming constants octet (5.2.129)
takes the form

{(:l:Z],C]), (£1/21.C)), (:i:i/Zl,él>, (j:izT,Cl)}. (5.2.138)

Moreover, in terms of the norming constants, Symmetry 5.3 implies that v, =
77 in (5.2.131a) and (5.2.131b).

With these symmetries explicitly included, as well as the substitution z; =
e 1ih1 the potentials (5.2.137a)—(5.2.137b) are

) *
(g?z>> = ”7‘” HP D sinh(20) sech Qaa(n +1) —d) - (5.2.139)
n 71

1) ,
(2’@) = ”7' ” e 2P+ sinh(2a;) sech 2 (n + 1) —d),  (5.2.139b)
n Y1

where d = log ||'y, ” — log [sinh(2«r1)]. These potentials are a discrete, vector
version of the familiar sech profile with complex modulation.
If, instead of the condition (5.2.134), that is, §; = 8, = 0, we choose

Y1 =% =0, (5.2.140)

then, according to (5.1.6) and (5.2.126), the solution of the system (5.2.130a)—
(5.2.130b) yields the potentials

lel) ) (— 1)/1 —2(n+1) ((Sil) )
=2 (5.2.141a)
(QEZ) 144 (61 5 ) (Zl _ Zl) 221—2n 52(n+2) 352)

R _1ys20+D 50
o | =2 . )zzl —— s | |- (5:2141b)
R; 14+4(8-86) (2 -2) 7% 5
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If Symmetry 5.3 holds, then 6, = 67 and, as before, z; = 1/z], and, with
this symmetry and the substitution z; = ¢+ the potentials (5.2.141a)—
(5.2.141b) are

(1) 6 ) .
< g:‘z)> = —Me_z’(ﬂ‘“/z)("“) sinh(2ay) sech (2o (n + 1) — d)
1
n

(5.2.142a)

[¢)) *
(R" ) = iezﬂﬂl“/z)@“) sinh(2a1) sech (2o (n + 1) —d), (5.2.142b)
R® 611l

whered = log ||61]] — log [sinh(2e;)]. Like (5.2.139a2)—(5.2.139b), the poten-
tials (5.2.142a)—(5.2.142b) are a discrete version of the familiar sech profile
with complex modulation.

Note that, to obtain the above complex-modulated sech potential, we imposed
the condition (5.2.134) or (5.2.140) on the norming constants. However, even in
the case of a single octet of eigenvalues/norming constants, there exists a more
general solution of the linear system (5.2.130a)—(5.2.130b) corresponding to the
case when we do not restrict the norming constants to obey the condition v, =
4, =0o0r & = &, =0. The general case v, # 0,7, #0and §; # 0,8, #0
corresponds to solutions that we refer to as “composite” solitons, as opposed
to the “fundamental” solitons that we obtain for v, =4, =0oré§, = §, = 0.
Even though a single octet is the minimal number of discrete eigenvalues, the
composite soliton essentially differs from the fundamental solitons. In fact, one
composite soliton could be regarded as a “two-fundamental soliton solution.” In
a sense, the composite soliton is composed of two fundamental solitons “glued”
together.

The solution of the linear system (5.2.130a)—(5.2.130b) when v, and §; and
7, and &, are possibly all different from zero but orthogonal to each other, that
is, such that v, - 6, =7, - §; = 0, is given by

NP /z)

_ 1 I+ 8n _ Z%—i—zl_z( i .»71 W(’_yl,_él)>
1+§n_ ’71"_)’1-1-51'511%-{-11_2 W(’yl,él) 616
NP(z))
— 1 _I+ gn Z%‘FZ?Z ( 61 -51_ —W(’yl,él)>
1+8. | YA+ 61612+ Wy, 61) v ’
where
~2n=1)22n+1) _
g, =42 ! (v -1+ 61-61) (5.2.143)

(F-2)’
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and, as usual,

Wy, 61) =y "8 — y sl (5.2.144)
Hence (5.2.126) and (5.1.6) yield

Q(l) E%("Jrl) ZIZ(HJFI)
lez) 1 + 8n+1 ,71 ( ) 1 + 8n+1 ! ( )

RM 1—2(11+1) Z%(n-&-l) _
"l =22y 218, 5.2.145b
R L+ 8nsi v b I+ 8ns1 : ( )

Taking into account Symmetry 5.3, according to which zZ; = 1/z} and 7, =
~%, &, = &%, and substituting z; = e 1 yields

(1) i
(Q" ) = ( sinh 20 sech (2(n + Doy — d)

2
Q, v ll? + 16111%) 2
X [eiﬂ+2i(n+l)ﬂ]7>;< + e—2i(n+l)/3|—inﬂ6]] , (52146)
where
d =log (|7, II* + 16111*)> — log (sinh 2, ). (5.2.147)

Note that the solution (5.2.146) has two complex carrier modulation terms,
unlike the fundamental soliton solutions (5.2.139) and (5.2.142).

Gel’fand—Levitan—Marchenko integral equations

Like in the scalar case, we can also provide a reconstruction for the potentials
by means of Gel’fand—Levitan—-Marchenko integral equations. Indeed, let us
represent the eigenfunctions ), and v, in terms of triangular kernels,

P,(2) = fz‘fK(n,j) lz| > 1 (5.2.148a)
-
P,() =Y /K. j) 2l <1, (5.2.148b)
i
where
K(n, j) = (EE:EZ?;) K, j) = <§dp3$ji) (5.2.149)

and write the equations (5.2.592)—(5.2.59b) in the form

d,(2)a" ' (2) — ¥, (2) = ¥, (2)p(z) (5.2.150a)
é,(2a7'(2) — ¥,(2) = ¥, (2)p). (5.2.150b)
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Applying the operator 5— 2m 55‘“:] dz z7"~! for m > n to equation (5.2.150a)
and taking into account the asymptotics (5.2.492a)—(5.2.49b), (5.2.52), (5.2.54),
and (5.2.66a)—(5.2.66b), as well as the triangular representations (5.2.148a)—
(5.2.148b), we obtain

+00
R(n,m)+ Y K, j)Fom + j) = (I(’)V) Spn  m>n, (52151

j=n
where

F Py of =1 5(2)dz. 5.2.152
(n) = Zz +2m 27" p(2)dz ( )

lz]=1

Analogously, operating on equation (5.2.150b) with ﬁ flz\=l dz z"form >
n yields

+00
K, m)+ ZK(n, DE@m + j) = (I(:) 8w m=>n,  (5.2.153)

Jj=n
where

J

_ - 1 ol

F(n) = — E 123 1C,~+% m—lz '5(2)dz. (5.2.154)
J= 1=

Equations (5.2.151) and (5.2.153) constitute the Gel fand-Levitan—
Marchenko equations. Note that the sum into (5.2.152) (resp. (5.2.154)) is
performed over all the discrete eigenvalues that are outside (resp. inside) the
unit circle.

Comparing the representations (5.2.148a)—(5.2.148b) for the eigenfunctions
with the asymptotics (5.2.52) and (5.2.54) and recalling (5.2.19b) yields the
reconstruction of the potentials in terms of the kernels of GLM equations, that
is,

K, n) =Kn,n) =0, K%nm,n)=,", K®nn=A,"
(5.2.155)

Q. = —K™(n, n + 1) (K™ (n, n))_l
R, = -K@n,n+1) (K*(n, n)) (5.2.156)

It is more convenient to write equations (5.2.151) and (5.2.153) as forced
summation equations, which is accomplished if we introduce

k(n,n) = (;L) &(n,n) = (Ig) (5.2.157a)
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and form > n

—1 -1

K(n,m):(ﬂ” 0 )m(n,m) K(n,m):(ﬂ” 0 )R(n,m).

0 A 0 A
(5.2.157b)
Equations (5.2.151) and (5.2.153) then yield for m > n
_ 0 +00
k(n,m) + Fn+m)+ Y k(n, j)Fn+j)=0 (52.158)
IM j=n+1

+00
Kk(n, m) + <Ig) F(n +m) + Z R(n, HFm + j) =0, (5.2.158b)
Jj=n+1

and from (5.2.155)—(5.2.156) we obtain

Q. = 'k"(n,n+ DA, R,=-A'RYn,n+ 1R,
(5.2.159)

In general, these relations are insufficient to recover Q, and R, because
we must also determine A, and €2,. However, if the potentials satisfy
Symmetry 5.2, that is, if (5.2.79a) holds, taking into account (5.2.122b), from
(5.2.155) and (5.2.156) it follows that k and & are related to the potentials as
follows:

Q. =-k"n,n+1) R,=—-rk“n,n+1. (5.2.160)

Note that if the potentials satisfy Symmetry 5.2, the eigenvalues are paired
and the corresponding norming constants satisfy (5.2.78). Therefore, the GLM
equations can be simplified as follows:

_ 0 +00
k(n, m) + Fr(n+m) + Y k@, )Frim+j)=0 (52.161a)
IM Jj=n+1
Jj+m=odd
Iy = = .
k(n,m)+ 0 Fr(n + m) + Z k(n, j))Fr(m + j) =0, (5.2.161b)
sy
where
J —n— —n—
Fa(n) 235" C & fo 2 p(2)dz n = odd
0 n = even

(5.2.162a)
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27 I+ & [, 2 p@dz n=odd
0

n = e¢ven

Fr(n) =

(5.2.162b)

and Cr denotes the right half of the unit circle.

Finally, we note that if, in addition, the potentials are such that R, = :FQ,? >
that is, if Symmetry 5.3 applies, then from (5.2.98a)—(5.2.98b) it also follows
that

F(n) = FF (n). (5.2.163)

Existence and uniqueness of solution

Consider the homogeneous equations corresponding to (5.2.158a)—(5.2.158b),

+00
him)+ Y hy(j)Fom + j) =0 (5.2.164a)

j=n+1

400
hy(m)+ Y hi(j)Fem + j) =0, (5.2.164b)

j=n+1
and suppose h(n) = (h;(n), hy(n)) is a solution of (5.2.164a)—(5.2.164b) that
vanish identically for m < n. For any matrix element,

+oo M
WPmy+ Y Y Ry DF O m + j) =0
Jj=n+1 (=1
i=1... . (N+M), k=1,... N (5.2.1652)
Lk IR SR
h$Omy+> " 3 WO GHF P m+ j) =0
(=1 j=n+1
i=1... (N+M), k=1,.. M. (5.2.165b)

Multiplying (5.2.1652)~(5.2.165b) by (A", h{"*'}* and summing over all
i, k and over all integers m, one obtains

00 N+M N ) N+M M )
> [ DY IRl + Y Y s P
m=—00 i=1 k=1 i=1 k=1
+M

+
J

N M *
D> n5 ) (W) F O m 4 j)

1 k=1 (=

M2

N
—oo | i

N+M M
upID>

i=1 k=1

I
I
_

M=

[}
Il

1

0 (h(zi,k)(m))*ﬁ(l,k)(m +j):|} =0. (5.2.166)
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If Symmetry 5.3 holds and R, = —Q¥, (5.2.163) yields F = —F# and then
(5.2.166) can be simplified as follows:

-y {Z Z [ ) + Z Zm(’ O m)l?

m=—00 i=1 k=1 i=1 k=l

0 N M *
+2i Im [ >3 hE e (hPG)) F P + j)} } :

j=—00 i=1 k=1 t=I

N+M

The real and imaginary parts must both vanish, from which it follows that
h](m) = 0, hz(m) =0.

On the other hand, if R, = Q, then F = F/, which allows equation
(5.2.166) to be written as
00 {N+M N N+M M

= > 12 D IPmP + Z Zlh(’ Om)?

m=—00 i

0 N M *
+2Re [ >0 hE e (RRG)) F P + j)} }

j=—o0 i=1 k=1 t=1

N+M

(5.2.167)

Like in the continuous case, the scattering problem with this reduction is for-
mally self-adjoint and there are no discrete eigenvalues. This implies that
1
F(m) = 7" p(z)dz. (5.2.168)
27[ L Jz1=1

A function h(n) of a discrete variable n assuming integer values, and its discrete
Fourier transform ﬁ(z),

o0

o= 3 hz ho = e
n=-oo lzl=

satisfy a discrete version of Parseval’s identity, namely,

. | A
Z () = )P = = / |h(e™®)*d6.
27 0

n=—00 lzI=1

Substituting these results into (5.2.167) yields
NaM N NeM M
f {ZZM P +ZZ|h COlk
2w N+M N M 16 o
+2Re / S (0 en) s (—’f’)p“f“(e“’)}de.
0 . .

(5.2.169)
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Under the reduction R,, = ,f’ , from (5.2.101) it follows that
det (IN — pH(w)p(w)) >0 for jw| =1

(recall that we assume the potentials are “small” enough so that 1 — o; > O for
any j € 7). Assuming that this condition is sufficient to ensure that | oV-%)(w)| <
lforany j =1,...,Mandk =1,... N, we have

)ZR [ (z Z)( _,9)< (z k)(e’0)> *, e)(e,e)]‘
TP+ 1Ry @2,

< Iy
Hence hy(n) = hy(n) = 0. and h(y) = hy(y) = 0.

We conclude that, when R,, = :FQ,{’ , the integral equations (5.2.158a), ad-
mit no homogenous solutions besides the trivial one. The complete study of the
inverse scattering problem is outside the scope of this work. However, we can
say that when the kernel F(m) is compact, as it would be when the class of po-
tentials is suitably restricted, then the Gel’ fand-Levitan—-Marchenko equations
are Fredholm. In this case, the Fredholm alternative applies, and the previous
result implies that the solution of the GLM equation exists and is unique.

5.2.3 Time evolution

The operator (5.1.2b) determines the evolution of the eigenfunctions. From this
we deduce the time evolution of the scattering data. Since we have assumed that
Q.. R, - 0asn — =00, then the time-dependence (5.1.2b) is asymptotically
of the form

_ —i[,LIN —iA 0
0:v, = ( 0 il + iB) Vi as n — o0, (5.2.170)

where
w=1(z—z")7.

The constant matrices A and B can be absorbed by a gauge transformation
(5.1.3), but, as we pointed out in Section 5.1, the symmetries in the potentials
impose restrictions on the choice of such gauge matrices. Therefore, we deter-
mine the time-dependence of the scattering data in the gauge A = Iy, B = I,.
In this case, the system (5.2.170) has solutions that are linear combinations of
the solutions

i ”— I _ i 0
V:lr = 67§(Z2+“ e ( (l)\/) s vV, = ez( +27r <IM> .
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However, such solutions are not compatible with the fixed boundary conditions
of the eigenfunctions (5.2.19a2)—(5.2.19b), and therefore we define the time-
dependent functions

P2 -2 - P02 -2 -
M, (z,7) = e 2EHIM,(z, 1), Mz, 1) = 2T M, (2, 7)
Nz 1) =@ Nz, 1), Nz, 1) = e EF "N, (2, 1)

to be solutions of the time-dependence equation (5.1.2b). These 7-dependent
functions satisfy the relations

Moz, 7) = 2 e EHINL (2, Dbz, ) +N (2 Daz, T) (5.2.171a)
M, (z,7) = 2 CTIN (2, Dbz, ) + Nz, 1Az, 7),  (5.2.171b)

which are obtained from equations (5.2.61a)—(5.2.61b). Like in the scalar case,
this yields, for the time evolution of the scattering data,

b(z, 1) = ¢FT I h(z,0)  az,7)=a(z,0)  (5.2.172a)
a(z,7) =a(z,0) bz, 1) =@ h(z,0).  (5.2.172b)

The evolution of the reflection coefficients is thus given by

p(z,7) = EHT p(z,0) (5.2.173a)
Pz, 7) = e {EHT p(z, 0). (5.2.173b)

From (5.2.172a)—(5.2.172b) it is clear that, for the IDMNLS, the eigenvalues
(i.e., the zeros of det a(z) and det a(z)) are also constant as the solution evolves.
Not only the number of eigenvalues, but also their locations, are fixed. Thus,
the eigenvalues are time-independent discrete states of the evolution.

The evolution of the norming constants follows from the definitions (5.2.75),
(5.2.77), and the relations (5.2.172a)—(5.2.172b), that is,

Ci(r) =€"7C;(0), Cj(r)=e"MTCj(0), (5.2.174)
where
wp=+z0 =740 (5.2.175)

Note that the expressions (5.2.172a)—(5.2.172b) for the evolution of the scatter-
ing data are valid only for a time-dependence (5.1.2b) with gauge A = Iy, B =
I,;. To obtain the solutions of (5.1.1a)—(5.1. 1b) with gauge A, B = 0, one first
determines the evolution of the potentials Q,, R, with gauges A = B = I'such
that

Q. () =Q. (1), R, (n) =R, (1)
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and then uses the transformations (5.1.14a)—(5.1.14b), that is,

Qn (7) = efi(rfro)AQn (1) efi(tfro)B — 672i(f710)Qn(‘[) (521763)
R, (1) = ¢'TTBR, (1) /A = XTTOR, (7). (5.2.176b)

5.3 Soliton solutions
5.3.1 One-soliton solutions

The one-soliton solution of the two-component system (5.1.1a)—(5.1.1b) with
A =0,B =0, the symmetries (5.2.79a), and R, = —Qf is the reflection-
less potential associated with a single octet of eigenvalues/norming constants
(5.2.129) and the condition Z; = 1/z}. In (5.2.146) we computed the explicit
expression of these potentials for the special choice of the norming constants
corresponding to 7y, - 6; = 0. The evolution of the norming constants is deter-
mined by (5.2.174) plus the symmetry relation C; = (z})? C¥. Therefore, by
taking into account (5.2.176a), we get from (5.2.146)

. .
( gz;g;) - szmh 201 —sech [2(n + Dty — 2v7 — d(0)]

" (IO + 16:012)

x [eiﬂ+2i(n+l)/3|—Ziw,r,ﬂk(o) + e—2i(n+l)/3|—inn+2ia)+r6](0)] ,

(5.3.177)
where

21 = et (5.3.178a)

v = — sinh 2a1) sin (281), w+ = cosh 2ay)cos (281) =1 (5.3.178b)

d(0) = log (Ilv, ()] + 16:0)1%)"* — log sinh 2a;. (5.3.178¢)

Note that, as discussed earlier, this is a special type of “composite” soliton
in which the two terms have different carrier frequencies but the peaks and
(now, with the time-dependence added) the velocities are coincident. By letting
either v, = 0 or §; = 0 in (5.3.177), one obtains the solutions we referred to
as “fundamental” solitons.

Note that, by substituting

t=h"%, QY =hqV =hgVmh), j=1,2 (5.3.179a)
and

z=e M 5(0)=ih7,0),  61(0)=—ih*6,(0)  (5.3.179b)
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into (5.3.177) we obtain the expression of the one-soliton solution for the vector
equation (5.1.10):

()
?2) - - 1/2
DT (10 + 2218 OR)
sinh 2nh -
x ————sech 2(n + 1)hé — 20t — d(0))

% I:i;?T(O)e—%(n-}—l)h&—Zi&),t + ihsl(O)eZi(n+l)h§—inn+2i&)+z:| 7

(5.3.180)
where
PR o loglal B ARG 555y,
] 17’ r) h h 9 h h 9 . .
By — cosh(2nh) cos(2Eh) + 1’ . sinh(2nh) sin(ZEh)’ (5.3.181b)
h? h?
i .G sinh(2nh)
d(©) =log (|5, [+ [6:0)]")" ~1og === (53.181c)

In the limit 2 — 0, nh — x (5.3.180) goes to the one-soliton solution (4.3.84)
of VNLS.

5.3.2 Transmission coefficients for the pure one-soliton potential

We can use the representations (5.2.65¢) and (5.2.65g) to reconstruct the trans-
mission coefficients ¢(z) and ¢(z). We are interested in the reflectionless case
with J = 1 when Symmetry 5.3 holds for the case Q, = —R. For definite-
ness, we consider the case when 8§, = §; = 0. Taking into account the symmetry
(5.2.79b), equation (5.2.126) gives

R H o . H
R, = —Q! =2:7°"¢y (NRan) + 21z ¢f (NSR/an)
where we also used the condition
71 =1/z],

following from Symmetry 5.3. Moreover, equation (5.2.118b) with J = J = 1
and p(w) = 0 for jw| = 1 gives

2 —2
N'P(z) = NiP(2) = 251 N/<“P><z1>cl+2( VS N““P)(z/zoc],
Zz
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so that substituting into (5.2.65¢) yields

+00

c)=1- )Y =z |:2z 2+, ( ’“’P)(zl))

k=—00

P /(U] H
+ 2=l (NS /2) }

¥z 7%z

no/ (U - ~ ny/ (U . Pl

x | 2SN @D+ 21 S N /2 € |
Z _Zl Z +Z1

Writing the norming constants as in (5.2.131a)—(5.2.131b) with the constraint
6, = 6, = 0, taking into account that J, = 77, and using the corresponding
explicit expressions (5.2.135a)—(5.2.135b) for the eigenfunctions, we obtain

—2(k+l) 2(k+l)

=1—-4
€@ Z T+ a0 20

k=—00

2 2
z H z H
X | — + ————cof ,  (5.3.182)
|:Zz _2%71’71 Z2+Z1_2 (’71’71 )]
where cof denotes the cofactor matrix, g, is given by (5.2.135c¢), and we have
also used the fact that when Symmetry 5.3 holds, g; = gi. Then, using the
identity

1 _ 35—z [ 1 1

= — ,  (5.3.183)
T+ g+ ger1) 4 ” Y “2 Z%(kﬂ)zl—% I+gr 14 g1 ]

Wwe can write

+00 1 1
0=1-3 [ e

= 1+ gkt

L= 1 ?Z-7z2 1
X {Zzzlz - ! ')’1’)’1 +z Z12—1 ! f(PYl'Y{i)}'

—zi llmlP? z +<7,‘2||’Y1|I2

The series in the right-hand side is convergent since

1
—1, lim -0, (5.3.184)
k——o0o 1 + Sk

lim
k—+4o00 1 + 8k

and therefore we can explicitly compute the sum

= 1 1 , 1 1
Z — = lim — =—1,
T+g 14 g jotoo [ 1+g-;  1+4gin

k=—00
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so that
2 2
-2 1 23—z
C(Z)—I+Zz_2l - ~y +2—2 1 1 f’Y’YH
—2||~/||211 TRt (i)
(5.3.185)
Using the identity
H H
cof<W 2) —1- (5.3.186)
Il Il
one can further simplify the expression of ¢(z) to
22, =2 =2
Itz @E-DHB@+z) 1
cz)=—0——|1 . (5.3.187)
22+z2 [ 2 =-2)@ +z7) v ||2%fy1

Note that, as expected, ¢(z) is analytic outside the unit circle, and when z — oo
cz) ~ Z%ZI_ZI; (5.3.188)

and comparing (5.3.188) with the asymptotic expansion of ¢(z) given by
(5.2.66b), we get the relation

+oo +
1+ Y w ] —a) ™ =22 (5.3.189)
Moreover, one can check that

2, =2
dete(s) = =4 L@ -z) (@ +7 )
ete(z) = 77z (Z2 —21) (zz+zf2)

which means that indeed det ¢ (z) has zeros at the proper points. Then, from the
symmetry relation (5.2.96a), that is,

+00
a@) = [ d—epee/zn”,

j==o0
we get from (5.3.187) the expression for a(z),

so= []0- ,)__2+Z

j=—00

[sz_z(z1 D+ 1

11 (22 = 2D+ 7)) 7]
From (5.2.96a) it also follows that

2717{’} . (5.3.190)

+00
deta(1/z) = [] (1 —a))[dete)]",

j=—o
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and evaluating this relation for |z| — oo and taking into account thata(l/z*) —
Iand c(z) — 73z, I yields

+00
]_[ (1 —a;)’ =ziz7% (5.3.191)

f——

Substituting it into (5.3.190), we finally get

L7+ L@ =D+ 1 "
a(z) = 2°7 21— | ~
A T oD@ ) IR

(5.3.192)

To reconstruct ¢(z) from (5.2.65g) and, consequently, a(z) by means of
(5.2.96b), we need to solve the system (5.2.119a)—(5.2.119f) with J = J =1
and p(w) = p(w) = 0 forw = 1 to determine N9V (z). A few calculations yield

(1) —(2)
2z z 27/1 =" 2_,'_[;2 1

) 2
142 2121 &n Zl 2)/12)( 1)n+1 -l ]/1(1)

72— Z+22

N () = (5.3.193)

Evaluating (5.2.136) as z — 0 and comparing it with the asymptotic expansion
(5.2.106¢), we get

14232, %
1+ gn

where the first equality follows from (5.2.122b). Note that, when n — —o0,
(5.3.194) yields

Ql=A"= I, (5.3.194)

+00
-1 : 1
1] a-ap = lim Al =7z 1L

j=—00

which is in agreement with (5.3.191). From (5.2.106¢) and (5.3.193)—(5.3.194)
it follows that

1 -2
m“ =)' F=p?

Z“*”

N = A, NG = . !
8n 7,2 ( ) (— l)nJrlZ IZIZJ-/I( )
and the potential matrix Q,, is given by (5.2.137a)—(5.2.137b) taking into ac-
count (5.1.6), that is,

_2( +1) - —2 +1 2)
2 ( g A )

1+ 8n+1 (_1)n+1 2(”+1)y1(2) (_1)n+1 —2(n+1)_ (1)

an_
"1
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Substituting these expressions into (5.2.65g) yields

2k 2(‘<+1)

Inl? 0
cz)=1+4 —2(k+
@ = Z < 1+ gk)(l + &k+1) () & Ak
o In
and using (5.3.183)—(5.3.184) once more we get
2272 0
&(r) — 22-73
€(z) E (5.3.195)
2477

with

(22 — 2% + zfz)

(22— D2+

Finally, using the symmetry (5.2.96b), (5.3.195) provides the expression for
a(z),

hm &z) = 7171 det€(z) =

2°—173 0
_ | #-=
a(z) = . (5.3.196)

27+Z4
-2
24z

Note that, as expected, the transmission coefficients are all time-independent.
Moreover, a and ¢ are diagonal and do not depend on the norming constants,
while a and ¢ do.

Finally, we remark that the roles of a and a are interchanged if one takes the
norming constant of the fundamental soliton to be of the form

J/l(l) y1(2)
C1=< ) o)' (5.3.197)

5.3.3 Vector-soliton interactions

The problem of a multisoliton collision can be investigated by looking at the
asymptotic states as T — +o0o. The solutions of integrable discrete VNLS
(IDVNLS) are more complex than the solutions of the scalar IDNLS because,
in the vector equations, there are more degrees of freedom. In particular, vector
solitons are characterized, in part, by a polarization. In direct analogy with the
VNLS, the system (1.3.9a)—(1.3.9b) reduces to the scalar IDNLS under the
reduction

4n = 4uP; (5.3.198)

where p is an N-component vector with ||p|| = 1, which is referred to as the
polarization of the reduction solution (5.3.198). Moreover, if q, satisfies
the symmetric system, then so does Uq,, where U is any unitary matrix; hence
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the polarization of a particular reduction solution depends on the choice of the
basis.

For a generic multisoliton solution (in which the solitons travel with different
velocities) we can define independently a polarization for each soliton in the
long-time limit where the solitons are well separated. Then, when T — o0,

q, ~Zq<’>i, q* = q*p;, (5.3.199)

where q(J )+ is a one-soliton solution of the IDNLS. We then identify pf as the
polarization of the j-th soliton before (—) and after (4) the soliton interaction.
For the matrix system (5.1.1a)—(5.1.1b) with Symmetry 5.3, we will write

J
o ZQ;f%i. (5.3.200)

We can investigate the problem of a multisoliton collision proceeding in a similar
way as for the continuous VNLS equation (cf. Chapter 4). We consider the
solution of integrable discrete matrix NLS (IDMNLS) (5.1.1a)—(5.1. lb) under
Symmetry 5.3 corresponding to the scattering data {z ;i |z j| > 1,C; }j ,» and
for simplicity we restrict ourselves to the case of fundamental solitons when all
the norming constants C; have the form

()
o [7.©@ 0 L
C;(0) = (yj@(O) 0) j=1,...,J. (5.3.201)

Let us fix the values of the soliton parameters for t — —oo0, that is, for each
eigenvalue z; we assign a matrix S that completely determines (’ )~ The
matrices S; are the “effective” normmg constants for the pure one- sohton po-

tential Q(/ ) . For T — 400 we denote the corresponding matrices by S}’. For
definiteness, let us assume that the discrete eigenvalues are such that the ve-
locities of the individual solitons satisfy the condition v; < v, < --- < vy (cf.
(5.3.177)—(5.3.178b)). Then, as T — —o0, the solitons are distributed along the
n-axis in the order corresponding to vy, v;_y, ..., v;; the order of the soliton
sequence is reversed as T — +00. To determine the result of the interaction
between solitons, that is, to calculate S;r given §; for/ =1,..., J, we trace
the passage of the eigenfunctions through the asymptotic states. We denote the
“soliton coordinates” (i.e., the center of the solitons) at the instant of time 7 by
n;(t) (||is assumed large enough so that one can talk about individual solitons).
Ift - —oo,thenn; K nj_; K -+ <« n;. The matrix-valued function ¢, (z ;)
has the form

I
%(@')NZ?((I)V) n<Lny.
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After passing through the J-th soliton, it will be of the form
n Iy -
¢n(zf) sz 0 aJ(Zj’SJ)v

where a;(z, S7) is the transmission coefficient relative to the J-th soliton, and
the additional argument is to take into account the dependence on the rela-
tive norming constant. Repeating the argument in tracing the passage of the
eigenfunctions through the solitons J — 1, J — 2, ..., j + 1, we find that

I _ _ _
¢)n(zj) ~ Z;g < (1;1) aj+1(Zjv Sj+1)aj+2(Zj, Sj+2)--~aj(ij S_])

J
Iy _
=7 ( 0 ) [T aG.8)  nipm<n<ny,
I=j+1
right
where the notation “right” indicates that the product is performed such that
the matrix with index £ occurs to the right of the matrix with index ¢ — 1. Note
that, due to our choice of the norming constants, according to (5.3.196) the
transmission coefficients a,(z, S, ) are diagonal and independent of S, . Since
the j-th soliton corresponds to a bound state, passing through the j-th soliton

yields
n IN —n 0 —
zj<0>—>zj <IM)SJ’

a0\ o T _

&,(zj) ~ Zjn ( > Sj 1_[ (z;,8)) njL<nKnj_;. (5.3.202)

Lu l;jgl
right

and therefore

On the other hand, starting from n > n; and proceeding in a similar way,
we find for the eigenfunction v/, the following asymptotic behavior:

a0 _ _ _
T/’,,(Zj) ’\’Zj (IM)CJ1(ZJ"S_1'l)cjZ(ZJ’SJZ)"'CI(ZJ’SI) (5.3.203)

L O\ _
EZj”(IM> | |c1(zj,S, ) n; <Kn <K nj_i, (53204)
=1
left

where we have used (5.2.62a), and the notation “left” indicates that the product
is performed such that the matrix with index £ occurs to the left of the matrix
with index £ — 1.
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Assuming that at an eigenvalue ¢, (z;) = ,(z;)B; and comparing (5.3.202)
and (5.3.204), we obtain

j—1 J

B, ~ [T(a.8D)) " 87 [] az. ) ©— —c0.  (5.3.205)
=1 I=j+1
right right

Proceeding in a similar fashion as t — 4-00 and taking into account that the
order of solitons is reversed, we obtain

J
Bj~ l_[ (¢/(z;.8) S+Haz(zj, S/)  t— +4oo,  (5.3.206)
lzle{thrl left

and the comparison between the two representations (5.3.205)—(5.3.206) for B
yields for j = J

J—1

§; = 1_[ (CI(ZJ’ S/ ) S; 1_[(31(117 S ! (5.3.207a)
YZ@L rlght
andfor j=1,...,J —1
J
st=T] w5 )]_[ ¢z, 8) ' S; ]‘[ a(z;, S )1‘[ (2. S)
I=j+1 I=j+1
right rlght right rlght
(5.3.207b)

Since, in the case of fundamental solitons that we are considering here, the a;’s
actually do not depend on S;, the formulas (5.3.207a) and (5.3.207b) determine
S;-r in terms of S; . Indeed, given S]T forj=1,...,J, from (5.3.207a) we can
determine S7. In (5.3.207b) only the knowledge of S, for / > j is required to
determine S;r. Hence we can iteratively solve the system (5.3.207a)—(5.3.207b)
for ST, j=1,...J.

Two-soliton interaction
Let us consider in detail the interaction of two solitons. In this case, (5.3.207a)-
(5.3.207b) give
ST = (e;(z2, ST S5 (a;(z2) ! (5.3.208a)
ST = ¢(z1,87) S| ay(z1), (5.3.208b)
where we have taken into account that, due to (5.3.196), the matrices a;(z)

are independent of S;. Note that the formulas (5.3.208a)—(5.3.208b) are not
symmetric with respect to the exchange of the subscripts 1 and 2. However,
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such a notation expresses the invariance of the system under the substitution
T — —1, Q, = Qf (here a “fast” soliton becomes a “slow” soliton, and vice
versa). Taking into account the explicit expressions of a;(z) and ¢;(z, S;) for
the pure soliton case, one can solve (5.3.208a) for S; and then substitute it
into the right-hand side of (5.3.208b) to get ST. ‘We observe that, in the case of
“fundamental solitons” we are considering here, the elements in the first column
of matrix S; are proportional to the vectors i which, in turn, are related to the
polarization of the j-th vector soliton (cf. (5.3.177) with §; = 0). Note also that,
if SJT and S, are of the form (5.3.201), since the a’s are diagonal, S}L and S,‘:
also have the same form, which is essential for the “iteration.” Therefore, if we
denote by st the vectors composing the first column of the matrices Sj[, the unit
polarization vectors before and after the interaction are written, respectively, as

o
pt= % (5.3.209)

For convenience, let us rewrite the formula (5.3.187) for the transmission

coefficient of a pure one-soliton solution corresponding to a discrete eigenvalue
z;j and polarization vector p; as

=2 -2 52 2\(s2 -2
itz |: @ —2E+0)

z? +z72 (2 — Z?)(Z? +z72)

¢j(z,pj) = pf] : (5.3.210)

Note that the ¢’s depend on the p’s (or, equivalently, the S’s) but their
determinant does not and precisely

(#-5) (2 +%7)
(#-5) (<)

dete;(z, pj) = Z3z;* (5.3.211)

therefore
_ 1
(cj(z,p,) ' = detc_,COfcj(Z’pj)’
that is,
2, =2 2 22, =2
54z @: =z +77°)
(cj(z,p)) ' = = - L T T | (53.212)
5% P z§+z*2 (zz—zi)(z§+z*2)p’pj

Then, taking into account the explicit expression of a,(z;) and a,(z;) provided
by (5.3.196), from (5.3.208a)—(5.3.208b) it follows that

SH= Z% _Z%(C ( NS (5.3.213a)
Z_Z%—% lZval 2 o
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2

+ Z% - ZZ + _
S| = 2—2 chz(m,pz)sl. (5.3.213b)
17 <2
Introduce
Is31° zz—z RN

(5.3.214)
Substituting (5.3.212) into (5.3.214), one can explicitly express x? in terms of
the parameters of the colliding solitons

2
@ -DE+30|
e v e I (5.3.215a)
(Z] - 22)(21 + Z2 )
~2 -1 (Zl - Zl)(Z2 - Zz)(zl + Zl )(Z2 + Z2) 1 . p;|2 (53215b)

(@3 —DE - D@ +)E +27)

Moreover, from (5.3.209), (5.3.213a), and (5.3.214) it follows that
+ —2:224] 2 LV
= —z; 15— (e1(z2, Py) ,
) P 12%_2%(1 2, Py )Pz

so that, again substituting (5.3.212), we finally get
LG -E+5) (- @G-E+5), .
+_ 1 TG T R 1 Lt pypy |-

p
: X (?% - 22)(11 + 252) (Zl - Z%)(Zl + _72)
(5.3.216)
Analogously, from (5.3.213b) and (5.3.209) it follows that
(ST)* 2.2 (Zz z7) ”51 ” -
P =7 =22 - P3Py
Bl e Ry e L
and since
Istl® _|2-3 - L1
il P @) (e2(z1, pD)" €2z, pHPY)* = pe

one obtains

_ 2B E+L) @B -2)GB+5) o
p1 =X 222 - 1+ - ( PPy |-
(12_11)(Z] +Z2 ) (ZZ_ZI)(22+

(5.3.217)
From (5.3.216) it then follows that

1, Z%_Z% ?
PPy = —21%) (zz 2> (I (5.3.218)
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and substituting (5.3.218) and (5.3.217) into (5.3.217) we get the explicit ex-
pression of p}” in terms of the incoming polarizations p; , p, , namely,

o 1 2 =) 2+ ( L @B-DE+LY
o

=L ~-(p, "-P)P; |-
X@E-2@E+H\ ) @E-DE+gy
(5.3.219)

Without loss of generality, one can parametrize the incoming polarization
vectors of the solitons as

p=('). m=( & (5.3.220)
: 0 2 V1—p?

with 0 < p <1 and 0 < ¢ < 2m. Hence, from (5.3.215a2)—(5.3.215b) and
(5.3.216) it follows that the polarization vectors after the interaction are such
that

2 2
‘pﬂl)r _ L@ -D)E@ A+ @HB-B@B+5D)
: @ -D@EB+5D @B -2@B+0)
(5.3.221a)
2 1 2— 72 4
+(1)‘ _ L4 4B T3 2
L i L1 I (5.3.221b)
‘pz P
with
2
|G -DE B[ G- DE - BE + 0@+
X= 2 _ 22y,2 4 52 + 2 _ L 2y32 _ 3 2 —2yz2 4 52 :
@ =)@ +2,7) (75 —z2D@ET — 2z + 20 )@+ 2, 0)

(5.3.221¢)

Note that, like in the continuous case, the magnitudes of the soliton polarizations
are invariant only in the case when their initial polarizations are either parallel or
orthogonal. In the continuous limit, that is, for z; = ekl 7 i=1 /zj = ¢ ik
with & — 0, the formulas (5.3.216) and (5.3.219) coincide with (4.3.107a)—
(4.3.107b). In Figure 5.2 we plot both |p;” |2 and | p; |2 as functions of p?
for some specific choice of the eigenvalues. The continuous curve represents
the continuous limit.

Note that, as in all of the previous cases, the “center” of each soliton shifts
during the collision process. However, in constrast to the scalar soliton interac-
tion, but like the continuous vector soliton interaction, these shifts depend on
both z1, zo and on the epolarization vectors. Indeed, if we denote by d*, dzi
the centers of the two solitons before/after the interaction, by (5.3.177) and
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02

0.2 0.4 0.6 0.8 1

Figure 5.2: Intensity shift induced by two-soliton interaction of two-component
IDMNLS. The soliton parameters are z; = exp (a; + ib;j)h witha; =1,a, =2, b, =
—b, = 0.1 and h =1 (dashed), h = 0.5 (dotted), 2 = 0.1 (dot-dashed). The solid
curves represent the continuous limit, i.e., # — 0. The initial polarizations are given
by (5.3.220).

(5.3.178) with §; = 0 it follows that
N B 1
20{] 20(2
where z; = e®/ "/ Hence

i _ |82 IIEX - ISTL_ 1
EN Ist] — x

As a consequence, the asymptotic separation between the soliton centers, nliz,
also varies due to the collision. Precisely,
- - + +
d, d, + _ 9 ap
Mo = - o= - ;
’ 20!2 20[1 ’ 20[2 2a 1
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hence
_d;r—d; dfr—df_a1+oz2
20 20 205

log x

with x given by (5.3.215), since d;’ —d, = —(dfr —d;) =log .

Multisoliton interaction

Take J = 3 solitons and assume
v < Uy < U3, (5.3.222)

so that the solitons are distributed along the n-axis according to 3 —2 — 1
as 7T — —ooand 1 —2 — 3 as T — o0. According to equations (5.3.208a)—
(5.3.208b), for a pairwise interaction between soliton j and soliton k with
Vj > Uk,

ST = (2. 80) 7 S (a(z)) ™ (5.3.223a)
S{ = ¢;(z. 8D S; (). (5.3.223b)

First note that the expression for the a’s and the ¢’s have been derived under the
assumption of “fundamental solitons,” that is, all the norming constants have
the form

(1)
(o o o
C](O)_(yj@(o) o) j=1,...,J. (5.3.224)

Note also that, if ij and S, have this form, since the a’s are diagonal, Sj.r and
S,f also have the same form, which is essential for the “iteration” and to give
meaning to ¢;(z;, S;-r).

The formulas for a three-soliton interaction, under the assumption (5.3.222)
for the velocities, are obtained from (5.3.207a)—(5.3.207b):

ST = (ei(zs, Sl_))_l (ea(zs, Sz_))_1 Sy (a1(z3) " (ax(z3)™"  (5.3.225a)
ST = c3(z2.89) (Cl(Zz,Sf))i1 S, a3(z2) (a1(z2)) ™" (5.3.225b)
ST = ¢(z1, S;) c3(z1, S;) ST ax(z1) as(zy). (5.3.225¢)

Note that the a’s are diagonal, and hence they all commute with each other, while
two ¢’s do not commute with each other, unless the corresponding polarization
vectors are either parallel or orthogonal.
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According to equations (5.3.223a)—(5.3.223b), (5.3.225a)—(5.3.225c) can be
looked at in terms of compositions of pairwise interactions, namely: (5.3.225a)
corresponds to 3 interacting first with 2 and then with 1 (eventually 2 will
interact with 1, but this is not relevant as far as S;r is concerned); (5.3.225b)
corresponds to 2 interacting first with 1 and then with 3 (but since in ¢3 we
have S3+, this means, as it should be from a physical point of view, that before
2 < 3, the interaction 3 <> 1 takes place); finally, (5.3.225c¢) corresponds to 3
interacting with 2 (because again in ¢; we have S7), then 1 interacting with 3,
and finally 1 interacting with 2.

Let us denote by Sy; ¢ the polarization of soliton j after the interaction with
soliton £. Note that, according to (5.3.223a)—(5.3.223b), Sy; ¢y # Sy, - Adopt-
ing this notation (and dropping the superscript ~ for the polarization of the
incoming solitons, that is, taking S; — §;), we can write (5.3.225a) for the
polarization of soliton 3 as

S;r = (c1(z3,81)) " Si.2) (ai(z3) ' = Si3.211- (5.3.226)

That is, the net interaction corresponds to the composition of pairwise inter-
actions 3 <> 2, 3 <> 1 (eventually, 2 <> 1 will follow). On the other hand, de-
pending on the initial positions and relative velocities of the solitons, one could
have first 2 interacting with 1, giving an S 1) for soliton 2 and an Sy »; for
soliton 1; then 3 interacting with 1, giving S3 (1,2 and S((1,2),3y; and, finally, 3
interacting with 2, thus giving, for the outcoming polarization of soliton 3,

+
Sy =Siz.p.2m.2.1-

However, we show that the final result is independent of the order of interaction,
that is,

Sw211 = S22 (5.3.227)
Because
Si.2y = (Cl (23, S{I,Z}))_l S3 (ai(z3)) ™" (5.3.228)
and
Sty = (e2 (23, S{2,1}))71 Siqi2y @a(z3) 7", (5.3.229)

(5.3.227) corresponds to

(e1(z3,S1) " (e2(23,$2) 7' S5 (ar(z3) ! (an(z3) ™!
= (e2(z3, Sp1) ' (€123, Spuzy) ' S5 (@i(za) ! (@a(za) "

that is,

(23, P2)ei(z3, pr) = ¢ (23, P12y €2 (23, P21y) - (5.3.230)
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Taking into account (5.3.210), (5.3.230) amounts to showing that

wPsp; +a1pip] + i (p, - p}) P3P
= O‘ZP?2,1}P{T2,1} + “IP?I,z}P{TLz} +oo (P{l,z} “Phy) P?l,z}P{Tz,l}’
(5.3.231)
where
_ @G -E ) L @B -DE )
@& - DE +230) @& - 2)E+230)

Without loss of generality we can take

1 pe'?
pL = (o)’ Py = (ﬂ) (5.3.232)

Then, according to (5.3.216) and (5.3.219),

1 Srpe'? )
Pp.1y = —€ (5.3.233)
en=ye (5
1 1+ 8,2
- ), 5.3.234
=5 (g2 3239
where
_ @ -)EG ) . @ —DE+7)
@2 -D@B+7 @ -2 +737)
_ B -3)E+5) - (@ —2EB+20)
@B -G+ @ -2)@+7D
and
2
2 32\(32 4 52
2 - (3 fg)(Z; + fz_z) 572 (5.3.235)
(Zl - Zz)(zl +Z2 )
72 = (22 - 2NB - +)E° jié) 2 (53236)

(Z2 - Z])(Z] - ZZ)(ZZ + Zl 2)(Z1 + Z2 )
Using these relations and the property
leil” = el = X7,

one can show that

{ 2}
_i< \1+8m2\ 5 (1+810%) p 1426%)

(1+8,0) py/1 — p2e™™® 18117 p2 (1 — p?)
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. r _ 1 P> 85py/1— p2e™'?
PenPen = 53\ 5,0 /1 = plei* | — p?
* 1 * * * —i
P2y Py = —3€16 [85 + 81 +81 (85 — 1) p*] pe™™

>~

= (e) e (35 4 81) pe
. 7 1, ( 82(1 + 87 p%) (1+5fp2),/1—p2>_
12 9

P12)P = —5€€ . .
{1,2}F{2,1} x2 6?32,()2@62“0 (ST,O(I _ pZ)ezga

and by substituting these identities into (5.3.231) one can check that indeed
it is satisfied. According to (5.3.230), this means that, as far as soliton 3 is
concerned, the polarization shift is obtained via pairwise interactions and the
result is independent of the order in which such interactions occur. In the same
way one can check that the result also holds for solitons 2 and 1.

The shift of the center of soliton 3 due to the interaction with the other solitons
is given by
IS5

Iss I
One can verify that this shift of the center of soliton 3 is the result of two
consecutive pairwise interactions. Indeed, using the expressions (5.3.216) and
(5.3.219) for the pairwise collisions, one can verify that

2(d5 —ds)

X3 =e

X3 = X{3.2) X{{3,2},1}»

where, as before, we are using the notation {i, j} to denote the interaction
between the i-th and j-th solitons, and {{i, j}, /} to denote the interaction between
the i-th soliton as it emerges from the collision with the j-th and the /-th soliton.
Therefore yy; ;) is given by (5.3.215) with 1 — 7,2 — j withi < j. The same
also can be shown for the shifts of centers of the other solitons.

As a consequence of these results, it follows by induction on equations
(5.3.207a)—(5.3.207b) (cf. the discussion at the end of Section 4.3.4) that a
J-soliton collision is equivalent to the composition of J(J — 1)/2 pairwise in-
teractions taking place in an arbitrary order.

5.4 Conserved quantities
In this section we calculate polynomial (in Q,, and R,) conserved quantities
of the system (5.1.1a)—(5.1.1b). The method given here applies to the general
matrix system (5.1.1a)—(5.1.1b), including the case M # N.
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We proved that, in the gauge A, B = 1, the scattering coefficient a(z) is time-
independent. Since a(z) is analytic for |z| > 1, it admits a Laurent expansion
whose coefficients are constants of the motion, as well. From the representation
(5.2.65a) for a(z), it follows that the quantities

+00
T, = Z Q,MUUm-—2i+1 (5.4.237)
n=—0oQ

Mf,d“Hf 1 are the coefficients of the Laurent expansion of Mﬁld“)(z), are

conserved for any integer j > 1. Hence, to find conserved quantities, we need

where

only to express these coefficients in terms of the potentials, which are given by
(5.2.44)—(5.2.45). For instance, the first two coefficients are

n—2
—1 -3
M(ndn)’ =R,_1, qudn), =R, 2+ R,y Z QiRy—1.
k=—00

and therefore the first two (matrix) constants of the motion are given by

+00 +00 +o0 n=2
Fl = Z Qanflv P2 = Z QanfZ_’_ Z Qanfl Z Qkkal-

n=—o00 n=—00 n=—00 k=—00

(5.4.238)

The scattering coefficient a(z) is also a constant of the motion in the gauge

A, B =1, and proceeding exactly as before one can obtain a second set of
conserved quantities given by

+00
£ =Y rRMWY
J = n-""n

n=—00

for any j > 1. Hence, from (5.2.47)—(5.2.48) it follows that

~ +00 _ +o0 +00 n—2
I'=) RQ, Th=) RQ.+ Y RQ )Y RQ:

n=—00 n=—00 n=-—00 k=—00

(5.4.239)

Note also that, taking into account the 7-dependence of the scattering matrix

defined by (5.2.60), the determinant of the scattering matrix is a constant of the
motion in the gauge A, B =1, that is,

a(z,7) bz, 1)\ _ a(z, 0) b(z, 0)
det (b(z, o) ac, r)) = det (b(z, 0) ac, o>) :

To obtain a conserved quantity in terms of the potentials, we observe that from
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(5.2.57)—(5.2.59a) it follows that

+00 c
[T det (v — R;Q)) = det (;‘; :) , (5.4.240)

j=—00

and therefore (5.4.240) is a constant of the motion when A, B = 1.

In the general gauge A, B # I, the method illustrated so far generates con-
served quantities in terms of the transformed potentials Q,,and R,. The gauge
transformation (cf. Section 5.1)

Q. (7) = €™Q, (1)e'™ (5.4.241a)
R, () = ¢ PR, (r) e ™A (5.4.241b)
allows us to express such constants of the motions in terms of the original
potentials Q, and R,. In particular, the system (5.1.9a)—(5.1.9b) is areduction of

the system (5.1.1a)—(5.1.1b) with A = B = 0. For instance, under the reduction
(5.1.4)—(5.1.6), the trace of the first of equations (5.4.238) is

S v ) i i p()
5 [0+ o)
n=—o00 j=I1
or, with the rescaling ¢=h?r and q,=h""(Q, fo))T, r, =h"!
(R R(2>)T
n n 4

+oo N

D> (4w r,+4a, 01, ], (5.4.242)

n=—00 j=lI

which is therefore a constant of the motion. Similarly, by taking the trace of the
second of (5.4.238), one obtains the conserved quantity

+00 h2 )
Z {qn—2 - r, + q, T, — ? [(qn—l ‘r,—q,- I.n—l)

2
+2(q,-r,) (g, -rn,l)] } (5.4.243)

and so on.

Finally, since det(I; — fann) = det(Iy; — R, Q,), it follows that it is a con-
served quantity regardless of the gauge, and under the reduction (5.1.4)—(5.1.6)
this conserved quantity can be written as

+00

r=T] (1-#aq-x). (5.4.244)

j=—00
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Summation by parts formula

Lemma A.1 For any sequences {a; }Tim and {b; }j':ioo such that 3" "% a; < oo and
th b,’ < o0,

Shsol- (£ () £h g oo

Proof
n k—1 n k k—1
e8] 5 (e oo) £
k=—o0 Jj=—00 k=—o0 j=—00 Jj=—00
k

I I
o T
TM L7

rm——

\_/ T
/\ éM»
M \S/

S T

\_/ QM*
>
~_ T
|
S
o
S
~
S
™
>
~
—_—

£h g

k=—00 j=—00

The formula for a finite lower bound and an infinite upper bound can be obtained by
essentially the same approach.
If ay = by, Lemma Al yields the identity

o] 4 () 15

k=—o00 j=—00

therefore

2": {bk kf: bj} = % ( Z bk)z- (A.12)
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Now, we use the summation by parts formula (A.1.1) to prove a generalization of
(A.1.2).

. +00 .
_ ., Such that the series Y " b is

Lemma A.2 For any real positive sequence {b j }7:00

convergent and for any m € Ny,

n k—1 mn n m+l
> b ( > b_,-) < %—l—l ( > b_,-) : (A.13)
k=—o00 j j

j=—00 Jj=—00

Proof We show by induction that

n k—1 m 1 n m+1
. - . _ p(m)
Ea(Ee) -i(Ee) e
=—00 Jj=—00 j=—00
where

B >0, B\ >B".

The result is trivially true for m = 0, with B = 0. Assuming it holds for m — 1, we
have

= i by (ki bj>ml ki b;

k=—00 Jj=—00 Jj=—00

n k—1 m=1 k—1 n k—1 j-1 m—1
A REH N LRSS ANES
k=—o0 j=—00 j=—00 k=—o0 Jj=—00 [=—00

n k=1 m=1

-y a(Ze) |

k=—o0 Jj=—00

and by using the inductive hypothesis we get that the result also holds for m with
n k—1

m—1
m _
B™ = (B = BT ) b+ 2 ( > b_,)

m + 1 k=—00 Jj=—00

Note that, for b; > 0, the estimate

n k-1 m n m+1
Zbk<zbj> S<ij)
k=—00 Jj=—00 Jj=—00

is elementary. However, with such an estimate we would only be able to establish that
the Neumann series for the Jost functions converge for || Q||;, || R|l; < 1. Itis the
additional factor (m + 1)~! in (A.1.3) that extends the convergence of these series to
potentials Q, R € ¢'.
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Transmission of the Jost function through a
localized potential

Suppose the asymptotic form of the Jost function M(x, k) for a VNLS is given by

M(x, k) ~ (Ig)aL(k) x < —L (B.1.1)
and we want to find the “transmitted” function through a barrier of finite extension 2L.
M(x, k) is solution of the integral equation (4.2.13a),

+00
Iy

M(x, k) = ( 0 )aL(k>+ G.(x — £, HQEME bds,  (B.12)

—00

where G, (x, k) is given by (4.2.12), that is,

~ x \q(dn)
M(x, k) = (I(l)v)aL(k)-f— [ N (ezl,k(‘xlf))l% : N}i;i;/{))d&. (B.13)

Introduce M(x, k) such that
M(x, k) = M(x, k)a, (k). (B.1.4)

M solves the integral equation

. 1 i M (£, k
M(x, k) = ( g) + /_Oc (ez,AM?fi)r(g)Mﬂip)()a k)) de, (B.1.5)

and, according to (4.2.26a), the transmission coefficient through the barrier is given by

+

a(k) = Iy +/ qEM P (E, k)de.

oo

Therefore
M™(x, bak) x> L,
and from (B.1.4) it follows that

MY (x, k) ~ a(k)ay (k).

206



Transmission of the Jost function 207

Moreover, the integral equation (B.1.5) yields
M@(x, k) = 0  x — +oo (B.1.6)

for k in the upper k-plane, and we conclude that the transmitted Jost function has the
form:

M(x, k) ~ (Ig ) a(b)a (k) x> —L. (B.1.7)

A similar result can be obtained for the integrable discrete matrix NLS equation.
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Scattering theory for the discrete
Schrodinger equation

C.1 Introduction

In a certain sense, the stationary solutions of the IDNLS equation (1.3.8) can be related
to the solutions of a discretized version of the Schrodinger equation. Indeed, let us
consider the differential-difference equation

dqn + (th»l + qn—-1 — 2%)
dt h?

and let us look for stationary solutions of the form

+1gu* @uir + @) =0 (C.1.1)

i

g = w,e R (C.1.2)
for some A € R and where w, does not depend on ¢. Then w, satisfies the equation
(Wai1 + Wy1) Yo = Aw, (C.1.3)
with
h=h" (C.1.4)
Ya = 1+ |g,I7. (C.1.5)

In (C.1.3) we consider the term |g,|” in (C.1.5) to be a known (i.e., given) potential, as
opposed to solving a differential-difference equation. Note also that, if g, — 0 as
n — oo, then y,, > 1 asn — +oo.

Let us introduce a new function ¢, defined by
W, = CrPy (C.1.6)
with ¢, — 1 forn — —oo. Then ¢, satisfies

Cn+1 Cpn—1 ~
Vn %@rﬁl + VnLW)z—l = A, (C.1.7)
Cn—1

and requiring = ¥y, or equivalently,

a= 11w (C.1.8)

j=—00
yields the discrete Schrodinger equation

Up@ny1 + Pp—1 = 5‘-(pn (Clg)

208
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with potential

Qp = VnVn+1- (CllO)

From the point of view of the IST, (C.1.9) can be associated with a nonlinear
equation called the “nonlinear ladder network™ (for the derivation cf. [121] and [98]
and equations (C.1.23)—(C.1.24) below). A generalization of (C.1.9) is to add a term
B.wn to the left-hand side, that is, to consider

Uy Put1 + .Bn‘/)n + @u1 = X(ﬁm (C.1.11)
or, in terms of the function w,, defined in (C.1.6),
(Wot1 + Wa1) Vo + Bay = Aw,. (C.1.12)

Indeed, Flaschka [78, 79] studied the IST associated with this modification and
showed that it is related to the Toda lattice equation [165], namely,

2
d-Q, — ¢~ (@n=0n-1) _ = (Qn1-Qn)_ (C.1.13)
dr?
See also the derivation and equations (C.1.22) below.
Equation (C.1.11) can be written in an equivalent form by means of the following
transformation:

On = Sy, (C.1.14)
where
Sy Sp—
Lo, = ay, =4, a — L (C.1.15)
Sn Sn In|—o0

Solving this recursion relation yields

n—1
S, = & a4 =d (C.1.16)
k=—00 Qg

and by means of the transformation (C.1.14) the scattering problem (C.1.11) is cast
into the form

ApVpy1 + ap—1Vy—1 + bnvn = XU”, (C117)
where §, has been renamed b, in order to meet the traditional notation. We note that
(C.1.17) reduces to the continuous time-independent Schrodinger equation. Indeed,
letting a, = e~ Wn1tu)/2 b =0, v, = /2y, % =2+ h*A, we see that, as
h — 0, (C.1.17) becomes

Yo — u(x)y = Ay

This equation is the time-independent Schrddinger equation and, of course, is well
known in the study of direct and inverse scattering theory (cf. [73], [63]).

To derive the Toda lattice equation (C.1.13) from (C.1.17), we consider [11] the
associated time evolution equation

d
T70 = At + By, (C.1.18)

Expanding A, and B, as
A, =AY + 2AD, B, =B + iB", (C.1.19)
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the compatibility condition between (C.1.17) and (C.1.18) yields the following
evolution equations:

d 1 1
< = EAEQ}a”(b,,H — b))+ EAgo)a”(afH —ap_ +by — b)) (C.1.20a)
d
b= AQ(a? — a2 )+ AD (a2 (Byyr + b,) — al_, (b, +b,_p)],  (C.1.20b)
where
A, = AVa, 3+ A%a, + AVa,b,, (C.1.21a)
B, =Bk +BY + AV@A—a)+ Y dlogaii, (C.1.21b)
k=—00

and AY), BY), j = 0, 1 are constants. The Toda lattice is arrived at by taking A{) = 0,
AY =1 and arbitrary BY) j = 1, 2, thus obtaining from (C.1.20a)-(C.1.20b)

d 1
Ean = Ean(anrl - bn) (C1223)
d 2 2
Ebn =da’—a_, (C.1.22b)
and relating Q, in the Toda lattice (C.1.13) to a,, b, via
a, = e (@n=0n-1)/2 (C.1.22¢)
d
b, =——0,_ C.1.22d
PR On-1 ( )

(cf. on the Toda and relativistic Toda lattice, for instance, the papers by Suris
[152-155] and Ruijsenaars [145]).

Another interesting lattice equation, the so-called nonlinear ladder network, is
obtained from (C.1.20a)~(C.1.20b) by taking b, = 0, AQ =0, AD =1,

%an = %an(a,ﬂ] —a._)),
which, choosing
a, = e "2, (C.1.23)
gives [121], [98]
%u” =gl — g7tntl, (C.1.24)

C.2 Direct scattering problem
Let us write equation (C.1.11) in the form

U@t + Gut + Bun = (2+27") @ (C.2.25)

In the following we assume that «,, # O forany n € Z. If o, — 1 and 8, — O as
n — =00, this equation is asymptotic to

Opnt1 + Qo1 = (Z +Z_1) (2
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therefore it is natural to introduce the solutions satisfying the boundary conditions

o ~ 2", ¢, ~ 7" n— —oo (C.2.26a)
Yo~z Y, ~ 7 n — +oo. (C.2.26b)

It is also convenient to define the functions

M, (z) = 27" $u(2), M, (z) =27"¢,(2) (C.2.272)
N,(2) = 27"¥,(2), N,(2) =z727"¥,(2) (C.2.27b)

satisfying the following difference equation:
T 0Vt + Zilvnfl + ﬁnvn = (Z + Zil) Up (C228)
with boundary conditions

M, ~ 1, M, ~ 773" n— —oo (C.2.292)
N, ~ 772, N, ~1 n — 4oo. (C.2.29b)

Now we construct summation equations for these solutions using the method of the
Green’s functions. As usual, we represent the solutions of (C.2.28) in the form

+00
vy =w+ Z G,(2) {(Otk — Dugyr + Zil.Bkvk} ) (C.2.30)

k=—00

where G,(z) satisfies the difference equation
2Gup1 +27'Goot — @+ 271Gy = —28,0. (C2.31)

Let us represent G, and &, ¢ as Fourier integrals,

1
Gr= 5 p"'8(p)dp (C.2.32)
L Jipl=1
1
Sno = z— p"dp. (C.2.33)
278 Jipi=i
From equation (C.2.31) it then follows that
?p

&(p) 2@t Dp il
& has poles for p = 1 and p = z72, and the value of the integral in (C.2.32) and,
consequently, of the Green’s function G,,, depends on the location of the poles of §.
When |z| = 1, both poles are on the contour of integration, and therefore we consider
two different deformations of this contour, C°", enclosing both 1 and z7% as well as
p =0, and C™, enclosing p = 0 but neither 1 nor z72. Correspondingly, we have the
two Green’s functions

2 2

(1=27) =001 = )5 izz (1—z7")  (C2.34)

z
1—2z2

Gu(2) = 0(n)

2

Z —2n
S(1—27) (C.2.35)

G,(z) = —0(—n — 1)1 —
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solving the difference equation (C.2.31). As before, 6(n) denotes the discrete version
of the Heaviside function, that is,

- 1 n>0
G(n):k; 8]"0:{0 n<0.
Note that G, (z) is analytic outside the unit circle, G,(2)is analytic inside, and
Gu(2) = —0(n — 1)+ 0(?) |z] = o0
G.(z) = —0(—n — 1) 22 + 0(z") 7z — 0.

Taking into account the asymptotics (C.2.29a)—~(C.2.29b), the summation equations for
M, and N, can be written as

—1

M@ =14+ —— Z — 20 (@ — 1) Mo (2) + 2 B M(2))
(C.2.36a)
Nu(z) =1~ 5 22N @ = DN @) + 27 BN o(2)} -
1 -z {= n+1

(C.2.36b)

Note that when, 8, is identically zero, both M, (z) and N,(z) are even functions of z.
We will prove that if the potentials («, — 1) and B, decay sufficiently rapidly

as |[n| — oo, the summation equations (C.2.36a)—(C.2.36b) are well defined and admit
a unique solution. Moreover, M, (z) is analytic for |z| > 1 and continuous for |z| = 1,
while N, (z) is analytic for |z| < 1 and continuous for |z| = 1. Under this assumption,
M,, has a convergent Laurent series expansion in the annulus centered on z = 0,

M,(2) =M + 7'M 4 72MD (C.2.37)
and substituting this expansion into the summation equation (C.2.36a) and matching
the corresponding powers of 77! yields

n—1

MO =1- 3" (=M,

{=—00
or, equivalently,

M = a2,

Taking into account that M,, — 1 as n — —oo, we finally get

MO = ]_[ a; (C.2.38)

{=—00

From the other side, since N, (z) is analytic inside the unit circle, it admits a Taylor
series expansion about z = 0,

Nu@) =N + 8V + 28% .. (C.2.39)

and substituting this expansion into the summation equation (C.2.36b) and matching
the corresponding powers of z yields

NO =1. (C.2.40)

n
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C.2.1 Existence and analyticity of the Jost functions

Lemma C.1 Assuming the potentials o, B, satisfy the conditions

YU+ D1 =, <00, Y% (14 [n]) By /1| < 00, the function M, (z)
defined by the summation equation (C.2.36a) is analytic for |z| > 1 and continuous for
|z| > 1. Similarly, N,(z) defined by (C.2.36b) is analytic for |z| < 1 and continuous
for |z| < 1. Moreover, the solutions of these discrete integral equations are unique in
the space of functions continuous in z and bounded in n.

Proof 1t is convenient to introduce
M,;(Z) = (X,,,]M,,(Z) (C24l)

satisfying the summation equation

n—1
M,(z) =1 tiTa { (1—a!)) (1 =z72tD)
{=—00
+ Z*l ﬂ (] _ Z*Z(nfé))} M@(Z) (C242)

7281

and look for solutions in the form of a Neumann series,
400 )
M) =) MP), (C2.43)
where
MO =1
) Z2 n—1
M;Hl)(z) — 2 {(1 _ 0‘5_711) (1 _ 272('17H]))
- Be ()
N ————— (S} CAY
et (1 - ooy [ M0

For any z such that |z| > 1 and for any positive integer k,

2 2

z |z|

11—z <2 ,
’ 1- Zz( ) lz> =1

and using this bound and the summation by parts formula (A.1.3), one can show by

induction on j that
J
:| } . (C.2.44)

2 j n—1
e )}<*[2| ||22| ] {Z [’1_“ o
(C.2.45)

(07281

{=—00

Hence, provided z # +1 and the potentials «,, B, are such that

C= Z |-+ Z ' P

n=—o0 n=-—00

the Neumann series (C.2.43) is majorized by a uniformly convergent series and is
itself uniformly convergent with the bound

2 2
|M,(2)| < 7 C. (C.2.46)
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This yields existence and analyticity of the Jost function M,,(z) for |z| > 1,

7 # £1
From the other side, the kernel of the summation equation (C.2.42),

2

z —2n
H,(z) = -2 (1 -2 ) n>1, (C.2.47)
satisfies
n—1
|Hy()l <Y lz2l™ <n (C.2.48)
=0

for any z outside the unit circle, that is, |z| > 1. Using this bound, one can show by
induction that for any j > 0

n—1

M9z SJI.{Z [(nfz+1)|1—oe | +@—0

{=—00

‘ﬂe
o

J
} } . (C.2.49)
—1

|Hn—K(Z)|:|

Indeed, from (C.2.44) it follows that

n—1
. B
<y [!1 — o [ 1Humer ()] + ‘;“l

{=—00

and using the bound (C.2.48) and the inductive hypothesis yields

n—1

<> n—t+D|1—a! \+(n—£)‘ﬁ“ }
{=—00
1 [ & J
= Z[(z—k+1)|1—a \+(e—k)‘ﬂ“ “
J = o1
n—1 ,3
< =+ D1 —a;! |+(n—€)‘ : }
{=—00
RS g N
X Z[(n—k+1)|1—ot \+(n—k)‘ ” :
N k=—o0 Qo1
The summation by parts formula (A.1.3) completes the induction. We conclude that
|M,(2)] < e, (C.2.50)
where
n—2 ﬂ
P,,:Z{(n—ﬁ)‘l—ael}—f—(n—f—l) o }
{=—00
< In —e|{ 1—o;'| + } (C2.51)
E;o ’ ‘ ‘ Ofe 1

However, P, diverges as n — =00, and therefore the uniform convergence of the
Neumann series is ensured for any finite n provided the potentials satisfy the condition

< +oo. (C252)

+00
> A+ D[l —a,"| < 4oo,

n=—00 n=—00
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In a similar way one can prove the result for the eigenfunction N, (z). Finally,
uniqueness of the solutions of the integral equations can be proved as in Lemma 2.1.

C.2.2 Scattering data
Let us define the Wronskian of two functions u, and v, as
W(un, v,) = Up1Vp — UpVUpy- (C253)

If ¢, and @, are any two solutions of the scattering problem (C.2.25), their Wronskian
satisfies the following recursion relation:

W(QOnJrl’ {Z)nJrl) = W(QO,,, {Z)rz)

Qpii

Hence, for any nonnegative integer j we have

W (¢4(2), $,(2)) = []‘[a } (@012 b1 (2) 5

and in the limit j — 400, taking into account the asymptotics (C.2.26a), we get

W (¢4(2), $,(2) = (z = 27") ]_[ oy (C.2.54)

§=—00

Analogously, from the asymptotics (C.2.26b) it follows that

W@, (), ¥u(@) = (z—27") ]_[ o. (C.2.55)

s=n+1

The relations (C.2.54)—(C.2.55) prove that ¢, and ¢, are linearly independent, as are
¥, and ¥r,. Since the scattering problem (C.2.25) is a linear second-order difference
equation, the last two can be written as a linear combination of the former ones (or vice
versa), that is,

$u(2) = b()Yn(2) + a2V, (2) (C.2.56a)
9,(2) = a@Y,(2) + b)Y, (2) (C.2.56b)
for any z such that all four eigenfunctions exist. In particular, these relations hold for

|z| = 1 and define the scattering coefficients a, a, b and b. In terms of the Jost
functions, equations (C.2.56a)—(C.2.56b) are written as

M,(2) = N,(2)a(z) + N,(2)b(z) (C.2.57a)
M,(z) = N,(2)a(z) + N,(2)b(z) (C.2.57b)
or also
wn(2) = Ny(2) + Na(2)p(2) (C.2.582)
fn(2) = Nu(2) + Nu(2)p(2), (C.2.58b)
where
M, ) M,
p(e) = & oy = WD) (C.2.59)

a(z)
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and the reflection coefficients have been introduced as
b(z) _ b(z)
p(z) = — pz) = —. (C.2.60)
a(z) az)

The scattering coefficients can be related to the Wronskian of the Jost functions.
Indeed, from (C.2.56a)—(C.2.56b) it follows that

W (9u(2), Yu(2)) = a@W (), (2), ¥(2)),
and using (C.2.55) we get

a(z) =

[l‘[ o }W(d)n(z), Vn(2)). (C2.61)
s=n+1

Analogously, one can show that

a(z) = []‘[ o } (@42, ¥,(2)) - (C.2.62)

s=n+1

Comparing (C.2.54) and (C.2.55) yields

W (¢4(2), 6,(2)) = [1‘[ a} (V.2 ¥u(2)) ,

§=—00

and using (C.2.56a)—(C.2.56b) gives the following characterization relation for the
scattering coefficients:

+o0
a(2)az) - b@b) = [] o (C.2.63)

§=—00

C.2.3 Symmetries

The scattering problem (C.2.25) is symmetric for the exchange of z to z~!, and so are
the asymptotic conditions (C.2.26a)—(C.2.26b); therefore
(Z_SH(Z) = ¢71 (I/Z) l[_/n(z) = dln (I/Z) (C264)

or, analogously
M,(z)=z""M, (1/7), N,(2) =z"""N, (1/z). (C.2.65)

In its turn, the symmetry between the eigenfunctions induces, due to (C.2.56a)—
(C.2.56b), the following symmetry in the scattering data:

a@)=a(l/z),  b)=b(/2), (C.2.66a)
and consequently
p(2)=p(/2). (C.2.66b)

In addition, when the potentials «,,, B, are real, if ¢, (z) solves the scattering
problem (C.2.25), so does ¢ (1/z*); therefore, taking into account the asymptotic
conditions (C.2.26a)—(C.2.26b), we get the following symmetry relations:

¢, =0y (1/2*), V@ =y, (1/z%). (C.2.67)
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or, analogously,
M, () =z"M;(1/z"), Ny =z""N,(1/z%). (C.2.68)

As a consequence, for real potentials, the following symmetries between the scattering
data hold:

b(z)=b"(1/z"),  a(z) =a*(1/z"). (C.2.69)

We can now reconstruct the scattering data by means of integral representations.
Recalling the summation equations (C.2.36a)—(C.2.36b), the quantity
M, (z) — N, (2)a(z) can written as

+00
M,(2) = Ny@a@) = 1-a@+ Y Gt {( — 1) [Miy1(2) — N1 (2)a2)]

k=—00

+z*1ﬂk [Mk(z) NA(z)a(z) 2 Z 72 k)

k=—00
x {(ax — 1) My (2) + ZilﬂkMk(Z)}a

where we used the identity

G.(2) = Gu(2) =

S (1=27).
From the other side, we also have M, (z) — N ,l(z)a(z) = N, (2)b(2), and therefore
Nuy(2)b(z) = 1 — a(z)

2 Z —2(11 k) {(ak _ 1)Mk+l(Z) + Z_lﬂkMk(Z)}

k=—00

400
+ Y Gua@ [l = D Nyt (2) + 27 BeNi(2)} b(2)

k=—00

or, taking into account the symmetry (C.2.68),

+oo
"IN, (1/2%) ZZz("_k_l)én—k(z)[(ak—1)Nz+1(1/z*)+Zﬂk]vz(1/z*):|}b(z)

k=—00

=1-a(z) + = 2N (o — D My (2) + 27 BML(2)}

k*—oc
From the summation equation (C.2.36b) it follows that the term in curly brackets in the
left-hand side is equal to 1, so that

2
a@=1+7"7 Z (@ — D+ 27" Bnt) M () (C.2.702)

k=—00

z
b(z) = ——— Z (@ — D) + 2Bt} M (2). (C.2.70b)
I— z k=—00
From (C.2.70a)—(C.2.70b), @, b can be reconstructed using the symmetries (C.2.69).

Note that from (C.2.36a) and (C.2.70a)—(C.2.70b) it also follows that when B, is
identically zero (which is the case for the nonlinear ladder network) a and b are even
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functions of z,
a(—z) = a(z), b(—2) = b(2), (C.2.71)

and the same result holds for @ and b.
Finally, we remark that, taking into account (C.2.38), the summation representation
(C.2.70a) yields

+00 k
a@=1- Y (@—-D [[ &' +0c™), (C2.72)
k=—00 l=—00

and, taking into account that, since o, — 1 for n — o0,

+00 k
D =1 ] et =0,

k=—00 {=—00
we get
az) =14+ 0@E™). (C2.73)

The representation (C.2.70a) proves that a(z) has the same analytic properties as

M, (z), that is, it is analytic for |z| > 1 and continuous for |z| = 1, and a(z) inherits
the analytic properties from M, (z~"), that is, it is analytic for |z| < 1 and continuous
for |z| = 1. Note that b(z) and b(z) cannot in general be prosecuted off the unit
circle.

C.2.4 Eigenvalues and norming constants

We define a proper eigenvalue for the scattering problem (C.2.25) to be a value of z for
which the scattering problem admits bounded solutions going to zero as n — =£00.
From equations (C.2.61)—(C.2.62), it follows that, if z;, with |z.,~| > 1, is a zero of a(z),
then W(¢,(z;), ¥.(z;)) = 0, that is, ¢,(z;) and v,(z;) are linearly independent,

that is,

Gu(zj) = bj¥alz;) (C2.74)
for some complex constant b;. Then, from the asymptotics (C.2.26a)—(C.2.26b) it
follows that

Pu(zj) ~ (z;)" n— —00
¢n(Z_/) = bjwn(z_/) ~ bj (Z_,')in n — +o00o,
and since ‘z_,} > 1, this means that z; is a proper eigenvalue. Vice versa, proper
eigenvalues outside the unit circle need to be zeros of a(z). Analogously, one can show
that Z, with |Z,| < 1 is a proper eigenvalue if, and only if, @(z,) = 0 and
$u(Z0) = b, (Z0). (C2.75)

We will assume that neither a(z) nor a(z) have zeros for |z| = 1.
From the symmetries (C.2.66a ) and (C.2.69 ) it also follows that, for real potentials,

a(z) =a(l/z) =a*(z") (C.2.76a)
akz) = a(l/z) = a*(z"), (C.2.76b)
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which means that if z; is an eigenvalue, so is z;, that is, the eigenvalues are real or
come into complex conjugate pairs. Moreover, from (C.2.66a ) it follows that z; is an

eigenvalue with |z ,‘ > lif, and only if, Z; = i is an eigenvalue with |z ,‘ < 1. Finally,

note that when g, = 0 for all n, the symmetry (C 2.71) yields that the eigenvalues also
come in pairs £z; (£Z;). In conclusion, if 8, is identically zero and e, is real, the

7
scattering problem (C.1.11) has the sets of eigenvalues [:l:Zj, +z3, :I: s Ex 1 ]

Jj=1
Let us write the scattering problem (C.1.12) in the form

Wy+1 + Wy—1 + ;Bnpnwn = _h2k2 DPnWy,
where
— -1
=7, =(+h gl (C2.77)
A= (z+z")=—n (C.2.78)

Then for real potentials we have the following relations:

|2 7h2k2pn |wn|2

_th*an |wn|2

w;: (wn+| + wnfl) + ﬂnpn |wn
Wn (w:-H + w:—l) + ,Bnpn |wn|2

or, subtracting one from another,
2 (12 2 2
(w::wnH - w;‘_lwn) + (w:fwn,l — w:l‘Hwn) =—h (k —k* )p,, |w, | .
Summing over all n at an eigenvalue k; yields

+00

(k=52 3 palwatkp|” =0,

and, since 0 < p, < 1foralln € Z, if w, (zj) € 2,
k2 =k (C.2.79)

that is, either k; is real or it is purely imaginary. This implies that X = (z i+ z;l) is
real and then either z; is real or it is such that |z_,] = 1. Since we assumed the potential
to be such that a(z) # 0 for |z| = 1, we conclude that in general the proper eigenvalues

S z J .
come in pairs {zj, zZ; s z; €R, |z > 1}]_71. In the special case B, = 0, there are

quartets of eigenvalues {+z;, +z7': z; € (1, —i—oo)}j_:l
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C.3 Inverse scattering problem
C.3.1 Recovery of the Jost functions

Suppose that a(z) has J simple zeros {z e |z ,-| > I}JJ.=1. Then the function wu,(z) given
by (C.2.59 ) is meromorphic outside the unit circle with a finite number of simple

poles at the points zy, ..., z;. Taking into account the symmetry (C.2.65 ), we can
write equation (C.2.58a) as
1a(2) = Nu(@) + 27" p(2N, (271, (C.3.80)

which yields

Res (155 2;) = lim (z — 2;) ma(2) = 2,7 N (25') €, (C.3.81)

2=z
where
b(z;)

C;,=lim (z —z;) p(2) = (C.3.82)
J >z ( J) a’(zj)

are referred to as norming constants. We showed that when g, is identically zero, the

eigenvalues indeed come in pairs &z;. As far as the corresponding norming constants

are concerned, we have the relation
_ b(—z;)
-j =
a'(—z;)

=—Cj, (C3.83)

where we have taken into account that in this case both a(z) and b(z) are even functions
of the spectral parameter z (cf. (C.2.71 )). Note that from (C.2.38 ) and (C.2.73 ) it
follows that at large z

(@) = A, + 0@, (C.3.84)
where
n—1
A= [T o (C.3.85)
Jj=—00

Equation (C.3.80) defines a Riemann—Hilbert boundary problem on the unit circle.
However, from (C.3.84) it follows that the boundary conditions on u, depend on the
potential, which is unknown in the inverse problem. Therefore, we introduce the
following modified functions:

1,(2) = “T(Z) (C.3.86)
= _ N,,(Z)
such that
wi(z) =140 lz] — oo (C.3.88)
N(@=A"+0@@ z—0. (C.3.89)

Note that p1/, and N ; are properly defined, according to the condition we assumed,
o, #0foralln € Z.
Equation (C.3.80) then becomes

1@ =N, +z "p@)N, (z7'), (C.3.90)
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and consequently
Res (1,32;) = ;"' N, (z;') €. (C.3.91)

Let us recall that for the IDNLS (Chapter 3) we introduced the following projection
operator:

P(/)@) = lim i f AC) (C.3.92a)
|w|

(> 27i tw—¢

which is defined for |z| < 1 for any function f(z) continuous on |z| = 1 (we will refer
to P as the inside projector), and

P())@) = lim L 74 ACO I (C.3.92b)
|

H 127” wi=1 W—¢

defined for |z| > 1 for any function f(z) continuous on |z| = 1 (outside projector).
Applying P to both sides of equation (C.3.90) and taking into account (C.3.88),
(C.3.91) and the analytic properties of u,, N ;, yields

_, 1 w2 p(w)N' (w™!
N, )C — — lim Lﬂ()dw
2mi |§T< lwl=1 w—7<

N, @ =

or, equivalently, using (C.2.66b),
—2n
Ni()=1+ Z

1 w2 p(w)N’ (w
()¢ — — 1imy§ W PN, W) 4,
zfz, 2mi ¢~z Jy = 1—¢w
lgl<1

(C.3.93a)
The sum in the right-hand side is performed over all the discrete eigenvalues z; outside
the unit circle, that is, with ‘zj ‘ > 1, and gives the contribution of the discrete
spectrum, while the integral term corresponds to the contribution of the continuous
spectrum. Note that, as we proved earlier, the eigenvalues are real for real potentials,
and in the following we will restrict ourselves to this case. Equation (C.3.93a) depends
on the additional constants N ( ) therefore, in order to close the system, we

evaluate (C.3.93a) at z[l for all Z =1,...,J,

o Lot 1 w1 (w)N ) ,
Nle )= 1+;Zzl —Zan (Zj )C'/ 2mi ﬁu\ 1 1 —Zg v
(C.3.93b)
so that (C.3.93a)—(C.3.93b) constitute a linear algebraic—integral system on |z| = 1
that allows us, in principle, given the scattering data {z,-, C; }]J,:1 U{p(w) : |lw| =1}
(i.e., eigenvalues and associated norming constants and reflection coefficient) to

recover the modified Jost functions N ;(z). Then, taking into account the asymptotics
(C.3.89), from (C.3.93a) it follows that

J
_1—Zz;2" 'N, (") C; -

which allows us to obtain N, (z) from IV" (z) (cf. (C.3.87)).
Note that for reflectionless potentials, that is, when p(w) = O for all w such that
|w| = 1, the system (C.3.93a)—(C.3.93b) reduces to a linear—algebraic system.

1

w' ' p(w)N, (w)dw, (C.3.94)
2mi

lwl=1
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Equations (C.3.93a)—(C.3.93b) can be written so that one takes explicitly into
account the additional symmetry that corresponds to requiring 8, = 0. Indeed, we

s . . 1/
showed that in this case the eigenvalues come in quartets {:l:z j» £z ! }j* ,» and for the

corresponding norming constants the relation (C.3.82) holds. Then the system
(C.3.932)—(C.3.93b) with the symmetries explicitly taken into account becomes

/ — —/ —_ l ! —_
N,,(Z) 1+ZZ 2n|: n (Zjl)_Z+Zan (_Zjl)] Cf
1. wz"’lp(w)N; (w)
~ 5 11_r>n 1_—dw
T = fw
N - —2n N, — 1 Y —
N @) =1+ 27 [Z_l_ZjNL (zj‘)—z—liﬂj . (= 11)]C7
LY Gy SOOI
2mi Jw|=1 l_Zg
_ 4 _ 1 _
N (=) =1+ T2n|:71v/ -1y _ /_71}0
n( Zf) ;ZJ _Z_]_Zj n(Z/) _g_l‘l'Z/ n( /) J
L et N, w)
278 Jywi=1 1+Z,5 v

which is a linear integro-algebraic system of 2J + 1 equations in the 2J + 1
unknowns (]V,/l (:I:z[l) ford =1,...,J and N;(z)), where J is the number of
eigenvalues z, in the interval (1, +00). We exploit the symmetry

N,(2) = N (—2),

in order to reduce the above system to

J —2n+1 n—1 = Y
z; e 1 w ™ p(w)N, (w)
N@=1+2 Ci——1li _ -
(Z) + Z 22— ( ) 2w ‘{1‘_)1111 wi=1 1—¢w
(C.3.95a)
—2n+| 2n—1
o _ 1 w1 p(w)N,, (w)
N, (zg")=1+2 (z7) ¢ — — v PN,
Zfe z 5 i St 1-z'w
(C.3.95b)
Moreover, equation (C.3.94) becomes
-1 ! —2n—1 77/ —1 1 2n—1 = N
A =1-2) "N (55 €6 - o w? ! 5(w)N,, (w)dw. (C.3.95¢)
= lwl=1

C.3.2 Recovery of the potential

Since the eigenfunction N.(z)is analytic inside the unit circle, it admits a convergent
Taylor series about z = 0. Hence, let us write

No@)=1+zN"+ 289 ... (C.3.96)



Scattering theory for the discrete Schrodinger equation 223

and substitute this expansion into the scattering equation (C.2.28). Equating the
powers of z, we find

on: NV +8,=N"
0@): o, +N” +BN"=1+N?,

which allows us to reconstruct the potentials in terms of the coefficients of the Taylor
series expansion of the eigenfunction N, (z), namely,

g, =N - N (C.3.97a)
a, =1+N” - NP —g,N". (C.3.97b)

n—1

Reflectionless potentials

In the reflectionless case, equations (C.3.93a)—(C.3.94) reduce to

J —2n
7/ Z; =/ —
Ny =1+ —l (¢, (C.3.98a)
j=1 %%
iy Lo,
N HY=1+)Y ——N,(z;") ¢ (C.3.98b)
j=1%¢ TZj
] —
A =1-) "N, (57 € (C.3.98¢)
j=1
and for J = 1 one gets
_, i 2 -1
N, = (1 +Ci(z — ) +”) (C.3.99a)
_, C 2n o 1
N =1+ 2L (1 F G =) +”) (C.3.99b)
Z—2
—2(n+1)

a1+ GG -5y
n 1 + Cl(zl _ Zl—l),lzlsz

(C.3.99¢)

Taking into account (C.3.87), (C.3.99a)—(C.3.99¢c) provide for the coefficients of the
series expansion of N,(z) about z = 0,

— C Z—2(n+l)
(1) 124
Now =~ 1+ Ci(z, — —1y—1,—2(+1) (C.3.100)
1(Z1 4 ) 4
_ C, 7 21
w = - (C.3.101)

- _ 2(n+1)?
1+ Ci(z — ;)72 o+
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and substituting into (C.3.97a)—(C.3.97b) yields
Ci(z1 — Zy )Zizn :

[1 +Ci(z1 — 271z 2("+')] [14Ciz —z7H 2]

Bn = (C.3.102a)

C _ =1\, 2D
@, =1+ 1@ =2 )z (C.3.102b)

[1 +Cizi — 7Y 2_2("+1)]

Note that «,, can be written as

2 -2
-2
a, =1 aty - (C3.103)
[AZ’hLl—I—(AZ?Jrl)’I]
where
A= =" (C.3.104)

When g, is identically zero (e.g., the case of the nonlinear ladder network), the
inverse problem is given by (C.3.95a)—(C.3.95¢c), which, in the reflectionless case,
reduce to

J 72n+1
Ny (x) = 1+2Z . /(z;‘)c,- j=1,...,J (C3.105)
72n+l
N, (z') = 1+2Z (27 ¢ (C.3.105b)
j=1 Zz
Al =1- 221;2"*151; (z;") C;. (C.3.105¢)

Moreover, (C.3.87) gives
Nu@ ~14+ANP2 4.,

which implies that
J
Ny ==23""N, (55Y) ¢ (C.3.106)

Therefore, taking into account (C.3.97b),
= 1+2Zz*2" "N (z7Y) = 27N (25)]- (C.3.107)

For J = 1, equations (C.3.105a)—(C.3.105b) give
1

N; ') = —
(1 ) 1_}_2(2%_52) 1C|Zf2"+l

1420 (2 -2 o 3_
1+2C (2 - zf2)7 e

A=
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therefore, from (C.3.87) we get
1

N (') = 1 )
1+2C (-2 77
and then from (C.3.107) it follows that
N 20 (1 -7 5" _
[1+20 (@ =) 2 14201 (3 - %) 7]
In order to get a real and nonsingular potential, the norming constant C; has to be real

and of the same sign as zj, thatis, C; > 0if z; € (1, +00). If we write z; in the form
71 = e” for some w > 0, then the potential becomes

2C1 (e—(2n+l)w _ e—(2n+3)w)

a, =1

(C.3.108)

“=lt [1+ sinilzmei(znﬂ)w] [1+ sini12w67(2"+3)w]
or
o =14 sinh w sinh 2w (C.3.109)
" cosh[(n+ 1) @+ xo] cosh [(n + %) w + xo]
where
e = (Si“h 2“’)1/2. (C3.110)
G

C.3.3 Gel’fand-Levitan—-Marchenko equations

We can also provide a reconstruction for the potentials by means of Gel’fand—
Levitan-Marchenko integral equations. Indeed, let us represent the eigenfunctions ¥,
and v, in terms of triangular kernels,

+o00

VaR) =Y 2K, j) Izl =1 (C3.111a)
Jj=n

- Ix PR

V@)=Y dRm. j) Izl <1 (C3.111b)
j=n

Note that, due to the symmetry (C.2.64), K (n, j) = K (n, j). Moreover, taking into
account (C.2.27b) and the asymptotics (C.2.40), we get K(n,n) = K(n,n) = 1. We
write equation (C.2.56a) in the form

$u(2)a™ (@) = ¥,(2) = ¥ (2)p(2), (C3.112)

with p given by (C.2.60), and apply the operator 5= i, dz z™"~" form > n to
equation (C.3.112). Taking into account the asymptotics (C.2.26a), (C.2.26b) and the
analytic properties of the eigenfunctions and of the transmission coefficient a~!(z), as
well as the triangular representations (C.3.111a)—(C.3.111b), we obtain the discrete
integral equation (Gel’fand—Levitan—-Marchenko equation)

+00
Kn,m)4+ F(n +m) + Z K, j))Fim+ j)=0 m>n, (C.3.113)

Jj=n+1
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where

J

1

Py =350t 5§ @z (C3.114)
j=1 2=

Comparing the representation (C.3.111a) for the eigenfunctions with (C.3.96) and
recalling (C.3.97a) and (C.3.97b), we obtain the reconstruction of the potentials in
terms of the kernels of GLM equations, that is,

B, =Kmn,n+1)—Kn—1,n) (C.3.115a)
o, =1+Kn,n+2)—Kn—-1,n+1)—B,K(n,n+1). (C.3.115b)

C.4 Time evolution and solitons for the Toda lattice and
nonlinear ladder network

C.4.1 Toda lattice

Let us consider the time differential-difference equation relative to the Toda lattice
(C.1.13), namely, equation (C.1.18),

d
dt

with A,,B, given by (C.1.21a)—(C.1.21b) and Ag‘? =1, Ag‘o) = ng) = Bgé) =0,
that is,

Up = Ananrl + ann (C4116)

A,=a, B,= Z 3, logap_;. (C4.117)

k=—o00

We rewrite (C.4.116) in terms of the eigenfunction ¢, of the scattering problem
(C.1.11), that is, by means of the transformations (C.1.14)—(C.1.16), thus obtaining

d

@ = Cn@nt1, C.4.118

27 P = nPni ( )
where we took into account that, due to (C.1.16), B, = —0, log S,, and «,, = ai.

Equation (C.4.118) determines the evolution of the Jost functions. From this we
deduce the time-dependence of the scattering data.

First we observe that, since o, — 1 as |n| — o0, the eigenfunctions fixed by the
boundary conditions (C.2.26a)—(C.2.26b) are not compatible with the time evolution
(C.4.118). Therefore we define the time-dependent functions

bz, = "Bz 1), WD) =€ Yz 1) (C4.119)
to be solutions of the time-dependence equation (C.4.118). Such solutions are

compatible with the boundary conditions (C.2.26a)—(C.2.26b) and by virtue of
(C.2.56a), (C.2.64) satisfy the relation

®,(z. 1) = bz, e (2. 1) + az, DV 1) (C.4.120)

To find the expression for the evolution of the scattering data, we first differentiate this
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equation with respect to ¢ to obtain

%fbn(z,t) = {[br(Z,f)-i‘(Z—Z_])b(Z,f)] W, (2. 1) + b(z, r) Sz, z)}

+ a2, W, 1) + alz, t) ‘1/ 0.
Taking into account that both ®,, and ¥,, solve (C.4. 118), we get
bz, )=—(z—z")b(z,1)  alz,1)=0
that is,
bz.)=e bz, 00 a(z 1) =a(z, 0), (C.4.121)
and, consequently, for the reflection coefficient defined in (C.2.60)
oz, 1) = e D p(z, 0). (C.4.122)

Analogously, one obtains the evolution of the norming constants (C.3.82),

Ci(=e (o3 >c A(0). (C.4.123)

Finally, in the case of a purely discrete spectrum, the soliton solutions are
computable in closed form. A one-soliton solution corresponding to a single
eigenvalue z; is obtained by introducing the explicit time-dependence into (C.3.102b).
Indeed, recalling (C.1.16) and (C.1.22c), we get from (C.3.102b)

S )
A(t)zn-H (A([)Zn-H)

e~ (@n=Cn-1) — | 4 (C.4.124)

where, due to (C.4.123), A(t) = C; *(0)exp ((z1 — z;') £/2) |z — 27 '["/2. Setting
71 = 0e®, 0 = %1, reduces this t0

@21 = | 4 sinh? w sech? (w(n — ng) + o sinh wt), (C.4.125)

where n is a constant depending only on Cy, z;. We note that, since o = =1, this
soliton solution may travel in either the positive or the negative n direction.

C.4.2 Nonlinear ladder network

The time differential-difference equation relative to the nonlinear ladder network
(C.1.24) is obtained from (C.1.18) with A,,, B, given by (C.1.21a)—(C.1.21b) and
AV =1, BO = -4, AY = BY) =0and b, = 0, that is,

Av=a,k  B,=-a + ) dlogai. (C.4.126)

k=—00

We rewrite (C.1.18) in terms of the eigenfunction ¢, of the scattering problem
(C.1.11), that is, by means of the transformations (C.1.14)—(C.1.16), thus obtaining

On = XanQDn-H — 0y Pn. (C4127)
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As before, we define the time-dependent functions
D,(z, 1) = A()du(2), W, (z, 1) = B(t)Y(2) (C.4.128)

and determine A(t), B(f) such that &, and W, solve the time-dependence equation
(C.4.127) and are compatible, respectively, with the boundary conditions
(C.2.26a)—(C.2.26b). Since o, — 1 as |n| — oo, we get

oz, 1) =" pu(2), Wz 1) =€ Yn(2). (C.4.129)
Moreover, from (C.2.56a) and (C.2.64) it follows that ®,, and W, satisfy the relation
®,(z2, 1) = b(z, e® 7 W,(z, 1) + alz, HW,(1/z, 1). (C.4.130)

To find the expression for the evolution of the scattering data, we first differentiate this
equation with respect to ¢ to obtain

%ﬂbn(z, 1) =& {[b,(z, D +2(—z277) bz, )] Wz, 1)+ b(z, t)%%(z, 1)

+ a,(z, )W, (1/z,t) + a(z, I)%\I/,,(l/z, t).
Taking into account that both ®,, and ¥, solve (C.4.127), we get
bi(z,t)=— (2 —z27)bz.t)  alz,1)=0, (C.4.131)
that is,
bz,)=e @ Vb(z,0)  alz, 1) = a(z,0) (C.4.132a)
and, consequently, for the reflection coefficient defined in (C.2.60)
p(z, 1) = e E= p(z, 0). (C.4.132b)

Analogously, one obtains the evolution of the norming constants (C.3.82),

Ct)=e G cy0). (C.4.132¢)

Finally, introducing the explicit time-dependence of the norming constant into
(C.3.109), we obtain the expression for the pure one-soliton solution of the ladder
network. Indeed, recalling (C.1.16) and (C.1.23), we get from (C.3.109)

" sinh w sinh 2w
cosh[(n + 1) @ + xo — 2(sinh w)t] cosh [ (n + 2)  + xo — 2(sinh w)t]”
(C.4.133)

e =1




Appendix D

Nonlinear Schrodinger systems with
a potential term

D.1 Continuous NLS systems with a potential term

The modified NLS equation with a generic potential term
iq=qux +2[lq + V(x.0)]q (D.1.1)

was studied by Chen and Liu [52] and Balakrishnan [26]. It describes, for instance, the
propagation of envelope solitons in inhomogeneous media — an example being that of
electromagnetic waves in an inhomogeneous plasma.V (x, t) = 0 corresponds to a
homogeneous plasma. This case is the standard NLS equation, which is known (see
Chapter 2) to support a soliton traveling with constant velocity. The presence of

V(x, t) has the effect of introducing a potential barrier in the path of the soliton. The
equation is also relevant in the context of Davydov’s alpha-helix solitons [61], which
are responsible for energy transport along molecular chains. V(x, ) would then
represent inhomogeneities in the arrangement of molecules along the chain.

Chen and Liu showed that, if V(x, t) is a linear function of x, then the IST is
applicable and soliton solutions exist. The presence of the potential forces the spectral
parameter k occurring in the corresponding scattering problem to develop a
dependence on both x and ?. k(x, ?) itself satisfies a certain nonlinear evolution equation
involving V(x, 1).

We note that if g(x, 7) satisfies the modified NLS equation (D.1.1) with a real
potential term of the form considered below, namely,

Vix,t) = EMx + F(1),
the transformation of variables
u(y,n)=e"“qx,1)  y=x-—v@), (D.1.2)

with 6(x, t) a real function linearly depending on the space variable x and v a function
of #, yields for u the standard NLS

iUy =uy +2 |M|2 u
provided
v = =26, 0, =02 —2Ex + F), (D.1.3)
where ' denotes derivative with respect to r. Therefore, writing

O(x, 1) = —1v'x +8(1),

229
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one has to determine v and § such that

V=4 §=1() -2F,

1
4

that is,

u(t) = 4/ dt /rdr’f)(r’) (D.1.4)
0 0

1 T 2
8(t) = 2/ |:2 (/ S(r’)dt/) - .7:(1'):| dr. (D.1.5)
0 0

Let us consider the system

iqt =qxx_2[qr_V(x7t)]q (D16)
—ir, =1y —2[qr — V(x,0)]r, D.1.7)

which reduces to the single PDE (D.1.1) under the reduction r = —g*, as the
compatibility condition of the following linear equations:

_( "tk q
vx—( , ik)v (D.1.8)

v = (é _BA> v. (D.1.9)

The conventional formalism (cf. [21]) assumes & is a constant. Allowing for the
possibility k = k(x, t) leads to the constraints

and

—ik,=A, —qC +rB (D.1.10a)
¢, = By +2ikB +2gA (D.1.10b)
r, = Cy — 2ikC — 2rA. (D.1.10¢)

The comparison with the Lax pair for the standard NLS system (2.2.3)—(2.2.4)
suggests introducing functions W, Y, Z such that

A=iqr+2k>—iVx,t)+ W (D.1.11a)
B = —ig, —2kq+7Y (D.1.11b)
C=ir,—2kr+2, (D.1.11¢c)

where W = W(x, ¢, k) and likewise for Y and Z. Inserting (D.1.11a)—(D.1.11c) into
(D.1.10a)—(D.1.10c), we find

W, —qZ+rY =0 (D.1.12a)
Y. + 2ikY +2gW + 2k.q = 0 (D.1.12b)
Z. —2ikZ —2rW — 2k,r = 0 (D.1.12¢)

and also a nonlinear evolution equation for the spectral parameter
ke =—=2(K*) + V.. (D.1.12d)

We see that k, = 0 impliesV, = 0 or V, =const, that is, V(x, ¢) is a linear function of
x. These cases can be handled directly without modifying the conventional IST
formalism, and therefore we will restrict ourselves to them. If we only allow the
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spectral parameter to be time-dependent, that is, k, = 0, equations (D.1.12a)—~(D.1.12c)
are satisfied by simply taking W = Y = Z = 0. Therefore, for potentials of the form
Vx,t) =E@)x + F(1), (D.1.13)

the auxiliary spectral problem (D.1.9) for the system of equations (D.1.6)—(D.1.7) can
be chosen as

2ik* +igr —iV(x,t) —2kq — iq,
K =< —2kr +iry —2ik* —igr +iV(x,1) )" (D.1.14)
and (D.1.12d) fixes the time-dependence of the spectral parameter as
t
k(t) =ko +/ E(tdt'. (D.1.15)
0

Since k = k(t), the direct and inverse problems for the system (D.1.6)—(D.1.7) are
therefore the ones described in Chapter 2 for the standard NLS. For potentials g, r
decaying as |x| — oo, the time-dependence asymptotically satisfies

2ik* —iV 0
v = < 0 k2 +iV> v as x — Foo. (D.1.16)

However, the fixed (in time) boundary conditions of the Jost functions (2.2.5)—(2.2.6)
are not compatible with the time-dependence (D.1.16). Therefore, we introduce the
time-dependent functions

O(x, 1) = ¥Dp(x, 1), D(x, 1) = e 8DP(x, 1) (D.1.17a)
W(x, 1) = e Oy (x, 1), W(x, 1) = Oy (x, 1), (D.1.17b)

where the function g(#) has to be determined such that (D.1.17a)-(D.1.17b) solve
asymptotically the time-differential equation (D.1.16). Making use of the boundary
conditions (2.2.5)—(2.2.6) for the asymptotic form of v in (D.1.16), one obtains

g =2k>—V +kx,
which, taking into account (D.1.15) and (D.1.13), yields

t
g() =/ QKA1 — F())dr'. (D.1.18)
0
From (2.2.24a)—(2.2.24b) one gets
O(x, 1) = W(x, Da(t) + XU (x, £)b(r) (D.1.19a)
O(x, 1) = W(x, Nalt) + e 28O (x, 1)b(t), (D.1.19b)
and differentiating with respect to ¢ yields
o> IV _da ; A ; ab
el U — 4 2ig,e28Oyp 2is0 " p 2ig(n\y Z~
ar TV e re bt or
P oV da e o 00 - 0D
= g4 W— —2jg,e 8Oy} —2ig) ____} —2ign\y
or = o At Yy e te TR ot

Hence, taking into account (D.1.16),

d:a(k) =0, d:ak) =0

db(k) = (—4ik* +2iF) b(k),  0,b(k) = (4ik* — 2iF) b(k)
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or, explicitly,
a(k, t) = a(k(0), 0), ak, t) = a(k(0), 0) (D.1.20a)

bk, 1) = e 2 BT p0),0), bk, 1) = ¥ o FNhk(0),0).  (D.1.20b)
The evolution of the reflection coefficients is given by

plk, 1) = p(k(0), 02 RCE =) 5k 1) = p(k(0), 0)e> o CF=F)dr,
(D.1.20c)

and this also gives the evolution of the norming constants,

=21 [ (263 -F)dr 7 (23-F)ar .

C(1) = C;(O)e () = C;(0)* (D.1.20d)
Note that the Gel’fand—Levitan—-Marchenko integral equations are the same as in

(2.2.62) and (2.2.64), but the time-dependence of the scattering data is now given by

(D.1.20c)—(D.1.20d). For instance, equations (2.2.60a)—(2.2.60b), which reconstruct

the potential, read

1 _ _
r(x, 1) = p p(k(0), 0)XkOx+2ig®kD.D N D (ke (£))dk (D.1.21a)
C

1 o )
qlx, 1) = — / p(k(0), 0)e~CkOx 2k F D k(s )dk,  (D.1.21b)
b3 &

where C, (resp. C,) is a contour from —oo to 400 that passes above all the zeros of
a(k(t), t) (resp. below all the zeros of a(k(z), t)) at time . Note that the latter equations
depend on both £(r) and F(¢) (via k(¢) and g(k(?), 1)).

In order to obtain the one-soliton solution for the equation (D.1.1), we first note that
a discrete eigenvalue evolves in time according to (D.1.15). Assuming the potential
term V (x, ) is real, that is, both £(¢) and F(¢) in (D.1.13) are real, k{(¢) = £(¢) +
in(t) = &(t) + ing, where ky(0) = & + ino and

() = &+ / E(v)dr.
0

Taking into account the time-dependence of C; as given by (D.1.20d), we obtain from
(2.3.86)

t T
q(x, 1) = 2npe 2O O-WYogech [znox — 81 (goz + f dr / g(r/)dr/) — 250]
0 0
(D.1.22)
with

! 2 2 1
f@® =f [E(r) -y — EJ’f(r)] dr
0

and v and &, given by (2.3.89).

Note that this is related to the one-soliton solution of the NLS by means of the
variable transformation (D.1.2).

The previous results are generalized straightforwardly to the multicomponent case,
that is, for a modified matrix nonlinear Schrédinger system,

iQ = Qi —2[QR + V(x,HIN]Q (D.1.23a)
—iR, =Ry —2[RQ + V(x, H)Iy]R, (D.1.23b)
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where Q = Q(x, t)is an N x M matrix; R = R(x, t) isan M x N matrix; and Iy, I,
are N x N and M x M identity matrices, respectively.

The Lax pair for such a system is naturally obtained from the matrix generalization
of equations (D.1.8) and (D.1.14), that is,

_(—ikIy Q
Yy = < R lkIM > v, (D124a)
and
[2ik* —iV(x,0)] Iy +iQR ~2kQ —iQ,
V= ( —2kR + iR, —[2ik — iV )Ly, - iRQ | ¥ (P12
again with

Vix,t) =E@)x + F(@)

and the time-dependence of the scattering data results to be the same as in
(D.1.20a)—(D.1.20d).

The Gel’fand-Levitan—Marchenko integral equations are the same as in (4.2.61a)
and (4.2.61c), but the time-dependence of the scattering data is now given by
(D.1.20c)—(D.1.20d). For instance, equations (4.2.59a)—(4.2.59b), which reconstruct
the potential, read

1 I

R(x,t) = — / p(k(0), 0)eX*OxH2is*kODNE (- f(£))dk (D.1.252)
b g C
1 I i

Q(x, 1) = — [ p(k(0), 0)e~ CHOHAKODNCD(x k(1))dk, (D.1.25b)
T Je,

where C; (resp. C,) is a contour from —oo to 4-00 in the complex k-plane that passes
above all the zeros of deta(k(t), t) (resp. below all the zeros of deta(k(z), t)) at time 7.
Note that the latter equations depend on both £(¢) and F(¢) (via k(z) and g(k(2), t)).
The vector—soliton solution for the modified matrix NLS equation is given by (4.3.84),
once the explicit time-dependence is taken into account, that is,

t T
qx, 1) = 2nge IO T gech [2n0x — 8no (sor + f dt / E(I’)dr’) - 250] p
0 0
(D.1.26)
with

b 1O
ICil

and §y given by (4.3.85).

f@ = / [smz — k- %f(r)] dt (D.1.27)
0

D.2 Discrete NLS systems with a potential term

In [46] and [110], the dynamics of a nonlinear Schrédinger chain in a time-varying
spatially uniform electric field is shown to be integrable. In the limit of a static electric
field, the system exhibits a periodic evolution that is a nonlinear counterpart of Bloch
oscillations.



234 Appendix D

The governing differential-difference equation for the chain system is

d
i==0n = Quii+ Qu1 =200 + 1 ( Qi1 + Qo) 10,17 =200, 10, + V, Q.
(D.2.28)

where V,(7) is a potential. The u term can be viewed as the first-order correction to
the intersite overlap integral taking into account the nonlinearity as the induced
self-interaction.

In general, the system (D.2.28) is not integrable, and when the potential term is
time-dependent, the system is no longer conservative. In [46], Cai et al. analyzed the
system with a potential of the form V,, = £(t)n, where £(7) is any function of time.
This potential corresponds to a time-dependent, spatially uniform electric field along
the chain direction. When v = 0 and the potential is of this form, it can be shown that
equation (D.2.28) is exactly integrable. The general case with v # 0 can be treated

perturbatively.
We consider the system (D.2.28) with v = 0, u = 1, and V,, of the form
V() = E(T)n + F (o), (D.2.29)
which admits the Lax pair
Upy1 = (1? ZQ—Yi ) Un (D230)
d o (i[QuR = 3@+ + £ —izQ, +iz7' Q0 ;
dt "~ iz 'R, —izR,_ —i [RiQuot — 3+ D+ f] )"
(D.2.31)
with

fi(0) = —1&(mm + G(v), Gy =1t -LFo+1. (D232

Indeed, as in Section D1, allowing the spectral parameter z to be time-dependent,
the compatibility condition between (D.2.30) and (D.2.31) gives

d
iiQn = Qn-H + Qn—l - Rn Qn(Qn-H + Qn—l) - (fn-H + fn)Qns (D233a)

dt
. d
_IERn = Rn+1 + R, — Qan(Rn+1 + Rn—l) - (fn-H + fn)Riu (D233b)
and
d .
——z=iz(fas1 — o). (D.2.34)
dt

Therefore the spectral parameter in the above IST problem depends on time according
to

2= 20A(1),  A(r) = e 25 Ewar (D.2.35)

and this requires some modifications to the usual isospectral theory of the IST. It can
be solved by generalizing the approach formulated in [26] and [52] to the lattice.

The operator (D.2.31) determines the evolution of the eigenfunctions. From this we
deduce the time evolution of the scattering data. Since we have assumed that
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0., R, — 0asn — £oo, then the time-dependence is asymptotically of the form

L2+ =2f) 0
_ 2 )
Orv, = ( 0 IZ(ZZ =21 v, as n — oo, (D.2.36)

where both f, and the spectral parameter z depend on time.

However, the fixed (in time) boundary conditions of the eigenfunctions (3.2.8a)—
(3.2.8b) are not compatible with the time-dependence (D.2.36), and therefore we
introduce the time-dependent functions

D,(z, 1) = e ¥P,(z, ), ®,(z. 1) = €47, (2, 7) (D.2.37a)
W, (z, 1) = VY, (z, 1), ,(z, 1) = e *P,(z, 1), (D.2.37b)

where g(7) has to be determined in such a way that (D.2.37a)—(D.2.37b) are solutions
of the time-dependence equation (D.2.36). Making use of the boundary conditions
(3.2.8a)—(3.2.8b) for the asymptotic form of v in (D.2.36), one obtains

| 1 2 -2
0,8 = —inz 3,Z+§(Z +27° =21,

which, taking into account (D.2.29), (D.2.32), and (D.2.34), yields

‘l T
g =3 / [() +272(r) — 2G6()] d7". (D.2.38)
0
These 7-dependent functions satisfy the relations
®,(z, 7) = e 5O, (2, 1)b(z, T) + P, (2, Da(z, T) (D.2.39a)
®,(z, 1) = ¥4V, (2, b(z, T) + Wu(z, 1)a(z, 7), (D.2.39b)

which are obtained from equations (3.2.59a)—(3.2.59b). Differentiating (D.2.39a)—
(D.2.39b) with respect to T and using (D.2.36) yields for the time evolution of the
scattering data

ia(z(t), 1) =0, ib(Z(r), T) = 2ig.b(z(7), 7)
dt dt

ic‘z(z(t), 1) =0, il?(z(r), ) = —2ig.b(z(1), 1)
dt dt
or, explicitly,
a(z(t), ©) = a(z(0), 0), b (z(1), T) = b (2(0), 0) (1) (D.2.40a)
a(z(r), v) = a(z(0), 0), b(z(1),7) = b(z(0),0)Q(z), (D.2.40b)
where
Q1) =&l (@ HT20) Gy = el wHT29) (D24

Consequently, the reflection coefficients and the norming constants evolve in time
according to

p (z(1), T) = p (2(0), 0) (1), P (2(1), ) = p (2(0), 0) () (D.2.42a)
Ci(t) = C;(0)AT)NAz;(7), 7) (D.2.42b)

Ci(t) = CoO)A(T)QE (7). T), (D.2.42¢)
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where z; is the j-th zero of a(z, t) and Z; is the £-th zero of a(z, t). When R, = —Q},
according to (3.2.86)-(3.2.87), z; = (z‘;)_I and C; = C7/(z}).

Note that the Gel’ fand-Levitan—-Marchenko equations are the same as in (3.2.120a)—
(3.2.120b), but the time-dependence of the scattering data is now given by (D.2.42a)—
(D.2.42b). For instance, equations (3.2.104a)—(3.2.104b), which reconstruct the
potential, are given by

J
Ry(r) =2 Ci(0)z;(1) "IN P (z;(1))
j=1

1
+ o w2 p(W)QTIND (w)dw (D.2.43a)
T Jyw|=1

J
0, 1(r) = =2 C;()z; ()" "NV (r))
Jj=1

1 2n—1) = S (1)
+ — w P(W)QT)N,(w)dw. (D.2.43b)

2i Jw|=1

As far as the one-soliton solution is concerned, from (D.2.35) and (D.2.42b),

21(1) = e OHAD Zl(o)e-gfg Endi (D.2.44)
Z1(1) = e MOHA® = 7 (0)e 1 o EO (D.2.44b)
] T
@@ =)  pD=pHO - / £yt (D.2.44¢)
0

and

Ci(1) = C1(0)€2i I I:coshZal(O)cosZ/Sl(t)—lJri sinh2a1(0)sin2ﬂ1(t)+%f(t)—%£(r)]dt'

Hence, substituting this explicit time-dependence into (3.2.109a) with D, = Cj yields

0,(t) = — sinh 2a;(0)) X" TVAO- gech [201(0) (n + 1) — 2v(z) — 8(0)],
(D.2.45)

where

v(t) = — sinh 2¢;(0) /1 sin 28, (¢)dt (D.2.46)
0

(1) = o +2 / ‘ [cosh 20,(0)cos 2B, (1) — 1 + %]—‘(r) - %5(:)] dt. (D.2.47)
0

Note that, for F — 2h%*F, £ — 2h3E, Q,, = hq,, and t = h’t, in the limit h — 0,
nh — x, one obtains the one-soliton solution of the continuous problem (D.1.22).
Now let us consider the system of equations

. d
IEQn = Qn+] - 2Qn + Qn—l - Qn+IRnQn - QanQn—l + VnQn (D.2.48a)

d
_liRn = Rn+1 - 2Rn + Rn—l - Rn+1Qan - RnQan—] + Vana (D248b)

dt

where Q, and R, are, respectively, N x M and M x N matrices and V,, is a real,
time-varying scalar function. In the absence of the field V,,, the system corresponds to
(5.1.1a)—(5.1.1b).
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We consider potentials of the form (D.2.29). The system (D.2.48a)—(D.2.48b) with
such V, given by (D.2.29) results from the compatibility condition of the following
linear equations:

I h

Vail = (ZRN z91M>V" (D.2.49)

d
-~V =
dt
i [Qan7 - %(Z2 + Z72)IN + ntN] _iZQn + iZilanl
iZian - l.ZR,,,1 —i [Rnan - %(ZZ + Ziz)IM + ntM] "
(D.2.50)

where, as usual, Iy is the N x N identity matrix, I, is the M x M identity matrix, and
fn 1s given by (D.2.32) provided that the spectral parameter z depends on time
according to (D.2.35).

As was discussed in Chapter 5, the system (D.2.48a)—(D.2.48b) does not, in general,
admit the reduction R, = FQ. However, if one takes M = N and restricts R, and
Q,, to be such that

R,Q, =Q.R, = a,ly (D.2.51)

and «,, is real when R, = QY then this symmetry is a consistent reduction of
(D.2.48a)—(D.2.48b), which reduces to the single (matrix) equation

. d
lEQn = Qn+1 - 2Qn + Qn—l — 0, (Qn+1 + Qn—l) + VnQn- (D252)
For instance, in the case N = 2, the matrices
_(oer o poo (R CroR
Q. = (_l)nR(Z) (_1)n+1R(|) ’ "\ RO® (_l)n-HQ(l) (D.2.53)

satisfy the condition (D.2.53) with
R,Q = QR, =, = (R0, + RYQ)L

and equation (D.2.52) gives the vector generalization of (D.2.28) with 0, —
(00, 0?) and [Q, = [1Q. .

The scattering theory for the system of equations (D.2.48a)—(D.2.48b) is therefore
the same as in the absence of the external potential, and we only need to determine the
time-dependence of the scattering data.

The operator (D.2.50) determines the evolution of the eigenfunctions. From this we
deduce the time evolution of the scattering data. Since we have assumed that Q,,,

R, — 0 as n — o0, then the time-dependence is asymptotically of the form

—f@+zr=2f)y 0
2 ) — £00
0:Vy ( 0 IE(ZZ 2 =20y vy as n +o0,
(D.2.54)

where both f, and the spectral parameter z depend on time. Like in the scalar case, this
yields for the time evolution of the scattering data,

b(z, 7) = Q(1)b(2(0), 0) a(z, 7) = a(z(0), 0) (D.2.55)
a(z,7) = a(z,0) b(z, T) = Q(1)b(z(0), 0) (D.2.56)
with € and € given in (D.2.41).
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The evolution of the norming constants follows from the definitions (5.2.75),
(5.2.77) and the relations (D.2.55)—(D.2.56), that is,

C;(1) = A(1)Q(1)C;(0)] Ci(r) = A(r)Q(t)Cj(O)IZZZj. (D.2.57)

7=z

The discrete vector—soliton solution, for instance, in the case of fundamental
solitons, is obtained from (5.2.139a), once the explicit time-dependence is taken into
account, that is,

0@ no
(Q;%)) = oy MA@
x XA/ Mgech [2¢(0) (n + 1) — 2v(7) — 8(0)]
(D.2.58)

with the same v(t) and f(7) as in (D.2.46)-(D.2.47).
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NLS systems in the limit of large amplitudes

The limit of large amplitude (also called the strong coupling limit) of the system
(4.1.1a)—(4.1.1b) is obtained by letting q, r become arbitrary large. For instance,
positing q = §/e, r = ¥/¢, t = €7, where € is a small real parameter, and dropping
the ~, one obtains the following equations:

iq, = —2qrq (E.1.1a)
—ir, = —2rqr. (E.1.1b)
The general solution is readily obtained since, multiplying the first equation from the
right by r, the second from the left by q, or vice versa, and subtracting, yields
d d
—(qr) =0, —(rq) =0,
5;4r) 5 @
and hence
(gr)(x, 1) = (gr)(x, 0), (rq)(x, 1) = (rq)(x, 0).

Following [20], the inverse scattering transform for the system (4.1.1a)—(4.1.1b) can
be shown to reduce to the obtained solution via perturbation.

We consider now the IDNLS system (3.1.2a)—(3.1.2b) in the limit of large
amplitude, that is,

d
lEQn = _Qan (Qn+l + Qn—l) (E12a)

. d
_ZERVL = _Qan (R71+l + Rn—l) . (E12b)

In this case, it is convenient to consider the quantities O, R,—; and Q,_; R,, which,
according to (E.1.2a)—(E.1.2b), satisfy the following evolution equations:

d
ldif (Qanfl) = _Qanfl (Qﬂ+1RVl - anerz72) (E13a)

d
—ZE (Qn—an) = _Qn—an (Qan-H - Qn—2Rn—l)- (E13b)

239



240 Appendix E

In their turn, these equations can be reduced to

d
i—s, = esn=1 — @Sn+l (E14a)
dt
A
i35, = —el 4 Mt (E.1.4b)
dt
where
Sn =10g(Qanfl)’ gn =]Og(Qn71Rn)7 (E]S)

that is, the nonlinear ladder network equation (C.1.24) up to the change T — it and a
trivial change of sign in the potentials. Then, from (E.1.2a)—(E.1.2b) it follows that

d
iiQn = _Qn (Sn+1 + sn) (E16a)

dt

d
_iiRn = _Rn (§n+1 + Sn) ) (E16b)

dt

which implies that the initial-value problem for the IDNLS system in the strong
coupling limit can in principle be solved in terms of the solutions of two decoupled
nonlinear ladder networks.

In Appendix C we gave a detailed description of the IST of the discrete linear
Schrodinger equation (C.1.9), which is associated to the nonlinear ladder network. We
notice that the potentials s, and §, in (E.1.5) are not necessarily real, which has to be
taken into account when applying the IST machinery. In particular, for certain initial
data, the solution could blow up in finite time.

We can write explicitly the one-soliton solution for this system. According to
(C.4.133), we have

5.0 = —1 — sinh(w + i0) sinh 2(w + 10)’ E17)
Pu(D)Pui1(T)

where
pa(t) = cosh[(n + 1) ® + xo + 2(cosh w)(sin )7
x cos[(n 4+ 1) 0 — 2(sinhw)(cos )7 ]
+ i sinh [(n 4 §) @ + xo + 2(cosh w)(sin O)7 |
X sin [(n + %) 6 — 2(sinh w)(cos 9)r]
and

S (t) = —S,l(—'[),

where we have taken into account that, for complex potentials, the discrete eigenvalues
for the discrete linear Schrodinger scattering problem (C.2.25) are not necessarily
real, that is, ® — w + i6 (see Section C.1.3), and performed the substitution t — it
that is required to reconduct (E.1.4a)—(E.1.4b) to the nonlinear ladder network
equation (C.1.24). From (E.1.6a), we finally have

Q (‘E) _ Q (O)ei sinh(w+i6) sinh 2(w+i6)
n - n

xexp{i/r[ ! - ! ]dr’}. (E.1.8)
o LPnr2(@)Pus1(®)  pu(=T)Puy1(—=7)
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‘We now turn to the discrete matrix NLS system. In the matrix case, the
corresponding equations (5.1.1a)—(5.1.2b) in the limit of large amplitude are reduced to

. d
IEQN = _Qn+anQu - Qananl (Elga)
. d
_ZERH = _Rn-HQan -R,Q.R,_4, (E.1.9b)
which, in terms of the quantities
S, = Qanfls §n = Rnanl» (EllO)
become
. d
1—S8, = $;Sy—1 — Sy+1Sn (Ellla)
dt
.d = .«
—8, = —8,8,_1 + 8,118, (E.1.11b)
dt

that is, a matrix (nonabelian) generalization of the nonlinear ladder equation.
In analogy with the scalar case, one can relate this matrix nonlinear ladder to a
discrete analog of the matrix Schrédinger spectral problem,

SnVn+1 + Vi1 = )\Vn, (E112)
with an associated time evolution equation of the form
d
EV" =A, Vi1 +B,v,. (E.1.13)

Taking the time derivative of (E.1.12) and using (E.1.12) itself to solve for v,, and
v,_1, we find two equations by setting the coefficients of the terms v, and v, |,
respectively, to zero (and assuming the spectral parameter X to be time-independent):

d n —
;t + 38, A1S) + 8,Bu — B, = AA, (E.1.142)
—s, A, 1AL + A, +AB,_| = AB,. (E.1.14b)

Expanding A, and B,, in the form
A, =AVL+AO B, =B, + B,
and requiring the coefficients of the different powers in A to vanish, we obtain

ds,

o= —s,B”, +B s, (E.1.152)
AQ =5,A% 5! +5,BY), —B s, (E.1.15b)
AV =s,AY) s (E.1.15¢)
AY =5,AY s ] (E.1.15d)
BO = —s, Al s} +AY, + B, (E.1.15¢)
which are satisfied by
AV = —s,, AD =0 (E.1.16)

B,ﬂ” = -0, 13510) =s,, (E.1.17)
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that is, one can take as an associated time evolution
d
dt

The IST for the discrete matrix Schrodinger spectral problem was given in [44]. In a

subsequent paper, Bruschi et al. also found the hierarchy of evolution equations

associated with the discrete matrix Schrodinger equation [45]. From (E.1.9a)—(E.1.9b)
it then follows that

V, = —AS; Vi1 + SV, (E.1.18)

d
iiQn = _Sn-HQn - Qngn (E119a)

dt

d
—-i—R, = _§n+1Rn —Rys,, (E]]gb)

dt

where s, and §, are considered to be known in terms of their initial value once the IST
for the two decoupled matrix nonlinear ladder network equations have been solved via
the IST.
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